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Abstract

Title: Equichordal Curves on Surfaces of Constant Curvature

Equichordal curves are a special kind of curves, which are characterized by
the fact that there is a point within them that makes any chord passing through
the point equal in length. This kind of curve first appeared in the famous
Equichordal Point problem. This problem was put forward by Fujiwara in 1916 and
thoroughly solved by Rychlik in 1996. It is proved that a closed curve can not
have two equichordal points in the Euclidean plane. However, many properties of
equichordal curves are worth studying besides the equichordal point problem. The
object of this paper is the construction and properties of Equichordal Curves on
the surfaces of constant curvature

The contents of this paper are mainly divided into three parts. The first
thing we considered was to find what conditions are needed to make an equichordal
curve equal to a circle. We obtained several curvature and symmetry constraints
which can make an equichordal curve equal to a circle and we consequently got
several inference.

Secondly, we studied the equichordal curves on the unit sphere and Poincaré
disk. We explored their structural principles and obtained several constraints
for making them equal to circles

At last, we estimate some geometric quantities of equichordal curves on the
unit sphere and Poincaré disk. We connected them with the curves of constant
width on the non—Euclidean plane and obtained some important conclusion. It is
noteworthy that the extremum problem of the area of equichordal curves can
actually be regarded as a special case of the Kakeya problem, which has great

study value

Keywords: Equichordal Curves; Equichordal Point; Curvature:; Unit Sphere;
Poincaé Disk; Geometric Quantities: Curves of Constant Width; Kakeya Problem
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HTEXAMAEEL, MAMBRONEREL HTn = 2m, #EEZE M R0 i i
Tpin )1, BRATE EFEpS, (), A
pZ,,(x) = [azm cos 2mx + by, Sin 2mx + papy—o(x)]?
= (Agym €OS 2MX + by, SiN 2mx)2 + 2(Agy, €OS 2MX + by, SIN 2MX) P2z (X)
+ DIm—2 (%)
PR E A & KU 53 (agm cos 2mx + by, sin 2mx)?, A

+[(A+ B)ay+ D + Elpym(x)

1
(Azm cOS 2mx + by, sin 2mx)? = > (a2, — b2,,) cos 4mx + aypmbyy, sin 4mx

CIE:]
{ Aymboym =0
as,, — bz, =0
N}
Aym = by =0
TRf(X) = B () TEEZFEM T F(X) = Foppr (%), K Zn =2m—1 (m e N*) K5 HE
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3, Mn=2m (meN*) b5 BEIFKAT.
@ FKHn =2m (me N*) W5 HE, MAn=2m+1 (me N*) i

2m+1
a a
FG) = Fama () = 2+ ) (@ coskx + by sinkx) = 22+ o () + Gomsa ()

k=1

2m+1

Qo k k . (40
fx+m) = >t [(—1)*ay coskx + (—1)*by sinkx] = >t Pam (%) — Gam+1 (%)
k=1

RN Z&AF P A

2 2
A [% + pem (%) + qu+1(X)] +B [% + pam(x) — q2m+1(x)]

+C[F 4 2o + G @[3+ Pem () = Gamas (0]

+D [% + Pam () + qu+1(x)] +E [% + Pom (%) — QZm+1(x)]

A+B+C D+E
_( 2 Gt

+(A+ B+ Op3yn(x) + [(A—B)ag + D — Elqam+1(x)

+ (A+ B = O)@3ms1(%) + 2(A = B)pom (1) a1 (x) = 1
HTEXAGMNEEL MAMBRCAEEL HTn=2m+1, &M 5 KM
I T @ O, BIIRAN T e 18 Q51 (x), A
Qms1(X) = [Azme1 0SQ2m + 1)x + bypnyq sin@m + Dx + gop—1 (0]

= [azme1 €0S(2m + 1)x + bypyyq sin(2m + 1)x]?

+ 2[azmeq €0S(2m + 1)x + byppq Sin(2m + 1)x]qom—1(x) + g2, (%)
1S B S T E B K I 5 [agme 1 cos(2m + 1)x + bypyq sSinm + Dx]?, A

[azme1 cOS(2m + 1)x + bypyyq sin(2m + 1)x]?

)ao +[(A + B)ag + D + E]py, (x)

=5 (@Bms1 = Dimsr) cOS(4M + 2)x + Agy1bomyr SIN(4M + 2)x

CIps!
{ ;12m+1b2m+1 =0
i1 — bimer =0
NI]
Am+1 = bami1 = 0
FRf(X) = Forps1 ) TZEZSN T F(x) = Fopp(x), BEIEF Y0 = 2m (m € N*) I 5B AT,
Mn=2m+1 (meN*) 5 BIFEAL.
BRORIRATTERT SC AR, Hn = 1 51 B, FrCA@OW] A1 2n = 28 51 3T,
AT @A A Yn = 3N 51BN, REZBHO. @A EEn € N*, FIEH.. W
FH L FRAT T AT AAS 3 DU P A 5 .
4. 1.1 By c S22 FERE _ELAIEIN (0, 0, 1) 855 s HZ K N0, iz K il
8. vy RyExOoyl FHe L. By IR s Nr = (@), ¢ €[0,2r]. FHr(p) €
Tys Wly Jill s [5.
WEH: Ry RIZEER R N0 = 6(p), N
r(¢) = sin6(p)
(Al 1k
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arcsinr (@) + arcsinr(p + ) = 6,

TRE

r(@1=12(p + 1) + (@ + M)y 1= 12(p) =sin b,

V1-12(@)1-12(¢ +m) — r(@)r(¢ + m) = cos b,
#ia U ER ] 1e

r2(@) + r2(@ + 1) + 2r(@)r(@ + ) cos B, = sin? G
Fr LA

2 2 2 cos b, 3
sinZ 6, o) + sin2 6, rile+m+ sin2 6, r(@r(p+m) =1
HFr(p) €Ty, HIZIHE A 1.1 T4
G

r(p) = Z(LCOS%) ) + 2cos 6, -
sin? 6,  sin?0,

*%%E‘Jf i—/lg():T[HTJ" ﬁ

sin g, cos 0,
r(p) = lim =1li =1
0T 2 90 6—m . 90
2 sy

Kt Hr(p) € T,, My yilihl=. W
EH4.1.2 Ey: z=r(p)e?, ¢ € [0, 2m] fEPoincarél@l# b LALER B oS 5% 5
H5ZKAp 5K 2. #r(p) € Ty, Wy il 5.
WEM: BT
(@) + plg + 1) = lnl +r(p) +ln1 +7r(p+m) _ rl1 +r(p)+7r(p+m)+r(e)r(p+ )
1-r(@) 1-r(p+m) 1-r(p)—r(p +m) +r(p)r(p +m)

= Po
[i44
1+r(p)+r(p+mn)+r(p)r(e+m) _ o
1=r(@)—r(p+m) +r(@)r(p +m)
AL 1S
Po _Po
r(@)+r(p+m) ez —e 2 canh 20
= = tanh—
L+r(prlp+m) B, -2 2
ANl 4
tanhpz—o =c
IS

1 1
—r(@)r(p +m) + ;r(q)) + ;r(co +m)=1
HTr(p) €T,, HIIF 4. 1.1 0%

R
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4 —e Po
r((P) = Po Po = Do Do = tanhI
(ez—e_2> et +e 4
Po _Po
e2 +e 2
Rp
_ Po
plo) ==

It Hr(p) € T, Wy wilishlz. W

4.2 AR [R5

M 4. 1 e RE, FRATASR S BRIS 28 Poincaré [f AL & 347 75 JE I 5] (1) 55 5%
Keilizk? FHIE] TR0, EBRTAIPoincaré 5 #% b Ay S A7 76 SR 5 (1 5 5% K il 28,
Bl 4.2. 1 (BRT_EARMIH0E 42 K th 20
M 2. 1 AT, FEBREARARR TS, DA RN A2 mi i A 52 K i 2T R
6(p) + 08(p + m) = Constant
B TR AME—, DA B i AR BRI S 2 B VF 2 AR 3 i S s K i 2. JRAT TR
F AN 1R B — g Ml 2 B ). &%

Yo ={(x.y,2) €S|z >0 H 2cos®? px? + 2(cos p y — sin¢ z)* = 1}

i
X = cos¢@sin@
y=singsind, 0<¢<2m, 0<0<nm
z = cosf
CIES;
1 = 2 cos? ¢ cos? ¢ sin? 6 + 2 cos? ¢ sin? ¢ sin? 6 + 2 sin? ¢ cos? 6
— 4 sin ¢ cos ¢ sin ¢ sin 8 cos 8
= 2cos? ¢psin?  + 2 sin? ¢ cos? @ — 2 sin 2¢p sin ¢ sin 26
R
cos? ¢ cos? 6 + cos? ¢ sin? 6 + sin? ¢ cos? O + sin? ¢ sin? 6
= 2cos? ¢psin?  + 2 sin? ¢ cos? @ — 2 sin 2¢p sin ¢ sin 26
f

cos? ¢ cos? 6 + sin? ¢ sin? O = cos? ¢ sin? O + sin? ¢ cos? § — 2 sin 2¢ sin ¢ sin 20
ZAL TR AT 45
cot20 = —tan2¢ sing

i
cot26; = —tan2¢ sin @,
cot26, = —tan 2¢ sin(¢p, + m) = tan 2¢p sin ¢4
CIE
cot20, +cot26, =0
R
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Vs
91+92=E

PRy 9 — RER T L A SZ K i 2. RATTIUAE Ry IR IEAT U5, DL AR S? 1Y
MR, KR

x2+y2+z2=1
{2cosz¢x2+2(cos¢y—sin¢z)2=1
fil S
I( _\/—4Z4+4Z2—C0522¢ I( B J—4z* + 422 — cos2 2¢
4x1— 2sin2¢ z zxz—— 2sin2¢ z
, 1—2z2 1 1—2z2
k y1=2tan2¢z k y2=2tan2q.'>z
i
J—4z% + 422 —cos?2¢ . 1-—27%
Vig(®) = 2sin2¢ z l+2tan2¢zj +zk
J—4z* + 422 —cos22¢p . 1-2z%
Y-y =~ 2sin2¢z l+2tan2¢Z]+Zk

G Ky () 0B

Vs @ %14y @] ¥4y (@)

7,.(2) = 2
|74y @ x v, " @||

3 24 cos2¢ z3(4z% — cos? 2¢p)\/—4z* + 422 — cos? 2¢
"~ c0s82¢ + 12 cos* 2¢p z* + 64 cos? 2¢p z6 + 48 cos? 2¢p z8 + 64212

ﬁJ\i}'_d)(z) SREES

T_ (Z) — [Y_¢’(Z) X y_¢r/(z)] . Y—¢’”(Z)

|r-y' @ x vy @)
24 cos 2¢ 23 (422 — cos? 2¢p)\/—4z* + 422 — cos? 2¢
~ " Cos® 2¢p + 12 cos* 2¢p z* + 64 cos? 2¢p z® + 48 cos? 2¢p z8 + 64212

A Ay NERFEAN 0 1T 2R, Ry, JuS2 b AR b B 1) 55 5% K 2%,

B 4. 2. 2 (Poincaré &% JEMHL R 1552 K 28D

SERTE AL, H1 2.2 7[ %0, TEPoincaré[@ AL F 1AL AAHR (p, @) T LAALFR I
ESASSE T AN TS|

p(p) + p(@ + ) = Constant

TR A ME—, PRI RAT R R AT BE Y Poincaré [ 4 AT VF 2 AR5 i 55 52 K
k. FATTRE AN 7ok i WX — K5 U2 IE#f Y. Poincaré [ £ b i) i 2k
v: z=1r(p)e"?, ¢ €0, 2n]

T /2
2+ cosg +sing
2

r(¢) = tanh

)
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L 1+7(e) 1+r(p+m)
p(@) + p(p + 1) —lnl_r((p)+ln

1—7r(p+m)
2+ cos@ + sin 2 —cos@ — sin
= 2 arctanh (tanh (g go) + 2 arctanh (tanh (g go)
=4

A by Ay Poincaré [F £ AR 11452 K th 26, HEG T E

4.3 ARRCP SR L K il 2 1 LA B Al

TEICHISY . FRATEXAERRCP I b 483% K R 10 T T UATRRE  fh
4.3.1 TR

AT B L AT LRI, 2% NPT b s K B, S PR R TR RS
ML M TMESE T — AL NS R, TR TR SHbR RO
5K 2 O TRTASURR 1 0 T LA {402 Kakeya ) LA — SRR BRI L. 7E A 15 IRA 0 FE 1K
T 25 34 R TR AR 1 R A7

A AT BAF A2 2

R 431 Byt —HIE B RIRIE L08R LU S 3008, 5K IE0, %42
Kz, My T Aw 2

21 (1 — cos%) <A <m(1-cosfy)
H B RaA . Realn, ARCE &/ IME 2 A Sy Sl Hh 5.
UERH: FEETSCATEN, BALERTAIS? = {(x, v, 2) € R®3|x? + y? + 2% = 1} LS55 K i 2y

TExOy T LIy, TERRCHAL KR 2 (r, @) W AT R IR AT (@)=sin 6 (p). DNy BT
X 45,

xSz, A
= T= ="
|
0z x
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0z y
dy J1—x2—y2

TARYAES? LB X S i A

r

aZ aZ 2m sin 6(¢)
1+ + —) dxd ff dxd =f d f dr
=[G @) o= [ = [ e[
21 sin 6(¢p) am
=f (_ [1— 2 )d(p:f [1 - cosO(p)lde
0 0 0

=21 — fn[cos 6(p) + cosB(p + m)]de
0

RS i 727 BNl w17 i

T
B(p)<5, 0<p<2m

CIFSt
cos 9(<p) + Cosg((p + n_) — 2 COSQ(¢) + z(¢ + T[) Cose((p) - z((p + T[)
<2 COSQ(¢) * 0(¢ + TE) =2 COS@
2 2
2 HAY

0o
0(p) =0(p +m)= >
i, S5 Ror. mran
A>=2n (1 — cos%)
2 HA Yy 2220, /200 T R I 255 jar. A — 7T, R E)
0(p) +0(p +m) COSH(qJ) —0(p+m)
2 2
0o 20(p) — 06y

= 2 C0S— C0§ ———— > 2c052%= 1+ cos@
2 2 2 0

cosO(p) + cosB(p + m) = 2 cos

CIFS|

A < m(1-cosb)
FRER1 — cos 0, 7E(0, m) LHEKT2(1 — cos6,/2), HHy LREGE T — AN RO NEETZ ST
2300 b [ B THT AR T (1 — cos Op)m. iy AT I THI AR A A2

21 (1 — cos%) <A<m(l-cosb,)
H Eflitt 2 A,
B 4.3.2 Wys—%Poincaré[l# T, 52K NpoHISETZ K HHZR. Ty B FE T AR AT
/B

27 (cosh% - 1) < A <m(coshp, — 1)

H ERAE TR AR, BRI, ABUCEE/IME 24 HAL Sy A I 5.
WEBH: A5y RIS 5% U R R Wy 7RI A4 HR 2 (o, @) EIIZSEER TR p ()i 2
p(@) +plp + 1) =po
ARAR U AR A AT TR B TH 5 2T #5hy i BB DX 45k 1) T A
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21

2 p(p) 2m
A= f d(pf sinhpdp = f (coshplg(‘p)) de = f [coshp(p) —1]de
0 0 0 0

= f [coshp(p) + coshp(p + m)]dp — 21
0

HEF
+ +n - +r
coshp(¢) + coshp(p +m) =2 coshp(go) 127(<P )coshp((p) gw )
+p(p +
= 2coshp(q)) plo +m) = 2coshp—0
2 2
ERERVE]
p
p(@) = plp +m) ==

B, S5 Ror. AN
Po
A>=2m (cosh7 — 1)

M HAN 2y AR S so DN B[R N 255 plor. 5 — 7, JERE|
p(p) +plp +m) p(p) —plp +m)

cosh p(¢) + cosh p(¢ + @) = 2 cosh > cosh >
2 —
=2 cosh%coshw <2 coshz% =1+ coshp,

GIE:|
A < m(coshpy—1)
# [EF|cosh py — 17E(0, + o0) F4H KF2(coshpy/2 — 1), H 4y LBREEL T—ANE O
SR 2 I [ e T AR B T (cosh pg — 1) iy AT 6L TG R ARG 2

21 (cosh% - 1) <A < m(coshpy,—1)

H Bl i m

4. 3.2 KT
AN e 25 52 K il 28 8 K 1) B /ML 1) R
EH 4,.3.3 Wy ARALER _F5ZK N0, S LK /2R, Wy ) K L 2
LZZnsin%
HEES A2 HAL Sy A2 420, /210 il s 5.
WERH: ANy AR5 A NAER%(0, 0, 1), NEy IS ETRER KRR N

x = cos @ sin8(¢)
y = sin ¢ sin 6(¢p)
z = cosB(p)

CIFSHAIN)ERS

21

L= Kﬂ\/(s—;)z + (d—y)z + (g)z de = fOszsinz 0(p) +0"2(p)dp = fo sin8(¢) do

do do

= fﬂ[sin (@) +sinbB(p + m)]de = fﬂ{sin 6(p) + sin[8, — 0(p)]}de
0 0
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M HANH0' (@) = 0, ENO(p) = ConstantFJEXZE. H—T5H, AWk
Y(u) =sinu+sin(6y—u), 0<u<6,
AHEER, A Mu = 0,/20F, ) BUSH/ME. Hik

L> fontp[e(qo)] do > Lnll’ (%) dg = Z"Si”%

2 HAX My AR 0, / 2 (0 [ i 455 p oz,
SEEE 4.3.4  BystPoincaré [l #_E5XK A po ALK Ik, Ty F LI 2

L>2n sinh%

HA 5 RO 2 HAL Zy B4R I8 po / 2 0 Dl 1 [
UERH: B SR, Poincaré [l #1955 — AL AN
ds? = dp? + sinh? p d¢?
BIFSLHES RN

2T
L =f0 Vsinh2 p(g) + p'2(p) do Zfo

21 A

sinh p(p) dp = f [sinh p(¢) + sinh p(¢ + m)]de
0

= j {sinh p(¢) + sinh[py — p(p)]}de
0

M HA M (@) = OBFHNEE, Blp(p) = ConstantBJENEE. H—T51H, AWk
Y(u) = sinhu + sinh(py —u), 0 <u < p,
ASHEERT, 24 HAV Mu = polth, YU f/ME. FHit

L ZJ Ylp(p)]de Zf Y(po) do = Znsinh%
0 0
M HA Ay AR po /2 FII b R B 455 Bz, I

4.3.3 AR fh
A Gauss — Bonnet A3\, FATAT AL H A% 5% A< i 26 ) 4 i A2 A4 1
JEFE 4.3.5 By HALERTE b BN SETZ R H5Z K N0, M5 s2 K i 2k, Wy ) 4x i

6o
J = 3€ kgds < chos?
14

HE 50T, S5 HAL y 20 5.
WER: W&y FTE XK. HGauss — Bonnet2 204

fkgds+ﬂdA=2n
y [9)

R

= fryts = 2n— [[an=2n-1
y 0

TR EH 4. 3.1 40
A> Zn(l - cos%)

PR Ly F 4 A 306 A2
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8o
J=2n—A< ZﬂCOS?

¥

6o
] =2r cos7
|
6o
A=2m (1 - cos;)

MRPE e 4. 3. 1 &bty 2], m
EF 4.3.6 Hyse—2kPoincaré[d# LI, 52K Ap LKL, Wy R4 R

J= ‘(fkgds = chosh%

HEESROL, S8 HA Yy =2 H 5.
WER: W2y AT X1, HGauss — Bonnet/A 241

fkgds—f dA = 2w
y 0

&P

]=fkgds=2n+f dA=2n+A

AR 2 B 4. 3. 2 A1

Po
A=>2m (cosh7 - 1)
(K] 1y 1 4 i 25655 2
J=2n+A= 21rcoshp2—(J
*r

] =2 coshpz—o

)

A=2m (coshpz—o — 1)

G 4. 3. 2 Fdbhyy 2 MhE. .

4.4 ARRRCOT H AR SE B0 25 AR BR A1) T OS54 i 26

VEJHTIRAAGTH R, A1 FRA T 20 ) S P [T £ 45 50 2% A PR 25 9% K il 42
SEER 4. 4.1 BRIE_EBRAE 90 SCAE 5L A 4200 Dy I [
WERH: Wy 2Bk S 2 LN (0, 0, 1) W& 5L &L K ih 4k, KRN
{x = cos ¢ sin ()
y =singsinf(p), 0< ¢ <2m
z = cosB(p)
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S
(@) =cos@sinB(p) i+ sinpsinf(p)j+ cosb(p)k
]
dr
% = [cos ¢ cos () 6'(p) — sin @ sin (p)]i + [sin ¢ cos 8(¢) 6'(p) + cos @ sin O(p)]j
—sinf8(p)6'(p) k
ar
39 = o cos O(p)i+singcosO(p)j—sinb(p)k
CIE:!
o)
dp 00
T
6(p) + 0(p + m) = Constant
P 3 K A3 T R0

'(p)+6'(p+m)=0
HT0(0) =0(2m), HO(p)tiE, KIARMERole M EEHE AT A, 7@, € (0,21), fHf5
0'(po) =0
LN
0'(po+m) =0
Bty i b N 5z b 206 — %My IR, 256G E M 2.3, 1 Al 1, #y 59 HYE R hd, W
Yz Ad. e B 5.1 AT, TR B A I TE AR, HLmAAT 2

A< Zn(l - cosg)
T EH 8 2R 4. 3. 1 0

A= Zn(l - cos—)
EJ:

A= Zn(l - cos;)

FHOEEE 4. 3. 1 Al EnERi _FRE 2 4K M 28 o2 S5 5E i & dh e NI .
FEFH 4.4.2 Poincaré[A 5 I LS8 X ALK Hh S 0 i b5
WERH: &y 2Poincaré[A# L O R 2 SRS LK M2, yIISHERTRA

v: z=1(p)e¥ = tanhp(z(p)eiq’, @ € [0, 2x]
/\I:F'
1+ 7(p)
= ( ) =In————=
p=plo 1—(9)
HH
p(@) + p(@ + m) = Constant
AT HE
dz _ 2ef-p' | ple)
—=—— ¥ z L ipl@
dp~ (eP ¥ 1)26 + tanh ie
2e?-p' p(p) 2eP - p’ p(9)
e + )2 cos @ — tan 3 sin + —(ep 7 sin ¢ + tan coso|i
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ds? 4(dx? + dy?)
s2P=x-——="

(1—-r2)?
PR 3RAT T PAAS 2]
4 [ 2e”-p’ p 1
—_— 0 ] ————cos¢@ —tanh=sin ¢
_2)2 2
[cose sing] [(1 ) ll(ep: 1), 2 |
[ 0 leze—-psin¢+tanh£cos<pl
(=2l + 12 23]
4 2ef | [P+ D 2er | [ePr® 41]° )
T (1—1r2)2(er + 1)2p B 2eP (e + 1)2'0 T er PP

HTp(0) = p2r), Hp(p)tig, HIMRHERoleHE BT, 1 Ep, € (0,2m), i3
p'(®o) =0
M
p'(po+m)=0
Rty it 5 S0 sz h 2/ — &My IEAE. GG e 2.3 1m0, Hy%s HwE hd, Ny
f K Jud. B E R 5.1 WA, TR R A A e A, LT AAT

d
A< 2n (coshz - 1)
117 H S 3 4. 3. 2 A1
d
A=2nm (coshz - 1)
BJi:
A=2m (coshg— 1
2
1€ 2 4. 3. 2 A] JPoincaré [ £ B S5 5% K h 4 X2 45 B8 il 4 1 i Ze 0yl b 5.

TE: AN AR EERE 3. 1. 2 (40
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