
NC STATE MATHEMATICS CONTEST – APRIL 2008: SOLUTIONS 
1.  Answer a): a = b = 3 so  a + b = 6. 

2.  Answer b): Think about the graphs of y = x ! a  and y = 2 "( ) x ! b , noting that 2 " < 1 . 

3.  Answer d): The equation => 
2sin x( )cos x( )
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 so cos x( ) = 0 or tan

2
x( ) =

1

3
, which give 

two solutions and four solutions respectively. 
4. Answer b): b must equal 2, with unique solution x = 0. 

5. Answer d): fc fc t( )( ) = t  is satisfied for all non-zero c except c = –1, in which case fc t( ) ! "1. 

6. Answer b): The graphs are non-parallel lines in the plane. 

7. Answer e): We get a nickel and a non-nickel with the probability C 3,1( ) !C 3,1( )( ) C 6,2( ) = 3 5 . 

8. Answer a): w + l + t = 21,!w = l + 4! 2w + t = 25! w + t 2 = 25 2 . 

9. Answer c): 
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11. Answer e): P n( ) = 2n 2  for even n and P n( ) = 2 n+1( ) 2  for odd n yields  19 ! n ! 26 . 

12. Answer c): n S( ) = 8! 24 = 2520 .  Two base 16 numbers are congruent mod 15 if their digit sums are 
congruent mod 15.   The even number n – x is therefore divisible by five and is thus divisible by ten. 

13. Answer e): Since the sum of all six numbers is 21, we have 21 = 2e + 3 f  so e is divisible by 3 and e is 
3 or 6 so that f is 5 or 3, respectively.  There are two solutions in each of these two cases. 

14. Answer d): ad ! bc  is odd with probability 2 p
2
1! p

2( )( ) .  Setting this = 1/2 yields p = 1 2 . 

15. Answer b): The side lengths of the triangles are: 1 1 2( ),! 1 2 3( ),! 2 2 2( )  

16. Answer a): With n = d
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0
" 3d

3
! 2 .  For 1 ! d

3
! 3 , these last two conditions are contradictory. 

17. Answer b): a,b( ) = 5,5( )  and 7,1( )  are both possible so (I) and (III) cannot be determined uniquely. 
a
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2( ) = 50  in every case by a theorem about parallelograms.    
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OVER FOR SOLUTIONS TO THE REMAINING PROBLEMS. 



19. Answer c): 20 + x( ) 10y + p( ) = 10p + y( ) 10x + 2( )! px = 2y .  p = 5 or 7 => y = p and x = 2, and 
p = 3 => y = 3, 6 or 9 and (respectively) x = 2, 4 or 6. 

20. Answer e): M = C
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even n.   
Integer Answer Problems 

1. Answer: 45  r = 3/(2*9) in acres/(man*hour) and (1/4)/(2*1/6) = 3/4.  3/4*60 = 45 minutes 

2. Answer: 21 
x

3
! y

3

x ! y
= x

2
+ xy + y

2
= 14 and x

2
! 2xy + y

2
= !49 so 3xy = 63 . 

3. Answer: 62  The area of the trapezoid with vertices (0,6), (0,0), (16,0) and (16,20) is 208,  The areas 
of the three triangles that must be removed to obtain ABCD are 30, 60 and 56. 

4. Answer: 19,800  D
3
!1 =

D

15
" D =

15

4
 and 5280D = 19,800 . 

5. Answer: 45  GCD 2
i
!1,2

j
!1( ) = 1" GCD i, j( ) = 1 .  The number of such i and j is given by 

 
! 2( ) + ! 3( ) +!! 12( ) = 45 , where ! k( )  is Euler’s Phi Function, the number of positive integers less 
than k whose greatest common divisor with k is one. 

6. Answer: 13  P and Q are the centroids of the faces in which they lie.  Let A be a vertex of the 
tetrahedron and let M and N midpoints of edges such that P lies on AM and Q lies on AN.  MN = 1 

and AMN  is similar to APQ .  Then AP =
2
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7. Answer: 1504  m +1( )
2

! m
2
= 2m +1 and m + 2( )

2

! m
2
= 4m + 4 together show that we can write all 

odds greater than 1 and all multiples of 4 greater than 4 as the difference of squares.  The difference of 
squares is never congruent to 2 (mod 4).   2008/2 – 1 = 1003 and 2008/4 – 1 = 501 

8.  Answer: 84  If k is the middle edge length, then, by Heron’s Formula, the area is given by 
3k

2

k
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k ! 2
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2
.  This is integral for k = 6 and 14.  k = 14 gives area 84. 

9. Answer: 21 The smallest possible value for the number of students in exactly one class is 20.  Then 
the number of women in the space–time anomalies class ranges from 40 to 60. 

10. Answer: 132  The position of a hand is given by the fraction, in [0,1), of the circle swept out by the 
hand.  If x and y are the positions of the hands, then y ! 12x! mod!1( )  or vice versa.  If x and y are 
positive and x ! 12y & y ! 12x  both mod 1, then 143x ! 0! mod!1( )  so x = k 143,!1 ! k ! 142 .   
x = y! 13 | k  so k cannot be a multiple of 13, leaving 142 – 10 = 132 values of k. 

 

 

TIE BREAKER ANSWER: 229 [
 
= ! 2( ) + ! 3( ) +!! 27( ) ] 


