State Mathematics Finals: Level 111

. Suppose log, 3 -logs 4 - log, 5 - logs 6 - logg 7« - - log,(n + 1) = 5. Find the value of n.
A. 24 B. 27 C. 31 D. 35 E. None of these.

Find the value of a if £(f(0)) = 4 where f is defined as
2x—a, x<1
GRS N
A -2 B. —1 C. 0 D. 1 g2
. Determine the number of positive integers n, 1 < n < 2000, that are NOT divisible by 2,
3 nor 5.
A. 526 B. 530 C. 534 D. 540 E. 640

Let a and b be positive numbers such that

logga +log, b2 =3 and loggh +log,a® =5.
Find the value of ab.
A. 64 B. 37 C. 32 D. 24 E. 8

. What is the sum of the real solutions to the equation
6
i = .
5-Vx
A. 97 B. 34 C. 18 D. 16 E. 5

Let f(x) be a real- valued function. Which of the following numbers is the minimum value
of
4x2sin’x + 1
flx) =———, O0<x<m.

X sinx
A. 05 B. 0.25 C. 2 D. 25 E. 4
. Suppose the trinomial (x + y + z)1° is expanded and the like terms are combined. Find
the number of terms in the result.
A. 44 B. 52 C. 66 D. 74 E. None of these

Find all real numbers a such that the system of simultaneous equations

3x—ay=7
{ax -3y =-7
has infinitely many solutions (x, y).
A 7 B. 3 C. -3 D. -7 E. None of these



9.

10.

11.

12.

13.

14,

15.

Consider an equilateral triangle ABC. Let P be an interior point of triangle ABC.
Perpendicular lines PD, PE, and PF are drawn to the sides AB, BC and AC at the points D,
E, and F respectively. Let h be an altitude of triangle ABC, and leta=PE, b =PF,and c =
PD. Find a relation among a, b, ¢ and h.

c

A . a+b=c+h B. abc=2h c.%:h D. h=a+b+c E.Noneofthese

1(1_

Let f(x) = x-|xx|' Find the domain of f(x).

A {x|lx#1} B. {x|]x<0} C. {x|]x>0} D. {x|]x#0} E. {x|lx<1,x =0}

Suppose that both a and b are nonzero real numbers and a + bi is a solution to the equation
x3 —ax? — b = 0. Find the value of ab.

A —= B. —= C.: D.1 E. 2
2 4 4
In AABC, AD = %AB, AE = §AC and F is the midpoint of BC. Suppose that the area of

AADE is 4. Find the area of ADEF.
(&

A D

A. 6 B. 8 C. 10 D. 12 E. 16

Suppose that the points (1,2) and (a, b) are symmetric with respect to the x-axis on the
complex number plane. Let z; = 1 + 2i and z, = a + bi. Compute the value of z_1

2

A —2+3i B =342 c -1+43i D -1-2i E Noneofthese
5 5 5 5 2 2 2 2

Let
15

fo) =22

x—1

Find the sum of all real values of x such that f(x) = 0.
A. 6 B. -2 C. 2 D. -3 E. 3

Consider the function f(x) = x + 1. Find the point on the graph of f(x) which is closest
to the point (4,1).
A. (0,1) B. (4.1,1.1) C. (2,3) D. (3,4) E. (4,5)



16. Find the remainder of 1!+ 2!+ 3! 4+ ---+ 2014! +
21.

2016! + 2017! when it is divided by

A. 16 B. 10 C. 4 D. 3 E. 12

17. Consider the AMNP. MR bisects zZNMP, MN = 2y, NR=y,RP=y+1,and MP =

3y — 1. Find the value of y.
N

M

A. 5 B. 4 C. 3 D. 2 E. 1

18. Consider the equation

2+ [P +3)=5x*+3)(x +2).

If one of the solutions is 1, find the number replaced
A. 5 B. 10 C. 12 D.

by [ ].
14 E. 20

19. A circle is tangent at P to the side BC of the square ABCD. The vertices A and D are on
the circle as shown. The side DC intersects the circle at Q. Which of the followings is

NOT true?
D & ¢
J
A B
A. £QPA is aright angle B. AP bisects ZQAB
C. msBAP = mzQPC D. msPQC + msBAP > 90°

E. AQ is a diameter of the circle.

20. Three consecutive random draws are made from a bow! with 3 red, 4 green and 5 blue balls.
What is the ratio of probability that the ball drawn with replacement will be in the order of
red, green and blue to the probability that the ball drawn without replacement will be in

order of red , green and blue?

A 1 B. ¥ c. 2 D.
98 37

11
72 24



21.

22.

23.

24,

25.

26.

27

28.

Which group of 8 integers has a mean of 6, a mode of 4 and a median of 5?
A. 2,4,4,4,7999 B. 4,5,2,44,8,9, 10

C.3,4,6,8,10,16,8,4 D. 4,3,12,10,8,6,4,1 E. None of these

In a mythical country of Jamais, Professor Chaud is hospitalized with a fever. His
temperature during the 12-day illness is represented by the function T(t), where

T(t) = 100.6" + 8’ sin (g t), t € [0,12]. Let t; and t, denote respectively, the days when

his temperature was highest and lowest. Compute the value of |t, — t,].
A 2 B. 4 C. 6 D. 8 E. None of these

Let n be a positive integer. Consider the function
f(x) = 9x2™FL + 9x2n 4 27x271 4 27,
Find the remainder when f(x) is divided by (x + 1).
A 0 B. 9 C. 18 D. 27 E. None of these

Solve the inequality for all real x, x < 2x + 1 < 3x + 2.

A (-1, ©) B. (0, ®) C.(1, ©) D. (2, ©) E. None of these
< . ._[a b \ N .

Define ai + bj = [—b a]' Compute (2i + 3j)(3i — 4j).

A. 6i—12j B. 6i+12j C. —6i+j D. 18i+j E. None of these

For what choice of k will the following system be consistent?

2x +y =05
x—3y=-1
3x +4y =k.
A 0 B. 9 C. 10 D. 5 E. None of these

. Consider the function f(x) = —x? + bx. If the maximum value of f(x) is 8, find the

distance between the x-intercepts of the graph of f(x).
A 8 B. 2v2 C. 4 D. 4v2 E. None of these

If cos x = 2 sin x, find the value of cos 2x.

A. 3 B. 1 C. 22 D. 3 E. None of these
5 2 25 15



29. Suppose PA and PB are tangent to a circle at A and B, respectively, and intersect at P as
shown. If m£BPA = a, which of the following is NOT true?

A y—-a=90° B.5+y=180" C. a+25=180° D.6=y—2a E y>¢

30. If fo(x) = ﬁ and f,41 = fu0f, forn = 0,1,2, -, find a formula for £, (x).

X x (n+1)x x

" (n+1)2x+1 " (n+1)x+1 " (n+1)x+1 " (n=1)2x+1 E. None of these

31. Find the solution set of the inequality |x — 3| + |x + 2| < 11.
A. (—4,-2)u(3,5) B. (-46) C. (-38) D. (—2,3) E. None ofthese

32. If two distinct positive divisors of 64 are randomly selected, what is the probability that
their sum is less than 32?

A L B. 12 c. 0 D. E.
3 28 21

N |-
Nl

33. Suppose you are asked to randomly pick exactly one letter from each of the following two
sets of letters. Set #1 = {A,B,C,D,E} and set #2 ={K,L,M,N,0,P}. What is the
probability of picking A or O?

A = B. = C. 2 D. - E. —
3 5 6 15 30

34. Five children A, B, C, D and E sit randomly in five chairs in a row. What is the probability

that A and B do not sit next to each other.

A 2 B. 2 c.t D. X E. None of these
5 5 5 20

_[cosx —sinx _ y'100 k
35, LetA = [Sinx e |- Compute s = £ kdet(4¥).

A. 5050 B. 10100 C. 50500 D. 1010 E. None of these

36. Consider the matrices I, = [(1) (1)] and A = [;8 _2100] Calculate 4200,

A. 700'%1, B. 700%°°1, C. 700'°°4 D. 700'°*4 E. None of these



37. The equation (x? +y2 — 1)3 — x2y3 = 0 is known as the cardioid (heart) curve. The
points of intersection of the heart curve with the coordinate axes determine a polygon. Find
the perimeter of the polygon.

A. 4 B. 1+2V2 C. 4++2 D. 1++2 E. 42

38. Find the largest number of factors in the form sin 7;—” that can be erased from the left side

of the equation so that the number of positive integer solutions does not change for the
equation

~m  2m 3w 2017w
sin —sin—sin—--- sin =0
X X X X
A. 1008 B. 2016 C. 1007 D. 2017 E. 1006

39. Let AABC be a triangle with vertices at A = (0,0), B = (8,0), C = (0,16). Consider the
transformation: T (x,y) = Gx + 1,%3/ + 1). Let AA'B’C’ be the image of AABC after the

transformation: T (x, y). Find the area of AA'B'C’.
A 4 B. 8 C. 16 D. 32 E. None of these

40. Suppose a curve C is represented by the parametric equations
1 t

viri, YT E+t

Which of the following equations represent the curve C?
A x2+y2=1 B.y+x*=1 C.x+y?=1 D.x?—-y?=1 E x—-y?=1

X =



State Mathematics Finals: Level 111 Answer Key

1 |C 11 A 21| D 31| E
2 |A 12 | B 22 | D 32| C
3 |C 13| B 23 | A 33| A
4 | A 14 | D 24 | A 34| B
5 |A 15| C 25| D 35| A
6 |E 16 | E 26| C 36| B
7 |C 17 |C 27| D 37| E
8 |C 18| D 28 | A 38| A
9 |D 19 (D 29 | D 39| B
10 | B 20| D 30|B 40| B

Best of FIVE

Q10

Q22

Q29

Q30

Q35

Best of THREE

Q2

Q14

Q38




Problems for State Mathematics Finals: Level 11

Q1 Q21
Q3 Q23
Q4 Q24
Q8 Q25
Q9 Q26
Q10 Q28
Q14 Q32
Q15 Q34
Q17 Q39

Q19 Q40



