North Carolina Mathematics Level 1 Contest
2016

1. Consider the equation x; + x, + x3 = 2 such that x; = 0,x, = 0,x3 = 0. Find the number of integer
solutions.
(A) 3 (B) 4 (©) 6 (D) 12 (E) 24

2. Evaluate
1 1 1 1 1

+ + +oet +
1241 22+2 32+3 20152 + 2015 ' 20162 + 2016

1 2013 2014 2015 2016
(A5 (B) >55e ©) 501z D) 7orc B) 2o

3. Find the number of real solutions of the equation: x*~2015 = 1,
(A1 (B) 2 €3 (D)5 B7

4. Let a >0 and b < 0 be two real numbers. Find the common quadrants through which both of the lines
y =ax + b and y = bx + a must pass.
A 1&1 (B) I & 11 ©C)1&IV (D) 1 & I E) LI UL &IV

5. Consider the triangle ABC, shown in the figure below, with m ~ACB = 90° and m < CAB = 60°. If
mCAD = 45°, find the ratio %.
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6. Five children A, B, C, D and E sit randomly in five chairs in a row. What is the probability that B and D
sit next to each other?

(A) = (B) (©z (D)2 (E) 5



7. Inthe figure below, the sides of rectangle ABCD are in the ratio AB: BC = 1: 2. The three sides of the
rectangle are tangent to circle O. If a point is chosen at random inside the rectangle, what is the
probability that it is not inside the circle?

3 C

r
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4+1 441 8+m

(A== (B) =" ©=" ©O= B ="

8. Suppose that the polynomial (x3 + mx? + nx + 2)(x? — x — 1) has neither x3 term nor x? term.
Compute the ratio %

(A) 1 (8)3 (©) g (D)0 (E) undefined

9. Each of the letters of the word BALL is written on an index card and the four index cards are then
shuffled. What is the probability that, when the cards are dealt, they spell the word BALL correctly?

(A3 (B)5 ©) = (D)2 ()=

10. Find the number of terms that will appear when the expression (x + y + 1)° is expanded and the like
terms are combined.
(A) 11 (B) 17 (C) 21 (D) 31 (E) 77

11. A coin with diameter d is placed randomly flat on a paper that contains a grid of squares, d units on each
side. Find the probability that the coin does not cover a vertex of any square of the grid.

(A) = (B)1-= ©) = (D)% ®1-3

m+1



12. Consider the diagram

A point (a, b) in the xy-plane is called a lattice point if both a and b are integers. Find the number of
lattice points lying strictly inside the given square.
(A) 37 (B) 34 (C) 26 (D) 25 (E) 24

13. What is the probability of getting the number 5 at least once if a fair die is rolled 6 times?

(A) (2)5 (B)1-— (2)6 (C)z—i (D)1 —Z—i (E) None of these

14. Let f(x) = x5 — 2017x* + 7102x2 + 22x + 3015 and g(x) = x* + 2016x3 + 2015x2% + 5102x + 4.

Suppose a, b, ¢, d, e, f, g, hand i are all the possible 9 zeros of the two polynomials. (The zeros could be
repeated and are not ordered). Let s and t be the sum and product of these listed zeros, respectively. Find
s +t.

(A) —1101 (B) 11011 (C) 112059 (D) —12059 (E) 110011

15. Three towns A, B and C are located exactly at the vertices of a right triangle. Suppose that the measure of

the angle B is 90°, and the distance between the towns A and B is 1556 miles, and the distance between
the towns A and C is 2016 miles. Find the distance between the towns B and C.

(A) V132100 ~ (B)+/3032000 (C) V1643120 (D)+v/51132100 (E) V6062080

16. Find the number of triangles whose perimeter is 20cm and the length of each side is an integer.

(A) 6 (B) 8 (C) 12 (D) 16 (E) 24



17. Consider the circle centered at O, two chords intersecting at O, and where the angles a, b, ¢, and d are
measured in degrees.

The diameter of the circle O is 20 and the area of the shaded region is 80r.
What is the value of a+b+c+d?

(A) 288 (B) 216 (C) 240 (D) 270 (E) 144

18. In the figure, the area of AABC is5 and BD = DE = EF = FG = GC. What is the sum of the areas of all
the triangles in the figure?

A
B D E F G C
(A) 10 (B) 15 (©) 20 (D) 35 (E) None of these
19. Let a, b and ¢ be three numbers shown on the number line.
C I!!J (4!
14 Il il L -
-1 0 1
Which of the following is true?
a—-b a+b a+cb a—-b a+cb a+b a+cb a—-b a+b
(A) atp ab S (B) atp < acb <l R
a a— a+c a a+c a—
O o m e B S <mSum

20. Find the sum of all the positive odd integers from 1 to 2016.
(A) 2016 (B) 1008 (C) 10082 (D) 20162 (E) 10083

21. A sheet of paper is cut into 5 pieces in the first step. In each of the successive steps, exactly one of the
resulting pieces of the previous step is cut into 5 pieces and so on. Which of the following numbers is a
possible total number of pieces of paper at some step of this process?

(A) 2014 (B) 2015 (C) 2016 (D) 2017 (E) None of these



22.

23.

24.

25.

26.

27.

28.

A workforce consists of 6 women and 8 men. Suppose 4 workers are chosen at random. If all the workers
have an equal chance of being picked, what is the probability that 2 men and 2 women will be selected?

(A) % (B) 14787 (€) % (D) 1% (E) None of these

A triangle with area 105+/3 has two sides of lengths equal to two consecutive natural numbers. If the
angle between these sides is 60°, which of the following statements is correct?

(A) The length of the third side is greater than 41.

(B) The length of the third side is equal to vV421.

(C) The perimeter of the triangle is 462.

(D) The length of the third side is smaller than 20.

(E) None of these.

Consider the family of parabolas f,(x) = x% + (p + 2)x + p, where 0 < p < 1. Then all the vertices of
the family of parabolas satisfy which of the following conditions?

(A) The vertices are situated on the y-axis.

(B) The vertices are situated on a slant line.

(C) The vertices are not situated on a parabola.

(D) The vertices are on the x-axis.

(E) The vertices are in the third quadrant.

Compute the sum of the areas of all equilateral triangles in the figure, given that L = V3.

15v3
2

(A) 93 (®) = (C) (D) 18V3 (E) 15

Let r and s be solutions of the equation ax? + bx + ¢ = 0, where a, b, and ¢ are real numbers with a # 0.
Find the value of riz + =

s2'

b%-4ac b%-4ac b%-2ac

(©) (D)

(A) b? — 4ac (B) (E) None of these

2a c? c?

Let p and q be real numbers and y = x2 + px + g for all real numbers x. If the minimum value of y is 0,
find the value of q.

(A)0 B2 ()2 (D)2 B2 g

Compute the sum of real solutions of the equation |x + 2| = 2|x — 2|.
(A3 (B)3 ©6 (D) 63 (B)6



29.

30.

31.

32.

33.

34.

35.

36.

In Mr. Jones’ class, there are m boys and n girls. The average age of all students in the class is x. If the
average age of all the girls is y, calculate the average age of the boys.

(A) T (B) T (C) Tumxny ) MAWETRY (g None of these

m m+n m

m+n

Suppose 101 persons arrive at the reception of a conference. If there is exactly one handshake between
any two persons, how many handshakes are possible?
(A) 101 (B) 99 (C) 202 (D) 5050 (E) 10100

In the mythical country of Jamais, the natural numbers are defined by the following sequence:
N={1,2,3,4,10,11,12,13,14,20,21,22,23,24,30,31,32,33, 34,40, ... }.
Suppose g = 2142 and y = 3123 + 2314. Use the Jamaisian number system to compute the value of

x+y.

(A) 23023 (B) 12441 (C) 13443 (D) 23433 (E) 10442
Find the value of (a + b)? if a® + b3 = 5, a?bh = 54 and ab? = 18.

(A) 77 (B) 221 (C) 35 (D) 40 (E) 5
Find the sum of all integers n such that |2"3_1| =11.

(A) 2 (B) 17 © -1 (D)1 (E)-—-16

The area A of a rectangle is given by A(x) = x2 + 13x — 90. Which of the following could be the
expression of the perimeter of this rectangle if the side lengths and area must be integers?
(A) 2(x + 18) (B) 2x + 13 (C)4x+26 (D)8x+ 54 (E) None of these

Suppose that (=5) + (-3)+ (-1)+1+2+3+4+5+--4+n=181.Findn.
(A) 17 (B) 18 (©) 19 (D) 20 (E) None of these

An Olympic-sized swimming pool consists of 10 lanes. There are 2 swimmers in lane 1, 4 swimmers in
lane 2, and 8 swimmers in lane 3. If this pattern continues, find the total number of swimmers in the pool.
(A) 64 (B) 96 (C) 784 (D) 210 —1 (E) None of these



37. Consider the right triangle ABC with angle B a right angle.

A L0, b)
(3,2)
q (a, 0)
B[ (0, 0) C

The coordinates of the three vertices are A = (0,b), B = (0,0) and C = (a,0), a # 0, b # 0. Find the
area of the triangle.

a? a?
(A)E,a;t3 (B)E,a;tZ ©

(b-2)a
2b

D)ab  (E)ja(b—3)

38. Consider a class of 30 students. In this class, 20 students confirm that they like Mathematics and 15
indicate that they like Chemistry. Calculate the greatest possible number of students that like neither
Mathematics nor Chemistry.

(A) 15 (B) 10 (©)5 (D)o (E) None of these

39. Let f(x) be a function that maps the set A = {2, 3,4, 5} onto the set B = {8, 13, 18, 23} as defined by the
table:

X 2 3 4 5

f(x) 8 13 18 23

Which of the following describes the relation between x and y = f(x).
Ay=:+2 (B)y=5x+2 C)y=5x—2 (D)y=:-2 (E)Noneof these

40. Consider the following sequence of center numbers. Using the same algebraic manipulation on each
“number wheel”, determine the value of “x”.

1/4 10 1/8 20
0 5
1/2 20 1/4 80
(A) 10 (B)7 (C) 4 (D) 3 (E) 1



