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On Finite Subgroups in the General Linear Groups over an
Algebraic Number Field

Li Ying

Abstract

As is well-known, there are only finitely many isomorphic classes of finite subgroups
in a given general linear group over the field of rational numbers. This(result can be
generalized to any algebraic number field. While the case of field of rational numbers is
relatively well-studied, we still do not know much for general algebraid number field cases.
In this article, we discuss the finiteness of isomorphic classes of finite subgroups of general
linear groups over an algebraic number field. We give a method te.calculate a bound for
the orders of the finite subgroups and to classify finite cyclic subgroups.
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1 Introduction

For a given natural number n, it is well-known that, up to isomorphism, there are finitely many
finite subgroups of GL,(Q). It is a result dating back to the era of Minkowski [3]. Decades
later, Schur generalizes this result by replacing Q with any algebraic number field [5]. He
used the character theory of finite groups to obtain this result.

Many works have been done on the classification of finite subgroups of GL,(Q). We have
even thorough classification results when 7 is relatively small. See for example [1, 2]. However,
for other algebraic number fields, we still do not have too many classification results.

The ultimate goal of our project is to determine, up to isomorphism, all finite subgroups of
GL,(K) for a given n € N and for an algebraic number field K. In practice, we have-obtained
the following partial results that we shall present in the following parts of this article:

e In Section 2, we give a general method to classify finite cyclic subgroups of GL,,(K).

e In Section 3, we propose another proof of Schur’s result [5] in the case where the ring
of integers is a principal ideal domain, without using character‘theory of finite groups.

e In Section 4, we give a general method to calculate an upper bound of finite subgroups
of GL,(K).

The general results proposed in Section 2 and Section 4 can be applied directly to concrete
examples. For example:

1. The order of any finite subgroup of G Lo(@[y/—1]) divides 96 and finite cyclic subgroups
of GLo(Q[v/—1]) are exactly C1, Cs, Cs, Cf, Cgs, Cs, C12, up to isomorphism.

2. The order of any finite subgroup,of-GZ2(Q[v/—2]) divides 48 and finite cyclic subgroups
of GLa2(Q[v/—2]) are exactly Cy, Cs,C3, Cy, Cg, Cs, up to isomorphism.

3. The order of any finite subgroup of GL3(Q[v/—1]) divides 384 and finite cyclic subgroups
of GL3(Q[v/—1]) are exactly C1,Co, C3,Cy, Cg, Cs, Ci2, up to isomorphism.

The above results are c¢alculated explicitly in Section 2.3 and 4.3 .

The above results can help us classify finite subgroups in GL,(K) even if we do not know
the thorough classificaition. For example, the symmetric group Ss is not in GLo(Q[v/—1]),
since |Ss|“€ontains 5 as a factor whereas we prove that the order of any finite subgroup of
G Ly (Q[y/—1]) divides 96. For similar reasons, we know that S5 is not in GL2(Q[v/—2]) or in

GL3(Q/—1]), either.

2 Finite Cyclic Subgroups of GL,(K)

In this section, we are going to give a method to classify finite cyclic subgroups of GL,,(K). By
definition, classifying cyclic subgroups is equivalent to finding all possible orders of elements
in GL,(K). We find that this problem is closely related to the irreducibility of cyclotomic
polynomials in different fields. So we start with a brief introduction to cyclotomic polynomials.



2.1 Cyclotomic Polynomials

Let n be a natural number and U, be the set of n-th primitive roots of unity in C. In other

words, U,, contains the complex numbers of the form eZn with k coprime with n. One may
define a polynomial with complex coefficients in the following form:

@,(x) = [ (X -0

¢ely

We call @,, the n-th cyclotomic polynomial. This polynomial is clearly of degree ¢(n), where
¢(n) denotes the Euler totient function. We list some properties of cyclotomic,polynomials
that we shall utilize afterwards.

Proposition 1 Let ®,,(X) denote the n-th cyclotomic polynomial.
1. X" —-1= Hd‘n Dy(X).
2. For each n, ®, is a polynomial with integer coefficients.
3. @y, is irreducible in Q[X].

Proof

1. Since X™ — 1 and [] din ®,4(X) are both monie pelynomials, we can prove the equation

by showing that they have the same rogts.. Fhe roots of X™ — 1 can be written as eTRE

where kK = 0,1,...,n — 1. Let d be the greatest common divisor of k and n, thus % is
coprime with %, i.e., e*" is a root.of @g(X). Therefore, X™ —1 = g_l(X — e%nm) =
Hd|n (I)d(X)

2. First, we are going to prove that'®, is a polynomial with integer coefficients when p is a
prime number. Since XP? =1 = ®;(X)®,(X) = (X —1)®,(X), we can easily know that
®,(X) = 5= = L+ X+ X2+ - -+ XP~1, which shows that ®,(X) is a polynomial with
integer coefficients...Here is a fact we are going to use later : when f,g,h € C[X] are
monic polynomials and f = gh, if f, g € Z[X], then h is also a polynomial with integer
coefficients/“Henee, we assume by induction that for any m < n, ®,,(X) is in Z[X].
Since X" — 1 =@ (X) [ 4, 4<n Pa(X), Pn(X) is a polynomial with integer coefficients
because of the fact mentioned above.

3. This result is well-known and a standard proof can be found in, for example, the Theorem
4,26 of [7, p.94]

Corollary 2.1.1 Let ¢, € U, be an n-th primitive root of unity. Then, [Q[(,] : Q] = ¢(n).

Proof  Since (, is a root of ®,, which is irreducible in Q[X], ®,, is the minimal polynomial
of ¢, over Q. Then, we can know that [Q[(,] : Q] = deg ®,, = ¢(n) by the basic knowledge of
the field extension theory. O



2.2 Constraints for the order of an element

In this part, we shall give a constraint for the order of an element of GL,,(K).

To begin with, let (, be an n-th primitive root of unity and let ®,(X) be the n-th
cyclotomic polynomial. We know that ®,(X) is irreducible in Q[X]. ®,(X) may not be
irreducible in K. It is natural to consider the irreducible decomposition of ®,(X) in K[X].
In fact, we have the following proposition:

Proposition 2 Any irreducible factor of ®,(X) in K[X] is of the same degree, namely,
[K[¢n] - K.

Proof Let ®,(X) = ®p1(X) ... Ppr(X) be the irreducible decomposition. We may assume
¢F is a root of ®,1(X), then ®,,1(X) is the minimal polynomial of (¥ over K. B¥ the basic
knowledge of the field extension theory, we can know that [K[¢*] : K] = deg®yy. It is obvious
that K[C¥] ¢ K[(,]. Moreover, since k is coprime with n, let a,b € Z méke'ak + bn = 1, and
then ¢, = ¢ak+bn = (¢Fye (¢ = (¢F)® € K[¢F]. As a result of K[¢K]D, K[¢,], we can know
that K[C¥] = K[¢,]. Therefore, deg ®,1(X) = ... = deg ®,,(X) =[K[("] : K] = [K[(,] : K].
U
In what follows, we shall denote

¢rc(n) == [K[Ca] : K,
Notice that ¢g(n) = ¢(n) is nothing but the Euler totient function.

Theorem 2.2.1 Let K be an algebraic number field and n a natural number. Let A €
GL,(K) be an element of order d. Then d.must be the least common multiple of some integers
¢, not necessarily distinct, such that the sum of these ¢ () is less or equal to n.

Proof Let s be the minimal ‘polyhomial of A whose order is d. Then p | X¢ — 1 and
pat X% —1for1<d < d. Byithe property of cyclotomic polynomials, X¢—1 = Hf\d Dy(X).
If we write ®4(X) by its irredueible decomposition:

By(X) = Dy (X) ... gy, (X),

thus the irreducible,de¢omposition of X¢ — 1 over K[X] is

X —1=][®a(X)... & (X).
¢|d

Thérefore, 14 | X% — 1 implies that uy4 is the product of some irreducible factors of X9 — 1,
whichris to say,
paX)= ] ®a(X)... &, (X).

some £|d

where 1 < sy < ry. We claim that the least common multiple of these ¢ must be d. In fact,
we assume by contradiction that the least common multiple of these integers ¢ is d’ where
1 < d < d, and then py | X% — 1, which contradicts the fact that pa " X% — 1 for any
1 < d" < d. By the discussion above, since deg @, (X) = ¢x(¢) for any 1 < i < sy, we
can know that degpua = > spdr(¢) for some ¢ | d and the least common multiple of these
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¢ is d. On the other hand, by the Hamilton-Cayley theorem, 4 | x4, so we can give that
deg g < deg x4 = n, which can give a constraint

D sipr(t) <n

for some ¢ | d and the least common multiple of ¢ is d. 0

Corollary 2.2.1 There are only finitely many possible orders of elements in GL,(K) forla
given n and a given algebraic number field K.

Proof  Let d be the order of an element in GL,,(K). Due to the fact that
(K¢ : Q] = [K[¢] : QIee]] - [Q[¢e] : Q] = [K[¢e] : K] - [K - Q)

we get this equation:

Combined with the constraint in the theoreni above, this inequation implies that

> sy < n[K : Q]

for some ¢ | d and the least common multiple of ¢ is d. As known, there are only finitely
many natural numbers ¢ whose Euler totient function ¢(¢) < n[K : Q]. Therefore, as the
least common multiple of some“é satisfying ¢(¢) < n[K : Q], d has only finitely many possible
values. O

2.3 Some Examples

In this section, we are going to classify finite cyclic subgroups for GL2(Q[v/—1]), GL3(Q[v/—1)),
GL2(Q[v—2]) and GL3(Q[v/—2]) by using the method mentioned above to show how the
machinary works. For this purpose, we stretch a famous result from [7, p. 111: Corollary
4.5.4]:

Theorem 2.3.1 Let d > 1 be a natural number and we define a set
-1
Ag = {(p) p: for odd prime numbers p dividing d} U{-1: if4|dtU{2: if8|d}.

Let m be a square-free integer. Let (4 denote a d-th primitive root of unity. Then /m € Q4]
if and only if m is a nontrivial product of distinct elements in Ag.



Example Let K = Q[v/—1] and n = 2. Let d be the order of an element in GLy(Q[v/—1]).
Considering the equation we have shown above:
K¢ - Q[¢l] - o4
¢K(€)=[ (] .[ Il ()7
(K : Q)
since [K : Q] = 2 in this occasion, we can show by Theorem 2.3.1 that

' 1 /T eQ¢ ie, 40
[KWLQWH—{giMﬁqg@éJﬂAM

which indicates that, in this case,

_Jof) ifdyd
¢“@_{;W)ﬁﬂf

Thus, ¢ (¢) < n = 2 indicates that
o) <2 if44¢
ol) <4 if4]¢

Then, by calculation, we find that ¢ has seven possible values{ 1,23, 4,6, 8,12. Since d is the
least common multiple of some ¢, with the constraint

> sipx(t) <n,

the possible values of d are 1,2,3,4,6,8,12, which{theans that in GL3(Q[v/—1]), there are
seven kinds of finite cyclic subgroups whose orders are possibly 1,2,3,4,6,8 or 12. Next we
show that these orders can indeed be obtained.

In fact, we can exactly find possible élements of different orders to show their existence:

1 0
Y (1)
0

d=2 <0 J
=3 <j1-3>
I

Py <3} :f)
d=38 (ifJO

i —3i
=12 (i—%)

Using the same method, we can restrain the possible orders of elements of GL3(Q[v/—1])
tobe 1,2,3,4,6,8,12. They are the same with those of GL2(Q[v/—1]). To show the existence,
if Ais a2 x 2 matrix in GL2(Q[v/—1]) with order d, then

1 0
0 A
would be a 3 x 3 matrix of order d in GL3(Q[v/—1]).
6




Example Let K = Q[v/—2] and d be the order of an element in GLo(Q[v/—2]). According
to the Theorem 4.3.1 above, we can get the following equation the same way we do in the
preceding example:

. [ 1 ifV/-2€Q[¢],ie,8]¢
ORI A b by

which indicates that, in this case,

o(l) if8te
W@:{@wimw

We now use the result of the preceding section to classify finite cyclic subgroups of GL,,(Q[v/—2])
forn =2, 3.
e When n =2, ¢x(¢) < 2 indicates the following inequation:
p(0) <2 if8¢¢
o) <4 if 8|/

Then, by calculation,we find that £ has six possible yvalues: /1,2, 3,4,6,8. Since d is the
least common multiple of some ¢, with the constraint

> s (0) <)

the possible values of d are 1,2,3,4, 6, 8which means that in GLy(Q[v/—2]), there are
six kinds of finite cyclic subgroups whose orders are possibly 1,2,3,4,6 or 8. We list
possible matrices whose order is exactly among those possible values we find.

e When n = 3, like the occasion when n = 2, ¢ (¢) < 3 indicates the following inequation:

{¢w)g3 if 81 ¢
6(6) <6 if8|¢

Then, by calculation,we find that ¢ has six possible values:1,2,3,4,6,8. Since d is the
least common multiple of some ¢, with the constraint

S seox () <,
7



the possible values of d are 1,2, 3,4, 6,8, which means that in GL3(Q[v/—2]), there are
six kinds of finite cyclic subgroups whose orders are possibly 1,2,3,4,6 or 8. If A is a
2 x 2 matrix in GL2(Q[v/—2]) with order d, then

10
0 A
would be a 3 x 3 matrix of order d in GL3(Q[v—2]).

3 Finite Subgroups of GL,(K)

In this section, we are going to prove that there are only finitely many finite subgroups of
GL,(K) for a given natural number n > 0 and an algerbraic number field“K, whose ring
of integers Ok is a principal ideal domain. First, we will show that any, finite subgroup of
GL,(K) is isomorphic to a subgroup of GL,(Ok). Then after modulo, a well-chosen prime
element z in O, we find any finite subgroup of GL,(Ok) is isemerphic to a subgroup of
GL,(Ok/(x)), while the latter, as a finite group, has only finitelysmany finite subgroups.

3.1 Free Modules over a Principal Ideal Domain

A general result on free modules over a principal ideal domain is that submodules of a free
module of rank n is free and of rank no greater than,n. We will give a proof of this result.

We begin by giving the definition of an A-module. It is a generalization over vector spaces
over a field. But the properties of A-modules ate’more complicated.

Definition Let A be a commutative ring. YA module M over A is a set endowed with two
operations:

+ :MxM— M;
crAX M — M;
satisfying:
o (+-axioms) (M,+) is an abelian group;
e (--azioms)
— VX, u € Ax e M, Nuzx)=(A\u)z
=VreM1l -xz=x
—V\peAxzeM MN+pz=\x+ ux
- VAeAx,ye M, ANz +y)=Ax+ Ay
Definition (Basis) Let M be an A-module, B C M is called a basis of M, if:

o Vxe M, 3xy,...,xq € BA1,...,\y € A, such that x =] \iz;



o Ifxy,...,x, € B are distinct and for A,..., A\, € A,

k
Z)\1$z =0= )\z = O,Vi.
i=1

The definition of basis of an A-module is similar to that of a vector space. The difference is
that an A-module does not necessarily have a basis. If an A-module M admits a basis, then
M is called free. A good example of a free A-module is:

A" ={(x1,...,zy) 1 x € A}

where VA € A, (z1,...,2,) € A", Na1,...,2y) = (Ax1,...,Azy). Apparently, A" is an A-
module. There exits a basis of A", called the canonical basis of A, namely, Bs= {e1,...,e,},
where e; is an element in A™ whose i-th component is 1 and whose other,components are 0.
Therefore, we can draw the conclusion that A" is a free A-module.

Definition Let M, N be A-modules. ¢ : M — N is called a~homomorphism of A-modules
(or A-linear map), if:

e Ve M, e A, ¢(A\z) = \p(2)

e Vz,ye M, ¢p(x+y) = od(x) + ¢(y)

Furthermore, ¢ is an isomorphism (=) if it i§ bijective and homomorphic.

Let M be a free A-module with a basis B/ Assume that the #B = n, then clearly M = A"
as A-modules.

It is well-known in linear algebra that’any basis of a given vector space has the same
cardinal. The same result holds for a free A-module. In fact, we are going to prove in the
following paragraphs that A™ = A" if and only if m = n. Given this result, we define the
rank of a free A-module as the eardinal of any of its bases.

Lemma 3.1.1 Let ¢ : A"~ A" be a homomorphism of A-modules, and a be an ideal of A.
If x = (z1,..., %) is in a™, then ¢(z) € a™.

Proof Let ¢(x)&= (¢1(x),...,¢n(z)). For any j, notice that ¢;(x) = ¢; (> zie;) = > zi;(e;)
a since z;€ a,Yi. We conclude that ¢(z) € a™. O

Theorem 3.1.1 Let A be a commutative ring. Then A™ = A™ as A-modules if and only if
meEn.

Proof 1If A™ = A", there exists a map ¢ : A™ — A™ which is an isomorphism of A-modules.
Since A is a commutative ring, let m be a maximal ideal of A. Then, we can define another
map:

¢ (A/m)™ — (A/m)"

as (T1,...,&m) = (O1(z1, ..oy Tm)y ooy On(T1, ..., T)). We need to check:




o Well-definedness: Let (Z1,...,%m) = (J1,---,Ym), then x; —y; € m,Vi. Therefore, by

the lemma above, ¢;(z;) — ¢;(vi) = ¢j(xi —y;) € m, ie., ¢j(xi) = ¢j(yi), Vi, j, which
means that

(P1(z1s s m)se ey On(T1,y oy m)) = (D1(Y1s - s Um)s e ooy (Y1 - -, Ym))-

e 7 is an A/m-linear map. It is direct from the fact that ¢ is an A-linear map.

e ¢ is injective. In fact, let T = (Z1,...,Zp) € kerp, then ¢;(x1,...,2y) € m,Vj. If{ s
the inverse map of ¢, then x; = &(¢(x)) € m by the above lemma. Therefore, Z; € 'myVi,
ie, z=01in (A/m)™.

e 1) is surjective. This follows directly from the fact that ¢ is surjective.

Therefore, we construct an isomorphism of A/m-vectors spaces: ¥ : (4/m)T"=(A/m)". Since
any basis of a vector space has the same number of elements, we concludesthat m = n. U
Then, we can deduce that if M is an A—module, By,Bs be two bases such that #B; <
+00,#Bs < 400, then #B1 = #Bs.

Definition Let M be an A—module, N C M 1is called a sub-module if N itself is an A-module.

Specially, when M = A is an A-module, the sub-module ©of'W is the ideal of A.

Theorem 3.1.2 Let M C A™ is a sub-module, then~0Msis a free A—module with rank r < n.

Proof We argue by induction on n.
e n=1.

— If M = {0}, M is a free A~module with rank r = 0 where its basis is empty.

— If M 22 {0}, M is an idealof A. Since A is a principal ideal domain, M:= (m) = mA
where m # 0. We can construct a map ¢ : A — mA as x — mx. Apparently, ¢ is
a homomorphism. detve € kerg, x = 0 since mx = 0 and m # 0. Obviously, ¢ is
surjective, then M & A as A—modules and the rank of M is 1.

e Assume this theorem’is true for all £ < n —1. We shall prove that the theorem holds for
n. Let M béa submodule of A”. Let A = {(z,0,...,0):x € A} C A" and I" := M N A.
By induction assumption, I' is free of rank < 1. We can construct a map ¢ : M — A"~!
as (z1,...,xn) — (x2,...,2,). Apparently, ¢ is an homomorphism as A-modules. Since
ker he={(x1, ..., 2p) € M : 29,...,2, = 0} = M NN where N := {(z,0,...,0) : x €
Ny =27A; we can know that M/M NN = M/kery = Imip C A" !. By induction
assumption, M /M N A is free of rank < n — 1. Then, we need to prove that M is a free
module. Let {€1,...,éx} be a basis of M/M N A and {fi,..., fp} be a basis of M N A.
May take e1 € €1,...,e; € €. We would like to show that {e1,...,ex, fi1,..., fp} forms
a basis of M.

- Ve M,zexe€ M/[IMNN, Z=mnyée + -+ ngep € M/M N N. Therefore,
x — (nier + - +ngeg) =0, ie., z—(nier+- - -+ngep) € MAN. Since {f1,..., fp}
is a basis of M N N, there exists my,...,m, such that x — (n1eq + - - + ngey) =
mifi + -+ myf,. Hence, {e1,... ek, f1,..., fp} spans M for x = njeg +--- +
nger +mif1+ -+ mpfp.

10



— While nie; + - -+ ngep + mifi +---+mpfp, =0, ie., in M/M N N,nje; +--- +
ngex +0 =0, ny =--- =ny = 0 since {e1,...,ex} is a basis of M/M N N. Then,
from myfi +--- 4+ mpf, =01in M N N, we can know that m; =--- =m, = 0.

Therefore, M is a free module of rank less or equal to n.

3.2 From GL,(K) to GL,(Ok)

Let K be an algebraic number field whose ring of integers O is a principal ideal domain. In
this subsection, we are going to prove that any finite subgroup of GL,(K) is isomoerphic to
a subgroup of GL,(Ok). (Therefore, to classify subgroups of GL,(K), it suffices'to classify
subgroups of GL,(Ok)).

Let G C GL,(K) be a finite group. For any g € G, x € K", we have gz € K". Regard
O as a subset of K. We can define a subset I' of K":

m
[= {ng‘ 1 9i € G,x; € O, m eN}
=1

We make the convention for the sum 2?21 =0.

Apparently, we can know that I' is an Og-modulex, Then, we are going to show that there
exists d € Ok such that O C I' C é(’)%. Furthermore, we can deduce that I' is a free
Og-module of rank n. In fact,

o Vx € OF, let g; := 1, z; := x for anyé €N, then x = g;x; € I', which means O% CT.

e Since G is a finite subgroup of G'L,,(#), there are finite elements in G. For O} is the
ring of integers in K, K is the fraction field of O%. Let d be the least common multiple
of the denominators of entries in G whose existence is guaranteed by the fact that O is
a principal ideal domain and thus a unique factorization domain. Vo € I', 2 = 7" g;x;
where g; € G, x;.€.07% and m € N. Since the entries of g; are in é(’)K, we conclude that
T € é(’)% That is to'say, I' C é(’)}l(.

e Since I' is a sub-module of %1(’)” , ' is a free Og-module of rank less or equal to n. Since
O% is a sub-module of I', O% is of rank n less or equal to the rank of I'. Then, I' is a
free(Og-module of rank n,

Therefore, there exists an Og-basis of I', namely, e, ..., e,. Write every e; in the coordi-
nate form:
€1 = [an,azl, cee 7an1]
ex = [a1k, A2k, - - -, Ank]
€n = [alna a2ny -« - aann]

11



with each entry an element in K. Then, we can define a matrix Q:

a1, a12,...,0a1n
Q= akhak; . s Qkn,
anlyAn2,y ... 5
Apparently, {e1,...,e,} is a basis of K™ as K —vector space and every column of @ is lineaxly

independent, so we can know that @ is in GL,(K). Then, we are going to show, that for
any g € G, there exists Q7 'gQ € GL,(K) so that we can deduce that G is isomerphic to a
subgroup of GL,(Ok).

Lemma 3.2.1 For any g € G, Q" '¢Q is a map from O% to O% and is invertible.

Proof  Let {v1,...,v,} be the canonical basis of O} and {e,..«, €} be a basis of I. We
can understand @ as a map from O% to I': {v1,...,v,} — {e1,.. = en}.

e Surjectivity: Va € I',dsq,..., 8, € Ok such that x = s1e1.+- -+ spep, = $1QU1 +--- +
5,QUn = Q(5101 + -+ + 5,0p)

e Injectivity: Let x = Ajv1 + -+ + A\,v, be an element in ker@.Then, Qx = \ie; + - +
Anen = 0. Since eq, ..., e, is linearly independent, A\ = --- =\, =0, i.e., ker @ = 0.

Therefore, @ is bijective. Similarly, we can conSider the matrix g € G as a map from I" to
I:{er,...,en}t — {ge1,...,gen}. Obviouslysg isbijective since g is an invertible matrix whose
inverse is also a map from I' to I'. Themn, for any x € O, Q '¢gQ is in O%, which means
that Q~'¢gQ is a map from O% t04O%. Therefore, Q'@ is invertible since it is bijective.
Then, Q~1gQ is in GL,(Of). O

We are ready to prove that, G i isomorphic to a subgroup of GL,(Of). Define a map
¢ from G to GL,(Ok): g —Q ¥gQ. We will prove that ¢ gives an isomorphism of G to a
subgroup of GL,(Ok):

e Homomorphism: ¢(I) = Q7'IQ = I and ¢(AB) = Q7 'ABQ = Q 'AQQR'BQ =
P(A)o(B).

e Injectivity: Let  be in ker ¢. From ¢(z) = Q~'2Q = I, we can know that [ = QIQ ™! =
QQTLeQO ' = z, which is to say, ker ¢ = 1, i.e., ¢ is injective.

Hencey G\is isomorphic to the image of ¢ as groups. Therefore, any finite subgroup of G L, (K)
is.isomorphic to a finite subgroup of GL,(Ok).

3:3 Finite Subgroups of GL,(Ok)

In this subsection, we are going to prove that, up to isomorphism, there are only finitely many
finite subgroups in GL,(Of).
First of all, we define a set of prime numbers

& = {p: pis a prime number and is the order of an element in GL,(K)} U {2}.

12



This set, as we shall see soon, contains the prime numbers that do not have the properties we
need. So we call the prime numbers in this set “exceptions”.

By Corollary 2.2.1, we can see that in fact £ is a finite set. This is an important fact that
we will use continuously in what follows.

Now let p € £ be a non-exceptional prime number and x be a prime factor of p in O.

Lemma 3.3.1 Og/(z) is a finite field.
Proof Ok /(z) is a field since x is a prime element in Og. We can define a map ¢:
gf) 2L OK — OK/(SU)

Clearly, since ker ¢ = pZ, Z/pZ = Z/ker¢p = Im¢ C Og/(xz). Therefore, Ok /(x) is an

extension of F),. As a well-known fact, Ok is a free Z-module of finite rank([K : Q] (c.f. [4,

p.45]). Then, let ey, ..., e, be a Z-basis of Og. For any x € Ok, we can write x as > | \ie;

where \; € Z. Hence, 7 = Y 1 Mie; € Ok /(x) where \; € Z/Z N (x) /= %/pZ. So Ok/(x)

can be spanned by {é1,...,e,} as the vector space of Z/pZ. The dimension of O /(x) is no

bigger than n over Fp, which implies that Ok /(z) is a finite field! O
Now, we can define a group homomorphism:

Tz : GLp(Ok) = GL,(Ok Hx))
by modulo z for each entry. This homomorphism has the following interesting property:

Proposition 3 For g € kert, and | € N suchathat p* 1, if gt = 1, then g = 1.

Proof For g € ker 7, 7,:(g) = [1], which means-that g = 1 + h where p divides all entries of
h. It suffices to prove the proposition for,l*a prime number. In fact, for [ > 2, 1 =py...p, ¢
is defined to be gP*Pr-1. Then, ¢’ = 1P4"P»~1 =1 mod z. Since ¢’» = ¢' = 1 mod z, we can
know that ¢’ = 1 if we assume the proposition for [ a prime number is true. By induction on
r,g=1.

Now we assume that [ is a prime number not equal to p. May assume by contradiction
that h # 0. We can writ€  assxdh’ where d € O and h' € M, (Ok) such that the greatest
common divisor of entfies,of i’ is 1.

g =1+hn)
= (1+adh')
!
= (zdh)! + <z

B 1) (zdh )™ + -+ lzdh + 1

Byg! =1, we can know that (zdh’)' + (,',)(xdh/)""* +- -+ lzdh’ = 0. Since O is a domain,

(l‘d)l_lhm + < >($d)l_2h/l_1 4. —|—lh, - 0.

-1
- I—1pm l 1—2731—1 l 2

Then, from the fact that & divides (zd)""'h'"+ (,°,) (zd)" 2Rt + -+ () zdh'?, we conclude

that z|lh/, and therefore, x|l in Ok since the greatest common divisor of entries of h is 1.

Because x divides p and [, p are not coprime in Ok, we know that [, p are not coprime in Z

according to Bézout’s theorem. Therefore, [ = p, which is contradictory to our assumption of
[. Hence, h = 0. O

13



Theorem 3.3.1 For any finite subgroup G C GL,(Ok), T, gives an isomorphism of G to a
subgroup of GL,(Ok/(z)).

Proof We define a map ¢: G — GL,(Og/(z)) by modulo z for each entry. We are going
to show that ¢ gives an isomorphism from G to the image of ¢. Apparently, ¢ is a group
homomorphism. It suffices to show ¢ is injective. In fact, since ker ¢ = ker 7, N G. For any
g € ker ¢, g € G, then there exists m € N such that ¢™ = 1 since G is a finite subgroup. From
our choice of p, p does not divide m. Therefore, by the preceding proposition, g = 1. This
proves the injectivity of ¢. Hence, ¢ gives an isomorphism from G to the image of ¢. ]

From this theorem, we conclude that any finite subgroup of GL,(Of) is isomorphie to a
subgroup of GL,(Ok/(z)), whereas the latter, being a finite group since O /(T)sis a finite
field, has only finitely many subgroups. Taking account of the result of Section 3.2, we have
finally proven the following theorem:

Theorem 3.3.2 Letn be a natural number and K be an algebraic numbér, field whose ring of
integers is a principal ideal domain. Then there are finitely many finite subgroups of GLy,(K),
up to isomorphism.

4 A Bound for the Order of Finite Subgroups of GL,(K)

The preceding section shows that there are only finitely many finite subgroups of GL, (K). It
is thus interesting to give an upper bound for the order of subgroups of GL, (K) for a given
n and a given algebraic number field K. In this,section, we are going to present a general
method to calculate an upper bound and apply it to special cases.

4.1 Preliminaries

We present some tools and theoréms ‘that will be used in calculating the upper bound.

Lemma 4.1.1 Let F, be a finite field with q elements and n be a natural number. Then there
n(n—1)

are ¢ 2 (¢" — 1)(¢" 1+ L), (g — 1) elements in the group GL,(F,).

Proof A matrix is invertible if and only if its rows are linearly independent. For the first
row, the only constraint is that it cannot be (0, ...,0), so there are ¢" — 1 choices of the first
row. Assume the firzst k& rows are chosen, and to make sure the (k + 1)-th row is linearly
independent of the first k& rows, it should not lie in the k-dimensional subspace spanned by
the first & _rows. So there are ¢" — ¢* choices of the (k + 1)-th row. In total, there are

n(n—1)

(@ =g =q)...(¢" — ¢ =q 2 (¢"—1)(¢" ' —1)...(¢ — 1) choices of invertible
matrices. g

Lemma 4.1.2 Let ¢ be a prime number, then (Z/0*Z)* is a cyclic group.

Proof Since |(Z/0?7)*| = £(£—1), it suffices to find an element of order £(¢—1) in (Z/{*Z)*.
First notice that (Z/¢Z)* is cyclic since Z/{Z is a field. We can find an integer 2’ such that
the order of 2’ modulo ¢ is £ — 1. The order of ' modulo ¢2 is thus d(¢ — 1) in (Z/¢?Z)* for
some d > 1. Then z := 2/ is of order £ — 1 modulo ¢2. Then, we find that y = 1 + £ is of
order ¢ modulo #2 by noticing the following congruence equation:

(14+ 0% =1+ kf mod £2.
14



Finally, since ¢ and ¢ — 1 are coprime, xy is of order £(¢ — 1) modulo ¢2. In other word,
(Z/0*Z)* is a cyclic group. O

Theorem 4.1.1 (Dirichlet’s arithmetic progression) Let m,n be two coprime integers
and m > 0. Then there are infinitly many prime numbers of the form mk + n for k € N.

For a proof of this result, we refer the readers to Serre’s textbook [6, pp. 61-76].

Theorem 4.1.2 (Chinese remainder theorem) Let m,n be coprime integers and asb, be
any given integers. Then there exists x € Z such that

z=b modn

{xza modm

Such x is unique modulo mn.

Proof Chinese remainder theorem is equivalent to saying that thewring homomorphism

o: Z/mnZ — Z/mZ X 7|
x — (2 mod m, 2 modn)

is bijective. Since both sides have mn elements, it suffices to show that & is injective. In
fact, let © € ker @, then m|z, n|x. But m,n are coprime;-this implies that mn|z, i.e. z =0 in
Z/mnZ. O

4.2 General Method to Calculate-the Upper Bound

Let G C GL,(K) be a finite group.Lét p-> 2 be a prime number and x € Ok be a prime
factor of p in Ok. Since the charaeteristic of O /(x) is p, Ok/(x) is isomorphic to Fp-
for some r > 1. To make the notation pithy, we write F)» as F,. Aside from finitely many
exceptional prime numbers p, G ean be viewed as a subgroup of GL, (O /(z)) , i.e., GL,(F,).
(Corollary 2.2.1 and Theorémy3.3.1)

Let ¢ > 2 be a fixed*prime number, 14(|G|) is defined to be the power of ¢ of |G|. Then
by the theorem of Lagrange, v¢(|G]) is less or equal to v4(|GLy(Fy)|). Therefore, finding the
minimum of v, (|G'Ly, (F,)|) suffices to calculate the maximum of vy(|G|). Since

n(n—1)

IGLy(F)l=q 2 (" —1)(¢" "' =1)...(¢ 1),

By Fermat’s little theorem, p‘~! — 1 = 0 by modulo ¢, so £ is certainly a factor of |G L, (F,)|
as n ‘beecomes large. However, we don’t know clearly the power of £ and we want it to be as
§malllas possible. Then, we consider what the power of ¢2 is in |G L, (Fyq)|. As we know from
Lémma 4.1.2 above, (Z/¢?7)* is a cyclic group, which is to say, there exists an = € Z such
that Ordyp(x) = ¢(¢ — 1). Then, we define z in this way and as long as p = z by modulo
72, p satisfies Ordp(p) = £(¢£ — 1). According to Dirichlet’s arithmetic progression, there are
infinitely many prime numbers in {k¢? + z}, while there are only finitely many exceptions
which p can not be chosen from, then we can find a prime number p = kf? 4+ z such that
Ordpe(p) =4(€—1).

15



Then, we can find a way to calculate vy(p* — 1) for any k < n. Moreover, we demand that
£ > 2 in this following case and we will consider £ = 2 later. By a direct expansion, we find

e o [ Lwk) if0— 1k
ve(p 1>—{o 011k

As a result, we can calculate vy(GL,(F,)) by the equation above. Let m be the greatest
common divisor of r and £ —1, then we can know that % | k since {—1 | rk. Solet k = d%.

n

ve(GLy (Fyr)) = Z o(p"k — 1)

mmw

1
ey (1+ve(r ))+V4(L£_1J!)

Now we consider the situation that ¢ ="2. In this case, p = 2x + 1 for e € Z and x is not
an even number. Then, we know that p* = (2°2 + 1)¥ = 1 + k2°x + (g) (2¢w)% 4 ... + (2¢2)*.
We classify the possible values, of,e into two parts:

e When e > 1, vp(pf =+ 1)= (k) + e. To make e as small as possible, we consider e = 2,
which means p = 5 by modulo 8. Therefore, Y 7_; v2(p™® — 1) = Y_7_ (2 + v2(rk)) =
(2 + va (7)) valnl).

e When e =1, i.e., p = 3 by modulo 4, we can know that vo(p* — 1) = vo(2kz + 2k(k —
Dz = vp(2kz(1+ (k—1)x)) = vo(k) + 1 +v2(1+ (k—1)z). To avoid possible explosion
of vo(L4 (k — 1)x) as k varies, we can take p as small as we can. Take p = 3 when 3 is
not\in the exceptions, then v5(3% — 1) = 1+ 2w5(k). Therefore, we can get the minimum
possible value of GLy,(IFr):

n

D (BF —1) =) (1 + 20a(rk)) = n(1 + 2va(r)) + 2v2(n!).
k=1 k=1

4.3 Some Examples

In this subsection, we will give three examples to show how sharp the upper bound we calcu-
lated above is.
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Example Let K = Q[/—1], then O = Z[\/—1]. Let p be a prime number in Z. As we
know, if p is a prime element in Ok, then p = 3 by modulo 4; if p is not a prime element in
Ok, then p =1 by modulo 4 or p = 2. Since there is v4(r) in the calculation of |GL,,(F,)|, we
want the value of r as small as possible. We hope that r = 1, i.e., Z[v/—1]/(z) = F, where x
is a prime element in Z[y/—1] that divides p. When can this happen?

Claim If z is a prime factor of p where p =1 mod 4 or p = 2 in Z[/—1], then Z[\/—1]/(z)
F,.

12

Proof We are going to show that for any element y € Z[/—1], there exists k € Z{y/=1]
such that y = kx + a where a = 0,...,p — 1. In fact, let e = g + hi, x = ¢ + di.with ¢
coprime with d and y = M + Ni. Let y = M + Ni = ex + s = (g + hi)(c +ds) + s =
gc — hd + (gd + hc)i + s where s € Z. Since ¢ is coprime with d, we can find suitable g, h
such that gd + hc = N. However, we do not know whether s = 0,1,.. s'='1. Then, we
make s equal a + mp where m € Z and a = 0,1,...,p — 1. Since p,=. 2%, we know that
M + Ni= (g + hi)(c+di) +a+ mzz = z(g + hi + mZ) + a. Thus, we represent M + Ni as
kx + a for some k € Z[\/—1] and a € {0,1,...,p — 1}. Therefore, sve,prove that Z[/—1]/(x)
has exactly p elements and it is thus isomorphic to [F,,. O
We now use the result of the preceding section to give upper bounds of finite subgroups of
GL,(Q[V—1] for n = 2,3. In what follows, let G be a finite subgroup of GL,,(Q[v/—1].

e When n = 2. We take a prime number p = 1 méd 4 which is not an exception. In this
case, 7 = m = 1 in the formula of vy(G Ly (Fy~). For £ > 3, we find that | 7] = 0, and

thus
MR,

v(|Gl) < vi(GLn(Fpr) = 7

For £ = 3, we find
ve(|Gl) < ve(GLn(Fyr) = (55

Jﬂ+w(»+wu;mﬂo—0

man
01
For ¢ = 2, by taking a prime’number p = 5 mod 8 which is not an exception and by
utilizing the formula of the preceding part, we find

vo(|G]) <n(241va(r)) + re(n!) =2x2+1=5.

@+ ve(r) + vl 1) = 1x (1+0) +0 = 1.

Taking account of all the calculations above, we conclude that |G| divides 2° x 3! = 96.

e When n = 3, we also take a prime number p = 1 mod 4 which is not an exception. In
this case, » = m = 1 in the formula of v(G Ly (Fyr). For £ > 3, we find that | 7| =0,
and ‘thus

mn

ve(|GI) < vi(GLn(Ey)) = [ (L4 velr) + vl 75

— =o.

For ¢ = 3, we find that
U (IGl) < V(G La(Fyr) =

mn
LK -1
For ¢ = 2, by taking a prime number p = 5 mod 8 which is not an exception and by
utilizing the formula of the preceding part, we find

(|G]) <n24+wa(r)) +1e(n!) =3x2+1=T7.

J@U+v() + vl = 1 (1+0) +0= 1.

Taking account of all the calculations above, we conclude that |G| divides 27 x 3! = 384.
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Example Let K = Q[/—2], then Og = Z[v/—2]. Let p be a prime number in Z. As we
know, if p is not a prime element in Z[\/—2], i.e., p can be written as a® + 2b2, then p = 1,3
by modulo 8.

We now use the result of the preceding section to give upper bounds of finite subgroups of
GL,(Q[v-2]) for n = 2. Let G be a finite subgroup of GL,(Q[v/—1]). Let = € Z such that
Ordpz = (€ —1). We take a prime number p = 1,3 by modulo 8 and p = z by modulo £2
which is not an exception. In this case, r = m = 1 in the formula of vy(GL,,(F,-). For £ > 3|
we find that |75 ] = 0, and thus

mn mn

ve(|G]) < ve(GLn(Fyr)) = {m (1+ve(r)) + ’/E(Lmﬂ) = 0.
For ¢ = 3, we find
ve(|Gl) < ve(GL(Ey)) = [ (14 vir) + vl [ 7 ) = 1x040) +0 = 1.

For ¢ = 2, since p = 1,3 by modulo 8, we take p = 3 by modulo 4yin this case. To avoid
possible explosion of v5(1 4 (k— 1)z) as k varies, we can take(p.as Stmall as we can. Since p is
not among the exceptions which are orders of elements in*"G L2 (@[v/—2]), while the elements
in GLy(Q[v/—2]) has only six possible orders: 1,2,3,4, 68 we can take p = 11 in this case.
By the formula above, we find that v5(11%¥ — 1) = ve (k)% T+ v2(5k — 4). Hence,

n

v(|G) < v(GLa(F11) = 3 (14 vg(k) + (5 4)) = n+ va(n!) + > 12(5k — 4) = 4.
k=1 k=1

Taking account of all the calculations aboves we conclude that |G| divides 24 x 31 = 48.
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