
Combinatorics A

1. Take the square with vertices (0,0), (1,0), (0,1), and (1,1). Choose a random point in this square
and draw the line segment from it to (0,0). Choose a second random point in this square and draw
the line segment from it to (1,0). What is the probability that the two line segments intersect?

2. Tom is searching for the 6 books he needs in a random pile of 30 books. What is the expected
number of books must he examine before finding all 6 books he needs?

3. Find the minimum number n such that for any coloring of the integers from 1 to n into two colors,
one can find monochromatic a, b, c, and d (not necessarily distinct) such that a + b + c = d.

4. How many subsets of {1, 2, . . . , 10} are there that don’t contain 2 consecutive integers?

5. Bob, having little else to do, rolls a fair 6-sided die until the sum of his rolls is greater than or
equal to 700. What is the expected number of rolls needed? Any answer within .0001 of the correct
answer will be accepted.

6. Joe has 1729 randomly oriented and randomly arranged unit cubes, which are initially unpainted.
He makes two cubes of sidelengths 9 and 10 or of sidelengths 1 and 12 (randomly chosen). These
cubes are dipped into white paint. Then two more cubes of sidelengths 1 and 12 or 9 and 10 are
formed from the same unit cubes, again randomly oriented and randomly arranged, and dipped
into paint. Joe continues this process until every side of every unit cube is painted. After how
many times of doing this is the expected number of painted faces closest to half of the total?

7. In a 7× 7 square table, some of the squares are colored black and the others white, such that each
white square is adjacent (along an edge) to an edge of the table or to a black square. Find the
minimum number of black squares on the table.

8. How many pairs of 2007-digit numbers a1a2 · · · a2007 and b1b2 · · · b2007 are there such that a1b1 +
a2b2 + · · · a2007b2007 is even? Express your answer as a ∗ bc + d ∗ ef for integers a, b, c, d, e, and f
with a 6 |b and d 6 |e.

9. For how many permutations (a1, a2, . . . , a2007) of the integers from 1 to 2007 is there exactly one i
between 1 and 2006 such that ai > ai+1? Express your answer as a ∗ bc + d ∗ ef for integers a, b, c,
d, e, and f with a 6 |b and d 6 |e.

10. Pawns are arranged on an 8× 8 chessboard such that

• Each 2× 1 or 1× 2 rectangle has at least 1 pawn

• Each 7× 1 or 1× 7 rectangle has at least 1 pair of adjacent pawns

What is the minimum number of pawns in such an arrangement?
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