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A study of the 2-dimensional inverse problem of Thomson
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ÁÁÁ���: Thomson¯K���¯Kµ�z1, · · · , zn´E²¡�ü �±þ�n�:§÷v
n∑

i=1

zi = 0§ Á

¦
∑

1≤i<j≤n

|zi − zj | ����"�©Áã3� n = 5, 7 ��ÑÙ)�"

'''���ccc: Thomson¯K§E²¡§���§ê�O�

1 ÚÚÚóóó

1999cÍ¶{IêÆ[Fieldsø¼�ö S. Smale 3©z [3]¥�Ñ/18�e­VêÆ¯K0

¥�1Ô��“distribution of points on the 2-sphere”§ÙïÄ��e¡�¯Kk'é"

Thomson¯̄̄KKK: � x1, · · · , xn ´ R3 ¥ü ¥¡þ� n �:§¦∑
1≤i<j≤n

|xi − xj|

���� (,�«`{´¦
∑

1≤i<j≤n log 1
|xi−xj | ����)"

Thomson¯K´��f(�nØJÑ¤¢��f/Plum puding(Ä:ZÙ¶)0�.(ë

� [2, 4])§3)ÔÆÚzÆ¥þk­��A^"Thomson¯Kk�«���í2/ª§Ù
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¥Thomson ¯K�Xe����¯K�´�8vk��)û�µ

Thomson¯̄̄KKK������������ ¯̄̄KKK: �z1, · · · , zn´E²¡�ü �±þ�n�:§÷

v
n∑
i=1

zi = 0§ Á¦ ∑
1≤i<j≤n

|zi − zj|

����"

ù´��Ð�êÆ¯K§Ïd�©Áã¦),
{ü��/"� n ´óê�§ù�¯

Kq�´²��§|^n�Ø�ªÒ�±íÑ∗§ Ù���´ n2

2
"� n ´Ûê�§¯K

q�qC��©(J§´<�õc�)û�¯K§=¦� n = 5, 7 ��vk�.)û"

� n = 5 �§+¡)�Ñ��)�§ë� [5]"

�©�8I´Áã3 n = 5, 7 ��ÑThomson¯K����¯K�£�§Ù¥

�n = 5�´ [5] ¥(Ø���#�|±y²"·��(ØXeµ

½½½nnn: 1) � n = 5 �§min{
∑

1≤i<j≤5
|zi − zj|} = 2

√
10 + 2

√
15;

2) � n = 7 �§min{
∑

1≤i<j≤7
|zi − zj|} = 2

√
21 + 3

√
35"

·�æ^��{´ù��§|^¯K�é¡'X§Äkr n = 5, 7 ��¯K=z�¦

��¼ê3Cþ��3�½��S����¯K¶Ùg§du¼êL�ª�E,5§^�

È©�{¦Ù4�C�A�Ø�U§u´·�¦Ïuê�O��g��{§ÏLê�O�

3nØþ�yþã(Ø"

�ö�©a�ÙP�ÚéP��G%���a�E��ÆêÆÆ�MÚwÆ¬())3

ê�O��¡����ÏÚ|±�

∗ùp�{üy²´dþ°�Æekt�ÇJø�§Ùy²Xeµ∑
1≤i<j≤n=2k

|zi − zj | =
1

2

n∑
i=1

n∑
j=1

|zi − zj |

≥ 1

2

n∑
i=1

|
n∑

j=1

(zi − zj)| (n�Ø�ª)

=
1

2

n∑
i=1

|nzi −
n∑

j=1

zj | =
1

2

n∑
i=1

|nzi| (Ï
∑n

i=1 zi = 0)

=
n2

2
(Ï |zi| = 1).

�n´Ûê�þãy²´ØU¤á�"
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2 n = 5, 7 ���¯̄̄KKK���===zzz

±e·��'% n ´Ûê��/"� n = 3 �´�{ü�§3ùp·�{�/?Ø�

e"d�� zi = (cos θi, sin θi) (0 ≤ θi < 2π) (i = 1, 2, 3)§§��÷v^�
3∑
i=1

zi = 0§

= cos θ1 + cos θ2 + cos θ3 = sin θ1 + sin θ2 + sin θ3 = 0§ù¿�X (cos θ1 + cos θ2)
2 + (sin θ1 +

sin θ2)
2 = 1§½= 1 + 2 cos(θ1− θ2) = 0 ⇐⇒ cos(θ1− θ2) = −1

2
⇐⇒ θ1− θ2 = 2π

3
"dd�

� θ1 − θ2 = θ2 − θ3 = θ3 − θ1 = 2π
3
§l
��∑

1≤i<j≤3

= |z1 − z2|+ |z2 − z3|+ |z3 − z2|

=
√

2− 2 cos(θ1 − θ2) +
√

2− 2 cos(θ2 − θ3) +
√

2− 2 cos(θ3 − θ2)

= 3
√

3.

ù���

min

{ ∑
1≤i<j≤3

|zi − zj|

}
= 3
√

3 = max

{ ∑
1≤i<j≤3

|zi − zj|

}
.

l±þ�?Ø¥§·��±w�3 n = 3 ��/§3^�
3∑
i=1

zi = 0 �e§z1, z2, z3 3

ü �±þ/¤���n�/§¦+Ù ��±Ø¦�Ó"ù¿�X§ 3n�C

þ θ1, θ2, θ3 ¥�k��gdÝ§Ù{ü�Cþ��
½§ù�y�3e¡�?Ø¥�´�

��"

�
?Ø n = 5, 7 ��Thomson¯K����¯K§ ·�ÄkïáXe�Ún"

ÚÚÚnnn1. Thomson ¯K����¯K¥�ü �±þ�: zi!^�
n∑
i=1

zi = 0 ±

9
∑

1≤i<j≤n
|zi − zj| ��§3±�:�¥%�^=C�: w = zeθ0 £θ0 ∈ [0, 2π)¤e�

±ØC"

yyy²²²µw," y.

ÚÚÚnnn2. 3E²¡þ?��þ ~β � 0 < |~β| < 2§K�3���ü�ü �þ ~α1, ~α2 ¦�

~α1 + ~α2 = ~β.

yyy²²²µ±�þ ~β �º:£Ù©:��:¤�¥%�ü �±§Ï 0 < |~β| < 2§KT�±

7,�±�:�¥%�ü �±Tkü��:§@o±ùü��:�ª:£å©:��
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:¤�ü�ü �þ ~α1, ~α2 Ò÷v

~α1 + ~α2 = ~β.

y.

� |~β| = 0 �w,kaq�(Ø§�´ ~α1, ~α2 ���5Ø¤á§
� |~β| = 2 �aq�

(ØÚ��5¤á§ù� ~α1 = ~α2 " e ~β = (a, b) (0 < |~β|2 = a2 + b2 ≤ 4)§·��í�Ñ

wªL�� ~α1, ~α2"

ÚÚÚnnn3. ��þ ~β �½Xþ§KÚn2¥�ü �þ ~α1, ~α2 deª�Ñµ

~α1 =

(
1

2
a−

√
4− (a2 + b2)

2
√
a2 + b2

b,
1

2
b+

√
4− (a2 + b2)

2
√
a2 + b2

a

)
,

~α2 =

(
1

2
a+

√
4− (a2 + b2)

2
√
a2 + b2

b,
1

2
b−

√
4− (a2 + b2)

2
√
a2 + b2

a

)
.

yyy²²²µ±�þ ~β �º:£Ù©:��:¤�¥%�ü �±��§´: (x−a)2 +(y−b)2 =

1§ u´¯K8(�¦)éá�§|µ x2 + y2 = 1

(x− a)2 + (y − b)2 = 1.

�
¦)§·�- cos θ = a√
a2+b2

, sin θ = b√
a2+b2

§¿� xy-�IX�^=C�µ x
′
= x cos θ + y sin θ

y
′
= −x sin θ + y cos θ.

þãéá�§|Òz�  (x
′
)2 + (y

′
)2 = 1

(x
′ −
√
a2 + b2)2 + (y

′
)2 = 1.

d�N´)Ñ  x
′
=
√
a2+b2

2

y
′
= ±
√

4−(a2+b2)

2
.

6

20
20

 S. -T
. Y

au
 H

igh
 Sch

oo
l S

cie
nc

e A
ward



2d x = x
′
cos θ − y′ sin θ, y = x

′
sin θ + y

′
cos θ§�£� xy-�IXÒ��Ún3�(Ø"

y.

y3·�k?Ø n = 5 ��/§� zi = (cos θi, sin θi) (i = 1, 2, 5)§duÚn1§Ø�b

½ θ1 = 0" ù�·�k

z1 + z2 + z5 = (1 + cos θ2 + cos θ5, sin θ2 + sin θ5),

�� z1 + z2 + z5 = −z3 − z4 �¿©7�^�´

|z1 + z2 + z5| ≤ 2.

�du

3 + 2 cos θ2 + 2 cos θ5 + 2 cos(θ2 − θ5) ≤ 4 ⇐⇒ cosθ2 + cos θ5 + cos(θ2 − θ5) ≤
1

2
.

3d^��e£|z1 + z2 + z5| > 0¤§dÚn3�� z3 Ú z4 d θ2, θ5 ∈ [−π, π] ¤L«�w

ªL�ªµ

z3 =

(
−1 + cos θ2 + cos θ5

2
+ r

sin θ2 + sin θ5
2

,−sin θ2 + sin θ5
2

− r1 + cos θ2 + cos θ5
2

)
,

z4 =

(
−1 + cos θ2 + cos θ5

2
− r sin θ2 + sin θ5

2
,−sin θ2 + sin θ5

2
+ r

1 + cos θ2 + cos θ5
2

)
,

Ù¥ r =
√

4−(a2+b2)
a2+b2

=
√

4
3+2 cos θ2+2 cos θ5+2 cos(θ2−θ5) − 1" dd§��

Φ =
∑

1≤i<j≤5

|zi − zj| = |z1 − z2|+ |z1 − z3|+ |z1 − z4|+ |z1 − z5|+ |z2 − z3|

+ |z2 − z4|+ |z2 − z5|+ |z3 − z4|+ |z3 − z5|+ |z4 − z5|

=
√

2− 2 cos θ2 +
√

3 + cos θ2 + cos θ5 − r(sin θ2 + sin θ5)

+
√

3 + cos θ2 + cos θ5 + r(sin θ2 + sin θ5) +
√

2− 2 cos θ5

+
√

3 + cos θ2 + cos(θ2 − θ5)− r(sin θ2 + sin(θ2 − θ5))

+
√

3 + cos θ2 + cos(θ2 − θ5) + r(sin θ2 + sin(θ2 − θ5))

+
√

2− 2 cos(θ2 − θ5) +
√

1− 2 cos θ2 − 2 cos θ5 − 2 cos(θ2 − θ5)

+
√

3 + cos θ5 + cos(θ5 − θ2)− r(sin θ5 + sin(θ5 − θ2))

+
√

3 + cos θ5 + cos(θ5 − θ2) + r(sin θ5 + sin(θ5 − θ2)). (2.1)

7

20
20

 S. -T
. Y

au
 H

igh
 Sch

oo
l S

cie
nc

e A
ward



ù� n = 5 �Thomson ¯K����¯KÒ8(�3^� cosθ2 + cos θ5 + cos(θ2 − θ5) ≤
1
2
�e§¦d(2.1)�Ñ� Φ ����"

·�25?Ø n = 7 ��/§ù��¹�' n = 5 ��/E,�õ§,
g��{þ

Ä��Ó"� zi = (cos θi, sin θi) (i = 1, 2, 5, 6, 7)§Ó�duÚn1§Ø�b½ θ1 = 0" ù

�·�k

z1 + z2 + z5 + z6 + z7

= (1 + cos θ2 + cos θ5 + cos θ6 + cos θ7, sin θ2 + sin θ5 + sin θ6 + sin θ7),

�� z1 + z2 + z5 + z6 + z7 = −z3 − z4 �¿©7�^�´

|z1 + z2 + z5 + z6 + z7| ≤ 2.

ØJ�yþã^��du

F (θ2, θ5, θ6, θ7) = cos θ2 + cos θ5 + cos θ6 + cos θ7 + cos(θ2 − θ5) + cos(θ2 − θ6) + cos(θ2 − θ7)

+ cos(θ5 − θ6) + cos(θ5 − θ7) + cos(θ6 − θ7) +
1

2
≤ 0. (2.2)

dÚn3�� z3 Ú z4 d θ2, θ5, θ6, θ7 ∈ [−π, π] ¤L«�wªL�ªµ

z3 =

(
−A

2
+ r

B

2
,−B

2
− rA

2

)
,

z4 =

(
−A

2
− rB

2
,−B

2
+ r

A

2

)
,

Ù¥

A = 1 + cos θ2 + cos θ5 + cos θ6 + cos θ7, B = sin θ2 + sin θ5 + sin θ6 + sin θ7

±9r =
√

4
A2+B2 − 1" dd§��
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Φ =
∑

1≤i<j≤7

|zi − zj |

=
√

2− 2 cos θ2 +
√

2− 2 cos θ5 +
√

2− 2 cos θ6 +
√

2− 2 cos θ7

+
√

2− 2 cos(θ2 − θ5) +
√

2− 2 cos(θ2 − θ6) +
√

2− 2 cos(θ2 − θ7)

+
√

2− 2 cos(θ5 − θ6) +
√

2− 2 cos(θ5 − θ7) +
√

2− 2 cos(θ6 − θ7)

+
√

3 + cos θ2 + cos θ5 + cos θ6 + cos θ7 − r(sin θ2 + sin θ5 + sin θ6 + sin θ7)

+
√

3 + cos θ2 + cos θ5 + cos θ6 + cos θ7 + r(sin θ2 + sin θ5 + sin θ6 + sin θ7)

+
√

3 + cos θ2 + cos(θ2 − θ5) + cos(θ2 − θ6) + cos(θ2 − θ7)− r(sin θ2 + sin(θ2 − θ5) + sin(θ2 − θ6) + sin(θ2 − θ7))

+
√

3 + cos θ2 + cos(θ2 − θ5) + cos(θ2 − θ6) + cos(θ2 − θ7) + r(sin θ2 + sin(θ2 − θ5) + sin(θ2 − θ6) + sin(θ2 − θ7))

+
√

3 + cos θ5 + cos(θ5 − θ2) + cos(θ5 − θ6) + cos(θ5 − θ7)− r(sin θ5 + sin(θ5 − θ2) + sin(θ5 − θ6) + sin(θ5 − θ7))

+
√

3 + cos θ5 + cos(θ5 − θ2) + cos(θ5 − θ6) + cos(θ5 − θ7) + r(sin θ5 + sin(θ5 − θ2) + sin(θ5 − θ6) + sin(θ5 − θ7))

+
√

3 + cos θ6 + cos(θ6 − θ2) + cos(θ6 − θ5) + cos(θ6 − θ7)− r(sin θ6 + sin(θ6 − θ2) + sin(θ6 − θ5) + sin(θ6 − θ7))

+
√

3 + cos θ6 + cos(θ6 − θ2) + cos(θ6 − θ5) + cos(θ6 − θ7) + r(sin θ6 + sin(θ6 − θ2) + sin(θ6 − θ5) + sin(θ6 − θ7))

+
√

3 + cos θ7 + cos(θ7 − θ2) + cos(θ7 − θ5 + cos(θ7 − θ6)− r(sin θ7 + sin(θ7 − θ2) + sin(θ7 − θ5) + sin(θ7 − θ6))

+
√

3 + cos θ7 + cos(θ7 − θ2) + cos(θ7 − θ5) + cos(θ7 − θ6) + r(sin θ7 + sin(θ7 − θ2) + sin(θ7 − θ5) + sin(θ7 − θ6))

+
√
−1− 2(cos θ2 + cos θ5 + cos θ6 + cos θ7 + cos(θ2 − θ5) + cos(θ2 − θ6) + cos(θ2 − θ7) + cos(θ5 − θ6) + cos(θ5 − θ7) + cos(θ6 − θ7)).

(2.3)

ù� n = 7 �Thomson ¯K����¯KÒ8(�3^�(2.2) �e§¦d(2.3)�Ñ

� Φ ����"

lL�ª(2.1)Ú(2.3)5w§|^�È©��{5¦Ù4�q�´Ø�1�§Ï�¼ê

L�ª¢3´�E,
§ L�ª(2.3)�E,§ÝÚL�ª(2.1)�'�´/�ê?0�O

�"3e�!¥§·�ò¦Ïuê�O���{5&¦(Ø§3d�c§ÏL*	·�

kµ

ÚÚÚnnn4. Φ 3:z1, · · · , zn�?Û����eØC§AO/§ L�ª(2.1)Ú(2.3)3'u§�

�Cþ£éuL�ª(2.1)´ θ2, θ5§éuL�ª(2.3)´ θ2, θ5, θ6, θ7¤�?Û����e�

´ØC�"

~~~1. 3 n = 5 ��

z1 = (1, 0), z2 =

(
−1

4
,

√
15

4

)
, z5 =

(
−1

4
,

√
15

4

)
.

@o§dÚn3�±�Ñ r = 0,

z3 =

(
−1

4
,−
√

15

4

)
, z4 =

(
−1

4
,−
√

15

4

)
.
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dd§�±��O��� Φ = 2
√

10 + 2
√

15 ≈ 14.071 · · ·§ë�eãµ

-1 1

y

x-1/4

~~~2. 3 n = 7 ��

z1 = (1, 0), z2 = z5 = z7 =

(
−1

6
,

√
35

6

)
, z6 =

(
−1

6
,−
√

35

6

)
.

@o§Ó�dÚn3�±�Ñ: r = 0,

z3 = z4 =

(
−1

6
,−
√

35

6

)
.

dd§����O��� Φ = 2
√

21 + 3
√

35 ≈ 26.913 · · ·§ë�eãµ

-1 1

y

x-1/6
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3 êêê���OOO���999(((ØØØ���yyy

ù�!·�òÏLO�¦)þ�!J��`z¯K§¿ddy²§1¥�½n"

Äk�Ä n = 5 ��¹. d�I�¦)���5Ø�ª�å�`z¯K

min
θ2, θ5∈[0,π]

Φ(θ2, θ5),

subject to cos θ2 + cos θ5 + cos(θ2 − θ5)−
1

2
≤ 0.

(3.4)

Ù¥, Φ(θ2, θ5) d(2.1)�Ñ.

du`z�Cþ�k2�, �±kÏL��:�¼ê�é Φ(θ2, θ5) ?1*	, Xã1. ?

Ò 1-6 �Ñ
¤kÛÜ���Ñy�«�.

Figure 1: n = 5 �, `z¯K8I¼ê Φ(θ2, θ5) 3�1«�S�9åã. ?Ò 1-6 ��µ

IÑ
���:�U� �.

|^ MATLAB `zóä�¥ fmincon ¼ê¦)��å���5õCþ`z¯K(3.4),

`z�{À^%@�S:{, �{Ä��n�ë� [1].

555: ��yê�O��^|$1, ùpò8I¼êΦ�L�ª(2.1)¥����d
√
·N�

�
√
| · |. du�å^��±�y�Òe�L�ª�K, ù��N�Ø¬é¯K (3.4) ��
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�)K�"·�3«� [0, π]× [0, π]S�ÅÀ� 104 �Ð�?1`z¦)§ù´du Φ'

u:z1, · · · , zn�?Û����e�ØC5§ù«��3 [0, π]× [0, π] S?Ø´Ø���5

�"�� 6 ����: (�32  �ê)9éA�¼ê�, �L1. SÒ1-6�(J�ã1 ¥?

Ò1-6 «�����:�éA. Ó�, ù6 �:üü÷v��'X.

SÒ θ2 θ5 Φ(θ2, θ5)

1 2.64 2.64 14.071

2 2.64 0.00 14.071

3 0.00 2.64 14.071

4 1.82 1.82 14.071

5 1.82 0.00 14.071

6 0.00 1.82 14.071

Table 1: n = 5 �, ¯K(3.4)`z(J (�3ü �ê).

5¿�, arccos(−7/8) ≈ 2.64, arccos(−1/4) ≈ 1.82. �\O�, �±uyL1¥�6�(

J¤éA�¼ê� Φ þ� 2
√

10 + 2
√

15 ≈ 14.071"·���Ñ�´§3L1£Table 1¤¤

�Ñ�6«�¹§¢Sþ3��z1, · · · , z5�����e�ÓuCase 4§=§2¥~1��/"

¯¢þ§éuCase 1§�θ2 = θ5 = arccos
(
−7

8

)
�§·��O��� r =

√
5
3
§¿�\þ!

�úª��

z3 = (1, 0) (= z1), z4 =

(
−1

4
,−
√

15

4

)
.

ù�3��

z4 → z1, z2 = z5 → z3 = z4, z3 = z1 → z2 = z5

�eB´Case 4. éuCase 2��/§d�θ2 = arccos
(
−7

8

)
, θ5 = 0§��O��� r =√

5
3
§¿�\þ!�úª��

z3 =

(
−7

8
,

√
15

8

)
(= z2), z4 =

(
−1

4
,−
√

15

4

)
.

ù�3��

z4 → z1, z2 = z3 → z3 = z4, z5 = z1 → z2 = z5
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�eB´Case 4"Ón?ØCases 3,5,6��¹£3Case 5,6��/§��r = 0¿ddz3 =

z4 = (−7/8,−
√

15/8)§ù´'ux-¶é¡�Case 1¤"o�§3��z1, · · · , z5 ����

�e§Φ 3~1 �/�����" �d§n = 5 �½ny."

y3�Ä n = 7 ���¹. d�I�¦)���5��ª�å�`z¯K

min
θ2,θ5,θ6,θ7∈[−π,π]

Φ(θ2, θ5, θ6, θ7),

subject to F (θ2, θ5, θ6, θ7) ≤ 0.

(3.5)

Ù¥, Φ(θ2, θ5, θ6, θ7) ÷v(2.3), F (θ2, θ5, θ6, θ7)d(2.2)�Ñ.

duùpI�`z�Cþk4�, J±ÏL��*	��(ÛÜ)����êþ½öÑy

�«�, ��ÏLê��{¦)`z¯K. aq n = 5 ���¹, Äké (2.3) �����

?1N�
√
· →

√
| · |, N���¯K�`z¯K(3.5)´�d�.

E,æ^MATLABJø�`z¦)óä fmincon ¼ê¦)`z¯K. `z�{ÀJ%

@�{S:{. 3«m [−π, π]4 S�ÅÀ� 5× 104 �Ð�?1`z¦). n = 7 ��Ø�

ª�å�`z¯K(3.5)¦)(J�L2.

|O ?Ò θ2 θ5 θ6 θ7 Φ

G1 1 0.00 0.00 2.81 2.81 26.913

2 0.00 2.81 0.00 2.81 26.913

3 0.00 2.81 2.81 0.00 26.913

4 2.81 0.00 0.00 2.81 26.913

5 2.81 0.00 2.81 0.00 26.913

6 2.81 2.81 0.00 0.00 26.913

G2 7 0.00 0.00 -2.81 -2.81 26.913

8 0.00 -2.81 0.00 -2.81 26.913

9 0.00 -2.81 -2.81 0.00 26.913

10 -2.81 0.00 0.00 -2.81 26.913

11 -2.81 0.00 -2.81 0.00 26.913

YL�e�
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|O ?Ò θ2 θ5 θ6 θ7 Φ

12 -2.81 -2.81 0.00 0.00 26.913

G3 13 0.00 2.81 2.81 2.81 26.913

14 2.81 0.00 2.81 2.81 26.913

15 2.81 2.81 0.00 2.81 26.913

16 2.81 2.81 2.81 0.00 26.913

G4 17 0.00 -2.81 -2.81 -2.81 26.913

18 -2.81 0.00 -2.81 -2.81 26.913

19 -2.81 -2.81 0.00 -2.81 26.913

20 -2.81 -2.81 -2.81 0.00 26.913

G5 21 -1.74 -1.74 1.74 1.74 26.913

22 -1.74 1.74 -1.74 1.74 26.913

23 -1.74 1.74 1.74 -1.74 26.913

24 1.74 -1.74 -1.74 1.74 26.913

25 1.74 -1.74 1.74 -1.74 26.913

26 1.74 1.74 -1.74 -1.74 26.913

G6 27 0.00 -1.74 2.81 2.81 26.913

28 0.00 2.81 -1.74 2.81 26.913

29 0.00 2.81 2.81 -1.74 26.913

30 -1.74 0.00 2.81 2.81 26.913

31 2.81 0.00 -1.74 2.81 26.913

32 2.81 0.00 2.81 -1.74 26.913

33 -1.74 2.81 0.00 2.81 26.913

34 2.81 -1.74 0.00 2.81 26.913

35 2.81 2.81 0.00 -1.74 26.913

36 -1.74 2.81 2.81 0.00 26.913

37 2.81 -1.74 2.81 0.00 26.913

YL�e�
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|O ?Ò θ2 θ5 θ6 θ7 Φ

38 2.81 2.81 -1.74 0.00 26.913

G7 39 0.00 1.74 -2.81 -2.81 26.913

40 0.00 -2.81 1.74 -2.81 26.913

41 0.00 -2.81 -2.81 1.74 26.913

42 1.74 0.00 -2.81 -2.81 26.913

43 -2.81 0.00 1.74 -2.81 26.913

44 -2.81 0.00 -2.81 1.74 26.913

45 1.74 -2.81 0.00 -2.81 26.913

46 -2.81 1.74 0.00 -2.81 26.913

47 -2.81 -2.81 0.00 1.74 26.913

48 1.74 -2.81 -2.81 0.00 26.913

49 -2.81 1.74 -2.81 0.00 26.913

50 -2.81 -2.81 1.74 0.00 26.913

Table 2: n = 7��Ø�ª�å�`z¯K (3.5)¦)(

J(�32 �ê). Ó�|O�¦)(J÷v��'X.

�e52�Ä�å>.þ��¹, =�Ä���5�ª�å�`z¯K

min
θ2,θ5,θ6,θ7∈[−π,π]

Φ(θ2, θ5, θ6, θ7),

subject to F (θ2, θ5, θ6, θ7) = 0,

(3.6)

Ù¥, Φ(θ2, θ5, θ6, θ7) ÷v(2.3), F (θ2, θ5, θ6, θ7) d (2.2)�½. d�, r = 0.

æ^�c¡Ó���{¦)���5�ª�å�`z¯K(3.6). 3«m [−π, π]4 S�Å

À�5× 104�Ð�?1`z¦)O�, ��`z¯K(3.6)¦)(J�L3. Ó�|OS�(

J÷v��'X.
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|O ?Ò θ2 θ5 θ6 θ7 Φ

B1 1 1.74 -1.74 -1.74 -1.74 26.913

2 -1.74 1.74 -1.74 -1.74 26.913

3 -1.74 -1.74 1.74 -1.74 26.913

4 -1.74 -1.74 -1.74 1.74 26.913

B2 5 -1.74 1.74 1.74 1.74 26.913

6 1.74 -1.74 1.74 1.74 26.913

7 1.74 1.74 -1.74 1.74 26.913

8 1.74 1.74 1.74 -1.74 26.913

B3 9 0.00 0.00 1.74 -2.81 26.913

10 0.00 0.00 -2.81 1.74 26.913

11 0.00 1.74 0.00 -2.81 26.913

12 0.00 -2.81 0.00 1.74 26.913

13 0.00 1.74 -2.81 0.00 26.913

14 0.00 -2.81 1.74 0.00 26.913

15 1.74 0.00 0.00 -2.81 26.913

16 -2.81 0.00 0.00 1.74 26.913

17 1.74 0.00 -2.81 0.00 26.913

18 -2.81 0.00 1.74 0.00 26.913

19 1.74 -2.81 0.00 0.00 26.913

20 -2.81 1.74 0.00 0.00 26.913

B4 21 0.00 0.00 -1.74 2.81 26.913

22 0.00 0.00 2.81 -1.74 26.913

23 0.00 -1.74 0.00 2.81 26.913

24 0.00 2.81 0.00 -1.74 26.913

25 0.00 -1.74 2.81 0.00 26.913

YL�e�
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|O ?Ò θ2 θ5 θ6 θ7 Φ

26 0.00 2.8 -1.74 0.00 26.913

27 -1.74 0.00 0.00 2.81 26.913

28 2.81 0.00 0.00 -1.74 26.913

29 -1.74 0.00 2.81 0.00 26.913

30 2.81 0.00 -1.74 0.00 26.913

31 -1.74 2.81 0.00 0.00 26.913

32 2.81 -1.74 0.00 0.00 26.913

B5 33 1.74 -2.81 -2.81 -2.81 26.913

34 -2.81 1.74 -2.81 -2.81 26.913

35 -2.81 -2.81 1.74 -2.81 26.913

36 -2.81 -2.81 -2.81 1.74 26.914

B6 37 -1.74 2.81 2.81 2.81 26.913

38 2.81 -1.74 2.81 2.81 26.914

39 2.81 2.81 -1.74 2.81 26.914

40 2.81 2.81 2.81 -1.74 26.913

Table 3: n = 7 �, ��ª�å�`z¯K (3.6) ê�¦

)(J (�32 �ê). 3Ó�|O�(J÷v��'

X.

5¿�, arccos(−1/6) ≈ 1.74, arccos(−17/18) ≈ 2.81. �\L2�L3¥��Ü90�(J,

ÙéA�8I¼ê� Φ þ� 3
√

35 + 2
√

21 ≈ 26.913"·���Ñ�´§3L2£Table 2¤

ÚL3£Table 3¤¤�Ñ�13«�a�¹§¢Sþ3��z1, · · · , z7�����e�Óu

L3£Table 3¤Case B2(7)§=§2¥~2 ��/§Ù�y·�3d�Ñ" �d§n = 7 �½

n�Ò�y�."
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4 ���èèè

n = 5 �, ¦)`z¯K(3.4)�èXe.

1 %% ===== I n i t i a l i z a t i o n ===== %%

2 N = 1e+4; % number o f t r i a l s

3 % so l u t i o n

4 Theta = zeros (2 ,N) ;

5 % ob j e c t i v e func t i on value at the s o l u t i o n

6 Fval = zeros (1 ,N) ;

7

8 %% ===== OPIMIZATION ===== %%

9 % bound con t r a i n t s

10 lb = zeros ( 2 , 1 ) ; % lower bound

11 ub = pi ∗ ones (2 , 1 ) ; % upper bound

12 % opt ions

13 opt ions = opt imset ( ’ d i sp l ay ’ , ’ n o t i f y ’ , . . .

14 ’ TolFun ’ , 1e−6, ’ MaxIter ’ , 1 e+3, . . .

15 ’ Algorithm ’ , ’ i n t e r i o r−point ’ , . . .

16 ’ U s ePa ra l l e l ’ , t rue ) ;

17 % i n i t i a l po in t s

18 x0 = pi ∗ rand (2 ,N) ;

19

20 par f o r i = 1 :N

21 % minimize func t i on f v a l n 5 sub j e c t to i n e qua l i t y c on s t r a i n t s non l in con n5

22 [ Theta ( : , i ) , Fval ( i ) ] = fmincon ( . . .

23 @fval n5 , x0 ( : , i ) , [ ] , [ ] , [ ] , [ ] , lb , ub , . . .

24 @nonlin con n5 , opt ions ) ;

25 end

26 Result = sort rows ( [ Fval ; Theta ] ’ , 1) ; % so r t r e s u l t s

27

28 %% ========= Object ive Function f o r n = 5 ========= %%

29 function va l = f va l n 5 (x )

30 % x2 : theta2 ; x5 : theta5

31 theta2 = x (1) ; theta5 = x (2) ;

32

33 X1 = [ theta2 ; theta5 ; theta2 − theta5 ] ;

34 X2 = [ theta2 , theta5 ; theta2 , theta2−theta5 ; theta5 , theta5 − theta2 ] ;

35

36 c3 = cos (X1) ;

37 r = 4 / ( 3 + 2 ∗ sum( c3 ) ) − 1 ; r = sqrt ( r ) ;

38
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39 va l1 = sqrt ( 2 ∗ ( 1 − c3 ) ) ;

40 va l1 = sum( va l1 ) ;

41

42 va l3 = abs ( 1 − 2 ∗ sum( c3 ) ) ;

43 va l3 = sqrt ( va l3 ) ;

44

45 val21 = 3 + sum( cos (X2) , 2) ;

46 val22 = r ∗ sum( sin (X2) , 2) ;

47 va l2 = sqrt ( va l21 + val22 ) + sqrt ( va l21 − val22 ) ;

48 va l2 = sum( va l2 ) ;

49

50 va l = val1 + val2 + val3 ;

51 end

52

53 %% ======== Non−l i n e a r Contra ints f o r n=5 ======== %%

54 function f v a l = non con fun ( theta2 , theta5 )

55 f v a l = cos ( theta2 ) + cos ( theta5 ) + cos ( theta2 − theta5 ) − 1/2 ;

56 end

57

58 %% ========= Inequ l i t y Contra ints f o r n=5 ========== %%

59 function [ f va l , ceq ] = non l in con n5 (x )

60 f v a l = non con fun (x (1 ) , x (2 ) ) ;

61 ceq = [ ] ;

62 end

63 %% ========= Equl i ty Contra ints f o r n=5 =========== %%

64 function [ f va l , ceq ] = non l in con eq n5 (x )

65 f v a l = [ ] ;

66 ceq = non con fun (x (1 ) , x (2 ) ) ;

67 end

�q/, n = 7 �, ¦)�Ø�ª�å�`z¯K(3.5)9��ª�å�`z¯K(3.6)�

èXe:

1 %% ===== I n i t i a l i z a t i o n ===== %%

2 N = 5e+4; % number o f t r a i l s

3 % so l u t i o n

4 Theta = zeros (4 , N) ;

5 Theta bdry = zeros (4 ,N) ;

6 % ob j e c t i v e func t i on value at the s o l u t i o n

7 Fval = zeros (1 , N) ;

8 Fval bdry = zeros (1 ,N) ;

9

10 %% ===== Optimizat ion ===== %%
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11

12 % bound c on s t r a i n t s

13 lb = − pi ∗ ones (4 , 1 ) ; % lower bound

14 ub = pi ∗ ones (4 , 1 ) ; % upper bound

15

16 % opt ions

17 opt ions = opt imset ( ’ d i sp l ay ’ , ’ n o t i f y ’ ,

18 ’ TolFun ’ ,1 e−6, ’ MaxIter ’ ,1 e+3,

19 ’ Algorithm ’ , ’ i n t e r i o r−point ’ ,

20 ’ U s ePa ra l l e l ’ , t rue ) ;

21

22 % i n i t i a l po in t s

23 x0 = − pi + 2 ∗ pi ∗ rand (4 , N) ;

24

25 % minimize f v a l n 7 sub j e c t to non l i e a r c on s t r a i n t s

26 par f o r i = 1 :N

27 % in equa l i t y c on s t r a i n t −> non l in con n7

28 [ Theta ( : , i ) , Fval ( i ) ] = fmincon (

29 @fval n7 , x0 ( : , i ) , [ ] , [ ] , [ ] , [ ] , lb , ub ,

30 @nonlin con n7 , opt ions ) ;

31 % equa l i t y c on s t r a i n t −> non l in con eq n7

32 [ Theta bdry ( : , i ) , Fval bdry ( i ) ] = fmincon (

33 @fval n7 , x0 ( : , i ) , [ ] , [ ] , [ ] , [ ] , lb , ub ,

34 @nonl in con eq n7 , opt ions ) ;

35 end

36 % so r t r e s u l t s

37 Result = sort rows ( [ Fval ; Theta ] ’ , 1) ;

38 Result bdry = sort rows ( [ Fval bdry ; Theta bdry ] ’ , 1) ;

39

40 %% ========= Object ive Function f o r n = 7 ========= %%

41 function va l = f va l n 7 (x )

42 x2 = x (1) ; x5 = x (2) ; x6 = x (3) ; x7 = x (4) ;

43

44 X1 = [ x2 ; x5 ; x6 ; x7 ; x2−x5 ; x2−x6 ; . . .

45 x2−x7 ; x5−x6 ; x5−x7 ; x6−x7 ] ;

46 X2 = [ x2 , x5 , x6 , x7 ; . . .

47 x2 , x2−x5 , x2−x6 , x2−x7 ; . . .

48 x5 , x5−x2 , x5−x6 , x5−x7 ; . . .

49 x6 , x6−x2 , x6−x5 , x6−x7 ; . . .

50 x7 , x7−x2 , x7−x5 , x7−x6 ] ;

51

52 R2 = 5 + 2 ∗ sum( cos (X1) ) ; r = sqrt (4/R2 − 1) ;

53
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54 va l1 = sqrt ( 2 ∗ (1 − cos (X1) ) ) ;

55 va l1 = sum( va l1 ) ;

56

57 va l3 = abs(− 1 − 2 ∗ sum( cos (X1) ) ) ;

58 va l3 = sqrt ( va l3 ) ;

59

60 val21 = 3 + sum( cos (X2) , 2) ;

61 val22 = r ∗ sum( sin (X2) , 2) ;

62 va l2 = sqrt ( va l21 + val22 ) + sqrt ( va l21 − val22 ) ;

63 va l2 = sum( va l2 ) ;

64

65 va l = val1 + val2 + val3 ;

66 end

67

68 %% ======== Non−l i n e a r Contra ints f o r n = 7 ======== %%

69 function va l = non l in fun n7 (x )

70 theta2 = x (1) ; theta5 = x (2) ;

71 theta6 = x (3) ; theta7 = x (4) ;

72

73 Y = [ theta2 ; theta5 ; theta6 ; theta7 ; . . .

74 theta2−theta5 ; theta2−theta6 ; theta2−theta7 ; . . .

75 theta5−theta6 ; theta5−theta7 ; theta6−theta7 ] ;

76

77 va l = sum( cos (Y) ) + 1/2 ;

78 end

79

80 %% ========= Inequ l i t y Contra ints f o r n=7 ========== %%

81 function [ val , ceq ] = non l in con n7 (x )

82 va l = non l in fun n7 (x ) ;

83 ceq = [ ] ;

84 end

85 %% ========= Equl i ty Contra ints f o r n=7 =========== %%

86 function [ val , ceq ] = non l in con eq n7 (x )

87 va l = [ ] ;

88 ceq = non l in fun n7 (x ) ;

89 end
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