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�a���KÝ
���Lyapunov¼ê5�

�öµ¤al ��X�
H®���ÆNá¥Æ
����µ±ñ Q�Ã

ÁÁÁ���:�©Äk3Rn�m���m�È�f8Λþ½Â
Lyapunov ¼êσ :
Λ→ {0, 1, 2, · · · , n−1},¿?�Úé?¿�x0 ∈ Rn½Â
σM (x0) = maxx∈U(x0,δ)∩Λ σ(x).
,�?Ø
�a���KÝ
���Lyapunov¼êσ�5�,|^©a?Ø{y
²
é?¿�x ∈ ΛþkσM (Ax) ≤ σ(x).
'''���cccµµµ���KÝ
¶�ê�Lyapunov¼ê¶��Ý
¶©a?Ø

1 ÚÚÚóóó

1984cJohn Smille[1]ïÄ
Xe�né�¿�ÚÜ���©�§
x′1 = f1(x1, x2),

x′j = fj(xj−1, xj , xj+1), 2 ≤ j ≤ n− 1,

x′n = fn(xn−1, xn),

(1)

Ù¥f = (f1, f2, · · · , fn)�½Â3��m8Ω,Ω ⊂ Rn þ�ëY��¼ê,��
3δi ∈ {−1, 1}, 1 ≤ i ≤ n − 1¦�δi∂fi/∂xi+1 > 0, δi∂fi+1/∂xi > 0, 1 ≤ i ≤
n − 1.éuXÚ(1),John Smilley²
¤k�k.)ª�u²ï:�­�(Ø.d
uùaXÚ3)ÔXÚ¥´�a­���.,§�±£ãäk�?(��n«+
�)�ÄåÆ,Ïdùa�.�ïÄ��
NõÆö�'5([4],[2],[5]9Ùë�
©z),�A�(JL²ùaXÚäk��{ü��ÈÄåÆ5�,X±ÏXÚ�
¤kk.)þª�u±Ï),��.duné�¿�ÚÜ���©�§²L·��
�IC�þ�±z�Ü�XÚ?1ïÄ,e¡XØAO�²,�I��ÄÜ���
/,=b�δi = 1, 1 ≤ i ≤ n − 1. Ï~5`,lÑXÚäk'ëYXÚ��E,�
ÄåÆ5�,X��lÑ�Á��§U
u)·by�[6],Ïdk7��ÄXe
�lÑné�¿�ÚÜ���©�§�ÄåÆ5�µ

x
(k)
1 = f1(x

(k−1)
1 , x

(k−1)
2 ),

x
(k)
j = fj(x

(k−1)
j−1 , x

(k−1)
j , x

(k−1)
j+1 ), 2 ≤ j ≤ n− 1

x
(k)
n = fn(x

(k−1)
n−1 , x

(k−1)
n ).

(2)

���Ñ�´,3ïÄXÚ(1)9Ù�A�í2XÚ¥,Äk�Ä
Xe�ëY
XÚ¤éA��5zXÚ

x′1 = a1x1 + b1x2,

x′j = cj−1xj−1 + ajxj + bj+1xj+1, 2 ≤ j ≤ n− 1,

x′n = cn−1xn−1 + anxn,

(3)

1



Ù¥ai > 0, i = 1, 2 · · · , n, bj > 0, cj > 0, j = 1, 2, · · · , n − 1,,�Ú\
�a
�ê��Lyapunov¼ê£�1�!¤,¿y²
T�ê��Lyapunov¼ê÷XX
Ú(3)��²�)x(t) = (x1(t), x2(t), · · · , xn(t))T äkXe�5�µ

1. Ø
3�õk��:t?vk½Â	þk½Â¶

2. 3k½Â:t?�ÛÜ��S,�ê��Lyapunov¼ê´~ê¶

3. �²Lvk½Â�t:?,�ê��Lyapunov¼ê´î�4~�.

|^T�ê��Lyapunov¼ê�5�,©z[1],[4],[2],[5]��
�A�né�Ü
�XÚ��Û5�,(ØL²TaXÚäk��{ü�ÄåÆ5�.ÎÃ¦¯,Ú
\��a�ê��Lyapunov¼ê3y²XÚ(1)9Ù�A�í2XÚ��ÛÄå
Æ5�¥���~­���^.
Ïd,�
ïÄ�©XÚ(2)�ÄåÆ5�,ïÄT�©XÚ¤éA��5zX

Ú 
x

(k)
1 = a1x

(k−1)
1 + b1x

(k−1)
2 ,

x
(k)
j = cj−1x

(k−1)
j−1 + ajx

(k−1)
j + bj+1x

(k−1)
j+1 , 2 ≤ j ≤ n− 1,

x
(k)
n = cn−1x

(k−1)
n−1 + anx

(k−1)
n ,

(4)

¤éA��ê�Lyapunov¼êäk�~­���^,�©�Ì�8�Ò´ïÄ�
5�©XÚ(4)��ê�Lyapunov¼ê�5�.
�©�SüXeµ31�!Äk�Ñ�ê�Lyapunov¼ê�½Â,,�|^

~f`²���¹eëYXÚ��ê�Lyapunov¼êéulÑXÚØ�½¤
á,l
ïÄ�aAÏ�lÑné��5XÚ,=���KÝ
XÚ,Ïd31�
!¥,·��0����KÝ
�½Â9Ù�'5�,�ê�Lyapunov¼ê,?�
Ú�Ñ�©�Ì�(Ø¶31n!¥,·��Ñ�©Ì��(Ø�y²,31o!
¥,·��Ñ�©(Ø��'?Ø.

2 ÌÌÌ���(((ØØØ

�
ïÄ�©XÚ(4))��ê�Lyapunov¼ê,Äk�Ñ�ê�Lyapunov¼
ê�½Â.-

Λ = {v =


v1

v2

...
vn

 ∈ Rn : v1 6= 0, vn 6= 0 and if

vi = 0 for some i, 2 ≤ i ≤ n− 1, then vi−1vi+1 < 0}

�v = (v1, v2, · · · , vn)T�Rn¥©þ�Ø�0�þ,½Âσ(v) = #{i : vivi+1 <
0},Ù¥#L«8Ü����ê.N´��Λ ´3Rn ¥�m8�´È��.?�
Ú,N�σ�±ëY�òÿ�Λþ,=Λ�N�σ�½Â�.éux0 /∈ Λ,-U(x0, δ)L
«±x0�¥%�¿©����,½Â

σM (x0) = max
x∈U(x0,δ)∩Λ

σ(x).

w,�x ∈ Λ,KkσM (x) = σ(x).
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�
Qã�B,-

A =



a1 b1 0 · · · 0 0

c1 a2 b2 · · · 0 0

0 c2 a3 · · · 0 0

...
...

...
. . .

...
...

0 0 0 · · · an−1 bn−1

0 0 0 · · · cn−1 an


(5)

Ù¥ai > 0, i = 1, 2, · · · , n, bi > 0, ci > 0, i = 1, 2 · · · , n − 1.w,�©XÚ(4)²
LÐ©¯K�)�±L«�

x(k) = Ak−1x(1)

Ù¥x(k) = (x
(k)
1 , x

(k)
2 , · · · , x(k)

n )T , k = 1, 2, · · · . Ïd�âëYXÚ��'(
Ø,·�ßÿ¤½Â��ê�Lyapunov¼ê÷XlÑ�5XÚ(4) �)x(k)�´
üNØO�.ØJuy�y²þãßÿ�I�y²é?��x ∈ ΛkσM (Ax) ≤
σ(x)¤á=�.nþ¤ã,�©�Ì�8�=z�Áãy²e¡�ßÿµ

• ßßßÿÿÿµµµé?¿�x ∈ ΛkσM (Ax) ≤ σ(x)

I��Ñ�´,éu����Kné�Ý
,þãßÿ¿Ø¤á.~X,

A =



2 5 0 0 0

1 3 8 0 0

0 6 6 6 0

0 0 2 3 3

0 0 0 8 8


; x =



8

10

−5

6

−5


.

��O���

Ax =



66

−2

66

−7

8


.

Ïd·�kσ(x) = 3, σM (Ax) = σ(Ax) = 4,l
σ(x) < σM (Ax),�þãßÿ´
Ø¤á�.
�d,·�e¡?Ø�aAÏ��Kné�Ý
���Lyapunov¼ê5

�,=,���Kné�Ý
.Äk�Ñ�'�½Â.
½½½ÂÂÂ1: �A´n��
,3Ý
A¥�k1k�,1 ≤ k ≤ n uù
1���?

�k2���Uì�é �ü¤��k�1�ª,¡ù�k�1�ª�Ý
A ��
�k�fª.
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½½½ÂÂÂ2:[7]�A´n��
. XJÝ
A�¤k�fªþ��Kê,KÝ
A��
��KÝ
¶XJn��
A�¤k�fªþ��ê,KÝ
A����Ý
.
½½½ÂÂÂ3:[7] �n��
A´���KÝ
. XJ�3�êq > 0¦�Ý
Aq��

��Ý
,KÝ
A���Ý
(Oscillatory Matrix).
éu�K�né�Ý
A,·�ke¡�(Øµ
ÚÚÚnnn1:[7] XJA´ª(5)¥L«��Kné�Ý
,KÝ
A´�����=

�e¡ü�^�÷vµ

1. bi > 0, ci > 0, i = 1, 2, · · · , n− 1¶

2. Ý
A�¤k^S�Ìfª�u0,=

a1 > 0,

∣∣∣∣∣ a1 b1

c1 a2

∣∣∣∣∣ > 0,

∣∣∣∣∣∣∣∣∣
a1 b1 0

c1 a2 b2

0 c2 a3

∣∣∣∣∣∣∣∣∣ > 0, · · · ,

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 b1 0 · · · 0 0

c1 a2 b2 · · · 0 0

0 c2 a3 · · · 0 0

...
...

...
. . .

...
...

0 0 0 · · · an−1 bn−1

0 0 0 · · · cn−1 an

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

> 0.

y3·��Ñ�©�Ì�(Øµ
½½½nnnXJA´ª(5)¥L«��Kné�Ý
����Ý
,Kké?¿�x ∈

ΛkσM (Ax) ≤ σ(x).

3 ÌÌÌ���(((ØØØyyy²²²

�!¥,XØAO�²,Ý
Aþ�ª(5)L«��Kné�Ý
,��Ý
A�
��Ý
.�
y²�©�Ì�½n,Äky²e¡�Ún.
ÚÚÚnnn2. XJé?¿�y÷vy ∈ Λ�Ay ∈ Λþkσ(Ay) ≤ σ(y)¤á,Ké?¿

�x ∈ ΛþkσM (Ax) ≤ σ(x).
yyy²²²µµµduÝ
A´�ÛÉÝ
�8ÜΛ�m8,Ïdé?¿�x0 ∈ Λ,�

3δ1 > 0¦�V = A−1U(Ax0, δ1) ⊂ Λ�V �m8,du

σM (Ax0) = max
y∈U(Ax0,δ1)∩Λ

σ(y),

¤±é?¿�y ∈ U(Ax0, δ1)∩ΛkσM (Ax0) ≥ σ(y).dué?¿�y ∈ U(Ax0, δ1)∩
Λ�3x ∈ V¦�Ax = y,¤±dσM�½Â��,�3y′ ∈ U(Ax0, δ1)∩ΛÚx′ ∈ V
÷vσM (Ax0) = σ(y′), Ax′ = y′,l
kσM (Ax0) = σ(Ax′).d®�^�σ(Ax′) ≤
σ(x′)��,σM (Ax0) ≤ σ(x′) = σ(x0). l
·K¤á.
dÚn2��,�
y²Ì�½n,·��I�y²é?¿�x ∈ Λ�Ax ∈ Λþ

kσ(Ax) ≤ σ(x)¤á=�.Ø���5,·�ob�x ∈ Λ�Ax ∈ Λ.

4



3.1 ���///n = 3���½½½nnn���yyy²²².
�n = 3�,K

A =


a1 b1 0

c1 a2 b2

0 c2 a3

 ,

Ù¥bi > 0, ci > 0, i = 1, 2�

a1 > 0,

∣∣∣∣∣ a1 b1

c1 a2

∣∣∣∣∣ > 0,

∣∣∣∣∣∣∣∣∣
a1 b1 0

c1 a2 b2

0 c2 a3

∣∣∣∣∣∣∣∣∣ > 0.

-x = (x1, x2, x3)T ,K

Ax =


a1x1 + b1x2

c1x1 + a2x2 + b2x3

c2x2 + a3x3

 .

e¡©n«�¹?1?Øµ(1)σ(x) = 0; (2)σ(x) = 2; (3)σ(x) = 1.
(1)�σ(x) = 0�,Kw,kAx�n����ÜÓÒ,=σ(Ax) = 0,¤±·Kg

,¤á.
(2)�σ(x) = 2�,K�þx�n����ÜÉÒ,
n��þAx����õk

ügCÒ,Ïd·Kg,¤á.
(3)�σ(x) = 1�,Kd�3�þx¥�3ü������äk�Ó�ÎÒ,,

����äk�Ù�É�ÎÒ.Ø���5,·��I?Øx1 > 0, x2 > 0, x3 <
0��/,Ù¦��/�±aq/?Ø.
�x = (x1, x2, x3)T ,Ù¥x1 > 0, x2 > 0, x3 < 0. Py = Ax, y = (y1, y2, y3)T .

w,y1 = a1x1 + b1x2 > 0,�{
c1x1 + a2x2 + b2x3 = y2,

c2x2 + a3x3 = y3.
(6)

eyy2 < 0, y3 > 0Ø�U¤á=�.b�y2 < 0, y3 > 0,Kd�40{K)�5�
§(6)��

x2 =

∣∣∣∣ y2 − c1x1 b2
y3 a3

∣∣∣∣∣∣∣∣ a2 b2
c2 a3

∣∣∣∣ ;x3 =

∣∣∣∣ a2 y2 − c1x1

c2 y3

∣∣∣∣∣∣∣∣ a2 b2
c2 a3

∣∣∣∣ .

duÝ
A´��Ý
,¤± ∣∣∣∣ a2 b2
c2 a3

∣∣∣∣ > 0.

qdua2 > 0, a3 > 0, b2 > 0, c1 > 0, c2 > 0Úx1 > 0, y2 < 0, y3 > 0��x2 <
0, x3 > 0,ùÚ^�x2 > 0, x3 < 0��,l
3d«�¹e·K¤á.
nþ¤ã,�x�n��þ�,½n¤á.
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3.2 ���///n = 4���ÌÌÌ���½½½nnn���yyy²²².
�n = 4�,K

A =



a1 b1 0 0

c1 a2 b2 0

0 c2 a3 b3

0 0 c3 a4

 ,

Ù¥bi > 0, ci > 0, i = 1, 2, 3�

a1 > 0,

∣∣∣∣∣ a1 b1

c1 a2

∣∣∣∣∣ > 0,

∣∣∣∣∣∣∣∣∣
a1 b1 0

c1 a2 b2

0 c2 a3

∣∣∣∣∣∣∣∣∣ > 0,

∣∣∣∣∣∣∣∣∣∣∣∣

a1 b1 0 0

c1 a2 b2 0

0 c2 a3 b3

0 0 c3 a4

∣∣∣∣∣∣∣∣∣∣∣∣
> 0.

-x = (x1, x2, x3, x4)T ,K

Ax =



a1x1 + b1x2

c1x1 + a2x2 + b2x3

c2x2 + a3x3 + b2x4

c3x3 + a4x4

 .

e¡©o«�¹?1?Øµ(1)σ(x) = 0; (2)σ(x) = 3; (3)σ(x) = 1; (4)σ(x) = 2.
(1)�σ(x) = 0�,Kw,kAx�o����ÜÓÒ,=σ(Ax) = 0,¤±·Kg

,¤á.
(2)�σ(x) = 3�,Kduo��þAx����õkngCÒ,Ïd·Kg,¤

á.
(3)�σ(x) = 1�,�Ø���5,·��?Øx1 > 0, x2 > 0, x3 < 0, x4 < 0�

�/,Ù¦��/�±aq/?Ø.
�x = (x1, x2, x3, x4)T ,Ù¥x1 > 0, x2 > 0, x3 < 0, x4 < 0. Py = Ax, y =

(y1, y2, y3, y4)T . w,y1 = a1x1 + b1x2 > 0, y4 = c3x3 + a4x4 < 0,�{
c1x1 + a2x2 + b2x3 = y2,

c2x2 + a3x3 + b3x4 = y3.
(7)

eyy2 < 0, y3 > 0Ø�U¤á=�.b�y2 < 0, y3 > 0,Kd�40{K)�5�
§(7)��

x2 =

∣∣∣∣ y2 − c1x1 b2
y3 − b3x4 a3

∣∣∣∣∣∣∣∣ a2 b2
c2 a3

∣∣∣∣ ;x3 =

∣∣∣∣ a2 y2 − c1x1

c2 y3 − b3x4

∣∣∣∣∣∣∣∣ a2 b2
c2 a3

∣∣∣∣ .

duÝ
A´��Ý
,¤± ∣∣∣∣ a2 b2
c2 a3

∣∣∣∣ > 0.
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qdua2 > 0, a3 > 0, c1 > 0, c2 > 0Úx1 > 0, y2 < 0, x4 < 0, y3 > 0�
�x2 < 0, x3 > 0,ùÚ^�x2 > 0, x3 < 0��,l
3d«�¹e·K¤á.

(3)�σ(x) = 2�,Ø���5,·��?Øx1 > 0, x2 > 0, x3 < 0, x4 > 0��
/,Ù¦��/�±aq/?Ø.
�x = (x1, x2, x3, x4)T ,Ù¥x1 > 0, x2 > 0, x3 < 0, x4 > 0. Py = Ax, y =

(y1, y2, y3, y4)T . w,y1 = a1x1 + b1x2 > 0,�
c1x1 + a2x2 + b2x3 = y2,

c2x2 + a3x3 + b2x4 = y3,

c3x3 + a4x4 = y4

(8)

eyy2 < 0, y3 > 0, y4 < 0Ø�U¤á=�.b�y2 < 0, y3 > 0, y4 < 0,Kd�4
0{K)�5�§(8)��

x2 =
(y2 − c1x1)∆11 − y3∆21 + y4∆31

∆
;

x3 =
−(y2 − c1x1)∆12 + y3∆22 − y4∆32

∆
;

x4 =
(y2 − c1x1)∆13 − y3∆23 + y4∆33

∆
.

Ù¥

∆ =

∣∣∣∣∣∣
a2 b2 0
c2 a3 b4
0 c3 a4

∣∣∣∣∣∣
�∆ij�∆�1i1j��{fª.
duÝ
A´��Ý
,¤±∆ > 0,∆ij > 0, i, j = 1, 2, 3. qduc1 > 0, x1 >

0, y2 < 0, y3 > 0, y4 < 0��x2 < 0, x3 > 0, x4 < 0, ùÚ^�x2 > 0, x3 <
0, x4 > 0��,l
3d«�¹e·K¤á.
nþ¤ã,�x�o��þ�,½n¤á.

3.3 ���������///���½½½nnnyyy²²²

3c¡ü�!,·��Ñ
�n = 3, n = 4ü«AÏ�¹e�y²,�âþ¡ü
«�¹�y²g´,·���!ò�Ñ�©�Ì�½n���5y².
y-x = (x1, x2, · · · , xn)T . Py = Ax,Ù¥y = (y1, y2, · · · , yn)T , 1 ≤ i <

m ≤ n. �
�¤�©Ì�½n3���/e�y²·�I���Ún.
ÚÚÚnnn3.XJxixi+1 > 0, xm−1xm > 0�é?¿�j, i + 1 ≤ j ≤ m − 2þ

kxjxj+1 < 0,Kxkyk < 0Ø�Ué¤k�k, i + 1 ≤ k ≤ m − 1¤á,=,�þx
�y�1i+ 1����1m− 1����ÎÒØU
����.
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yyy²²²:�Ä�§y = Ax�1i+ 1�m− 1��§��

cixi + ai+1xi+1 + bi+1xi+2 = yi+1

ci+1xi+1 + ai+2xi+2 + bi+2xi+3 = yi+2

ci+2xi+2 + ai+3xi+3 + bi+3xi+4 = yi+3

· · · · · ·

am−3xm−3 + am−2xm−2 + bm−2xm−1 = ym−2

cm−2xm−2 + am−1xm−1 + bm−1xm = ym−1

$^�40{KéT�§|?1¦)xi+1, xi+2, · · · , xm−1��

xj = 1
∆

[
m−1∑
k=i+1

yk(−1)k−i+j−i∆k−i,j−i − cixi(−1)1+j−i∆1,j−i − bm−1xm(−1)m−i−1+j−i∆m−i−1,j

]
,

(9)
Ù¥j = i+ 1, i+ 2, · · · ,m− 1,

∆ =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ai+1 bi+1 0 · · · 0 0

ci+1 ai+2 bi+2 · · · 0 0

0 ci+2 ai+3 · · · 0 0

...
...

...
. . .

...
...

0 0 0 · · · am−2 bm−2

0 0 0 · · · cm−2 am−1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

�∆i,j , i, j = 1, 2, · · · ,m− i− 1�∆�1i1j��{fª.
Ø���5,·��?Ø^̂̂���Aµµµxi < 0, xi+1 < 0, xi+2 > 0, · · · , xm−3 >

0, xm−2 < 0, xm−1 > 0, xm > 0 ��/,d�m − i + 1�óê.Ù¦��/�
±aq�y².e¡y²(((ØØØAµµµyi+1 > 0, yi+2 < 0, · · · , ym−3 < 0, ym−2 >
0, ym−1 < 03^�AeØ�U¤á. yb�yi+1 > 0, yi+2 < 0, · · · , ym−3 <
0, ym−2 > 0, ym−1 < 0. duÝ
A´��Ý
,¤±∆ > 0,∆i,j > 0, i, j =
1, 2, · · · ,m− i− 1.qduci > 0, bm−1 > 0, xi < 0, xm > 0,��O���

xi+1 =
1

∆

[
m−1∑
k=i+1

yk(−1)k−i+1∆k−i,1 − cixi(−1)2∆1,1 − bm−1xm(−1)m−i+2∆m−i−1,i+1

]
> 0.

ÓnO���xi+2 < 0, · · · , xm−3 < 0, xm−2 > 0, xm−1 < 0,ù�®�^�g
ñ,¤±(ØA�y.ÏdÚn3�y.
k
±þÚn,e¡·��±�Ñ3���/eÌ�½n�y².
½½½nnn���yyy²²²�x = (x1, x2, · · · , xn)T ∈ Λ.XJx���k"��,K�âΛ�

½Â,·�é"���¿©��6Ä§¦�x�z����ÑØ�",�ØU
Cx���Lyapunov¼ê��.Ïd§Ø���5§�x�?Û©þÑØ�".�

Qã�B,yÚ\±eVgµ

1¤�þx�¬ð�©þ,XJ�þx�¬÷ve¡o«�/��µ
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(a) �i > 1,m < n�,XJxi−1 < 0, xj > 0, j = i, i + 1, · · · ,m, xm+1 < 0,K
Pxi+1,m−1

+ = (xi+1, xi+2, · · · , xm−1)T¶

(b) �i = 1,m < n�,XJxj > 0, j = 1, 2, · · · ,m, xm+1 < 0, KPx1,m−1
+ =

(x1, x2, · · · , xm−1)T¶

(c) �i > 1,m = n�,XJxi−1 < 0,xj > 0, j = i, i + 1, · · · , n, KPxi+1,n
+ =

(xi+1, xi+2, · · · , xn)T¶

(d) �i = 1,m = n�,XJxj > 0, j = 1, i+1, · · · , n,KPx1,n
+ = (xi+1, xi+2, · · · , xn)T¶

2¤�þx�¬ðK©þ,XJ�þx�¬÷ve¡o«�/��µ

(a) �i > 1,m < n�,XJxi−1 > 0, xj < 0, j = i, i + 1, · · · , k, xm+1 > 0,K
Pxi+1,k−1
− = (xi+1, xi+2, · · · , xm−1)T¶

(b) �i = 1,m < n�,XJxj < 0, j = 1, 2, · · · ,m, xm+1 > 0, KPx1,m−1
− =

(x1, x2, · · · , xm−1)T¶

(c) �i > 1,m = n�,XJxi−1 > 0,xj < 0, j = i, i + 1, · · · , n, KPxi+1,n
− =

(xi+1, xi+2, · · · , xn)T¶

(d) �i = 1,m = n�,XJxj < 0, j = 1, i+1, · · · , n,KPx1,n
− = (xi+1, xi+2, · · · , xn)T¶

3)�þx�¬CÒ©þ,XJ�þx�¬÷ve¡o«�/��µ

(a) �i > 1,m < n�,XJxi−1xi > 0, xjxj+1 < 0, j = i, i+1, · · · ,m, xmxm+1 >

0,KPxi,m± = (xi, xi+2, · · · , xm)T¶

(b) �i = 1,m < n�,XJxjxj+1 < 0, j = 1, 2, · · · ,m, xmxm+1 > 0, K
Px1,m
± = (x1, x2, · · · , xm)T¶

(c) �i > 1,m = n�,XJxi−1xi > 0, xjxj+1 < 0, j = i, i + 1, · · · , n − 1,K
Pxi,n± = (xi, xi+2, · · · , xn)T¶

(d) �i = 1,m = n�,XJxjxj+1 < 0, j = 1, 2, · · · , n−1,KPx1,n
± = (x1, x2, · · · , xn)T¶

�âÚ\�PÒ,�þx�±L«�Xe�©¬Ý
µ

x =


x[1]

x[2]

· · ·
x[k]

 ,

Ù¥x[l], l = 1, 2, · · · , k��þx�¬ð�©þ,¬ðK©þ½ö¬CÒ©þ.Py =
Ax.�â�þx�©¬�ªÓ��é�þy?1©¬,¿L«�

y =


y[1]

y[2]

· · ·
y[k]

 .

äóµXJx[l]�¬ð�©þ½ö¬ðK©þ,Ky[l]�´¬ð�©þ½ö¬
ðK©þ.e¡Ì�?Ø�x[l]�¬ð�©þ��/,x[l]�¬ðK©þ��aq�
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?Ø.Ø���5,�x[l] = xi+1,m−1
+ = (xi+1, xi+2, · · · , xm−1)T ,Kkxj > 0, j =

i, i+ 1, · · · ,m.�Ä�§y = Ax�1i+ 1�m− 1��§��

cixi + ai+1xi+1 + bi+1xi+2 = yi+1

ci+1xi+1 + ai+2xi+2 + bi+2xi+3 = yi+2

ci+2xi+2 + ai+3xi+3 + bi+3xi+4 = yi+3

· · · · · ·

am−3xm−3 + am−2xm−2 + bm−2xm−1 = ym−2

cm−2xm−2 + am−1xm−1 + bm−1xm = ym−1.

duxj > 0, j = i, i + 1, · · · ,m, ai > 0, j = i + 1, i + 2, · · · ,m − 1; cj > 0, j =
i, i + 1, · · · ,m − 2; bj > 0, j = i + 1, i + 2, · · · ,m − 1,¤±yj > 0, j = i + 1, i +
2, · · · ,m− 1,=y[l]´¬ð�©þ.
e¡=?Øk = 3��x[1] = x1,k1

± , x[2] = xk1+1,k2−1
+ , x[3] = xk2,n± ,Ù¥x1 <

0, xn > 0��/,Ù¦k = 3�/Úk�?¿g,ê��/�aq�?Ø. d
ux[1] = x1,k1

± , x[2] = xk1+1,k2−1
+ , x[3] = xk2,n± �x1 < 0, xm > 0,¤±k1�ó

ê,n − k2 − 1�Ûê�xk1 > 0, xk1+1 > 0, xk2−1 > 0, xk2 > 0. dσ �½Â�
�,σ(x) = k1 − 1 + n − k2�σ(y[1]) ≤ k1 − 1,σ(y[3]) ≤ n − k2. dþ¡�äó�
�,σy[2] = 0.
Ï�y[1]´k1�©þ, �dÚn3��,σ(y[1]) = k1 − 1��=�sgn(yj) =

sgn(xj), j = 1, 2, · · · , k1.�σ(y[1]) = k1 − 2,Kky1 > 0, sgn(yj) = sgn(xj), j =
2, 3, · · · , k1½öyk1 < 0, sgn(yj) = sgn(xj), j = 1, 2, · · · , k1 − 1. Ù{�/þ
kσ(y[1]) ≤ k1 − 3Ón��,σ(y[3]) = n − k2 ��=�sgn(yj) = sgn(xj), j =
k2, k2 + 1, · · · , n.�σ(y[3]) = n − k2 − 1,Kkyk2 < 0, sgn(yj) = sgn(xj), j =
k2 + 1, k2 + 2, · · · , n½öyn < 0, sgn(yj) = sgn(xj), j = k2, k2 + 1, · · · , n− 1,Ù
{�/þkσ(y[3]) ≤ n− k2 − 2.e¡©±eÊ«�¹?1?Øµ
�/1¤σ(y[3]) ≤ n − k2 − 2½öσ(y[1]) ≤ k1 − 3. Ø��σ(y[3]) ≤ n −

k2 − 2,�σ(y[1]) ≤ k1 − 3��aq?n.?1{üO�=��, σ(y) = σ(Ax) ≤
σ(y[1]) + σ(y[2]) + σ(y[3]) + 2 ≤ k1 − 1 + n− k2 − 2 + 2 = σ(x),l
·K�y.
�/2¤σ(y[1]) = k1 − 1�σ(y[3]) = n − k2,Kdþ¡�?Ø��,sgn(xj) =

sgn(yj), j = 1, 2, · · · , n,l
σ(y) = σ(x),=σ(Ax) = σ(x). ·K�y.
�/3¤σ(y[1]) = k1 − 2�σ(y[3]) = n − k2 − 1,K?1{üO�=��,

σ(y) = σ(Ax) ≤ σ(y[1])+σ(y[2])+σ(y[3])+2 ≤ k1−2+n−k2−1+2 = σ(x),l

·K�y.
�/4¤σ(y[1]) = k1 − 2, σ(y[3]) = n − k2. dþ¡�?Ø��,sgn(xj) =

sgn(yj), j = k1 +1, k1 +2, · · · , n,l
σ(y) = σ(Ax) ≤ σ(y[1])+σ(y[2])+σ(y[3])+
1 ≤ k1 − 2 + n− k2 + 1 = σ(x),l
·K�y.
�/5¤σ(y[1]) = k1 − 1, σ(y[3]) = n − k2 − 1,σ(y[3]) = n − k2 − 1.dþ

¡�?Ø��,sgn(xj) = sgn(yj), j = 1, 2, · · · , k2 − 1,l
σ(y) = σ(Ax) ≤
σ(y[1]) + σ(y[2]) + σ(y[3]) + 1 ≤ k1 − 1 + n− k2 − 1 + 1 = σ(x),l
·K�y.
nã¤ã,�©�Ì�½n�±y². y..

4 ???ØØØ

�©ïÄ
�a���K�né�Ý
���Lyapunov¼ê�5�,y²

���K�né�Ý
�^3���þþ,Ù��Lyapunov¼êØ¬O\.ùa5
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��U�ïÄ�alÑ���5N�C½
�½�ý��£.�
�y�©�(
Ø��(5,·��?�
�A�§S,�A�§S�N¹.�ý(J�?�ÚL
²�©(Ø��(5.
3?1���Ú�ïÄ�,ÏLO�Å§S��þ$�±9�[�·�u

yµ
éu?¿�ié�Ý
A÷v?¿i�9±eÌfªÑ�u",i ∈ Z+,Kkσ(x) >

σ(Ax),Ù¥x ∈ Λ.
dßÿ��©·K�\r,3±��Ø©¥·�ò�?�Ú�ïÄ.
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5 Appendix: Matlab code
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clc; 
clear; 
trial = 0; 
u = input('please enter the order of the matrix:'); 
  
while(true) 
    a = unifrnd(0,1,1,u-1); 
    b = unifrnd(0,1,1,u-1); 
    c = unifrnd(0,1,1,u); 
    e = diag(a,1); 
    f = diag(b,-1); 
    g = diag(c,0); 
    h = e+f+g; 
    x1 = unifrnd(-1,1,u,1); 
    n = 1; 
    sigma = 1; 
    result = []; 
    process = []; 
    xn = x1; 
    i = 1; 
    while(i<=10) 
        sigma = 0; 
  
        while (n<=u-1) 
            f = xn(n,1); 
            s = xn(n+1,1); 
            if(f*s>0) 
                sigma = sigma; 
            end 
  
            if(f*s<0) 
                sigma = sigma+1; 
            end 
  
            if(f*s==0) 
                sigma = sigma; 
            end 
  
            n = n+1; 
        end 
         
        n = 1; 
        result = [result;sigma]; 
        process = [process;xn]; 
        xn = h*xn; 
        i=i+1; 
    end 
  
    k = 1; 
    minor_storage = []; 
     
    while(k<=u); 
        minor = h(1:k,1:k);  
         
        if(det(minor)<0) 



            break; 
        end 
         
        if(det(minor)>0) 
            minor_storage = [minor_storage;det(minor)]; 
            k=k+1; 
        end 
         
    end 
     
    check = 0; 
     
    if(length(minor_storage)==u) 
        trial = trial + 1 
        sigma_row = 1; 
         
        while(sigma_row<length(result)) 
             
            if(result(sigma_row,1)<result(sigma_row+1,1)) 
               check = 1; 
               break; 
            end 
             
            sigma_row = sigma_row + 1; 
        end 
         
    end 
     
    if(check==1) 
        result 
        minor_storage 
        trial 
        check 
        break; 
    end 
     
end 
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