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1. [3] Find the largest n such that the last nonzero digit of n! is 1.

Solution: For n > 2 if we express n! = 2/5/m where, 7, j, m € N such that m is not divisible by
2 or 5, we can easily observe that i > j. Thus, we can write n! = 2°°710/m which means that
the last non-zero digit of n! is always going to be an even number. Thus, the only possible
values for n are 0 and 1, which both give the last non-zero digit equal to 1. Because 1 is
greater, the final answer is 1.

Answer:

1000
2. [3] Define a sequence a,, such that a, = an—1 — ap—2. Let a3 = 6 and ag = 5. Find Z G-
n=1
Solution: a1 =6, as =5, a3 = —1, ag = —6, a5 = —5, ag = 1, a7y = 6, ag = 5, so the sequence

starts to repeat itself. The sum of the first 6 terms is 0, so the sum of the first 996 terms is 0;
thus, the sum of the first 1000 terms is 6 + 5+ (—1) + (—6) = 4.

Answer:

3. [4] Evaluate /26 + 15v/3 + /26 — 15+/3.

Solution: Let z = v/26 + 15v/3, y = v/26 — 15v/3. We are looking for z = x 4+ 3. We can do
this by cubing = + y.

(z +y)® = 2° + 32%y + 3zy® + ¢°
(z+1)® = 26+ 15vV/3 + 26 — 15v/3 + 33/262 — 3 % 152(z + )
(z+y)® =52+ 3V1(z +y)
2> =52+ 32
22 —32-52=0
(z—4)(22 +42+13) =0

Since 22 + 4z + 13 has no real root, z has to equal 4.

Answer:
Yy y—z oz

4. [4] If z, y, and z are real numbers with - + + 2 - 36, find
Z Yy

T
T—yY Yy—2z z—z
z Y

2012 4
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Solution:
96— (T—yry+ (y—2)yz+ (2 —x)az
TYZ
(r —y)ay +y?z —y2? + 122 — 222
N TYZ
_ @—yry— (@ +ye—yz+:2(@—y)
TYZ
(z —y)(xy — 2z —yz + %)
N TYZ
_(@-yly—2)(= -2
TYz
36~ @ =Yy —2)(z—2)
TYZ
s0124 EZWW=2E=2) o510 a6 1976

TYz

Answer:

5. [5] Considering all numbers of the form n = L%J, where |x] denotes the greatest integer less
than or equal to z, and k ranges from 1 to 2012, how many of these n’s are distinct?

Solution:

(k+1)* kK 3k +3k+1
2012 2012 2012

33 +3k+1
2012

— 3k%+3k > 2011 < 3k®+ 3k > 2010

— K24+ k>670 < k>26

>1 <« 3k*+3k+1>2012

Thus, for k of at least 26, the difference between two consecutive fractions is at least 1, so
the difference between their integer parts is also at least 1, so the numbers are different; in
conclusion, for k between 26 and 2012, there are 1987 different numbers.

For k less than 26, the difference between two consecutive fractions is less than 1, so the integer
parts of two consecutive fractions is at most 1. For k = 1, [%} =0, and for k = 25, [%] =1,
so for k less than 26, there are 8 different numbers.

In the end, we get that for k ranging from 1 to 2012, there are 1995 different numbers in the
sequence.

Answer:

6. [6] Compute
n+1
n2(n + 2)2

n=1
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Your answer in simplest form can be written as a/b, where a,b are relatively-prime positive
integers. Find a + b.

Solution: Let K be the result.

n=1
> 1 n?+4n+4
K+ on = L sy
R R N (i
n=1 n=1
4K—i+§;=§;
5
41{—4:05
K=15

Soa+b=>5+16 = 21.
Answer:

7. [7] Let f be a polynomial of degree 3 with integer coefficients such that f(0) = 3 and f(1) = 11.
If f has exactly 2 integer roots, how many such polynomials f exist?

Solution: The answer is 0, but the argument is more general: if f(0) and f(1) are odd, then
we claim that f can’t have any integer roots:

Suppose a is an integer solution. Then f(z) = (z—a)g(x), and g(x) also has integer coefficients.
So f(0) = —ag(0) and f(1) = (1 —a)g(1), where g(0) and g(1) are also integers. Since either
aor 1—aiseven, f(0) and f(1) can’t be both odd, as in the hypothesis, so f has no integer
roots.

Answer: @

8. [8] Let a,, be a sequence such that a; =1 and a,11 = |an + an + %J What are the last four
digitS of a2012?

Solution: Computing some particular cases suggests that the function f is defined by the fol-
lowing:

an=1+15)1" 2],

for all natural numbers n.
We will show this hypothesis is true by induction. We assume it’s true for n and prove it for
n+ 1.
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If n = 2m, then a, = 1+ m?2. Thus,

1 1
anJrl:\_an+\/a'7n+§J:|_m2+1+\/m2+1+§J

1 2
:m2—|—1+m:1+m(m+1):1+L%Hn; |

If n =2m+ 1, then a,, = 1+ m(m + 1), thus

1
tnp1 = [L+m(m+ 1)+ V1+mim+ 1)+ 5] =1+mim+1)+m+1
n+1l, n+2

=1+ (m+1)? =1+ |[——|[——]

The induction is complete, so that is the solution to the equation. In conclusion, asgis =
1+ | 291212013 | = 1012037, so the answer is 2037.

Answer:



