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Abstract

In this article, we focus on Bernoulli percolation and mainly investigate
bounds of the probability of the connectivity of 0 to the distance n. At first, we
give a rough bound of the probability, and then refine our result by the high-
dimensional RSW theory, which gives a nontrivial bound for a short crossing
in Z¢, as well as the renormalization method. We finish the last step of this
section by coupling. Next, we give a more refined bound in Z? using the dual
graph. At last, we investigate the behaviors of some subgraphs of Z>.

Key words- Bernoulli percolation; high-dimensional RSW theory; renor-
malization; coupling; dual graph; subgraphs of 7>
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1 What’s Percolation

Intuitively, percolation is a simplistic probabilistic model for a porous material.
The inside of the material is described as a random maze where water can flow. The
question is to investigate which part of the material will be wet when immersed in water.
Mathematically, the material is modeled as a graph G with countable vertex-set V and
edge-set [E (a subset of unordered pairs of elements in V).[5]

2 Basic Definitions

A graph G is made of a set V whose elements are called vertices, and a'set E whose
elements are called edges. In the percolation model, V := Z¢ and E = {zy : x,y €
V, ||z — y|| = 1}. Also, when we limit the infinite graph, we have A,, :=[—n,n]? for
every n > 1. We use A, (x) to represent the area of the shape A,, with the center point
x rather than 0.

For a subgraph G = (V, E) of Z%, the vertex boundary of G.is defined by 0G :=
{r € V:3y € Z%such that ||z — y|| = 1 and y ¢ V}, and the edge boundary is
defined by AG :={zy:x € V,y ¢ V}

A percolation configurationw = (w(e):'e € E)on G = (V, E) is an element
of {(w(e1),...,w(er)) : w(e;) € {0,1}}. When w(e) = 1, we say that the edge e is
open. When w(e) = 0, the edge e is closed.

A percolation model is given by a distribution on percolation configurations
on a graph. The simplest example of percolation model is Bernoulli percolation:
each edge is open with probability p, and closed with probability 1 — p, independently
of the states of other edges.

We usually define Bernoulli percolation on the infinite lattice Z?¢. Therefore, we
consider the probability space (€2, F,P,), where Q is all the possible percolation
configurations on Z<. F is the o —algebra generated by events depending on finitely
many edges, and IP,, is the corresponding probability measure.

Define a path ¢ from A to B as a chain of vertices ( = (v1,va, ..., v,) Where
v; = A, v, = B, ||vit1 —v;|| = 1 and w(v;v;41) = 1. Define the vertices and edges
ofapathas V(¢) ={v:31 <i<n,v=v;}and E(() = {vivi1:1 <i<n-—1}

If there is a path from A to B, we say that A is connected with B, denoted by
A <— B. Especially, when {V({)} C S, we can denote it by A < B. IfAand B
are sets, A +— B means that da € A, b € B such that a +— b.

A connected component of 0 is defined by Cp := {z € V: z +— 0}.

We denote probability of the event {0} «— OA,, as 6,(p), where p is the pa-
rameter of Bernoulli random variables. Besides, we define §(p) = P,(0 «—
o0) = nlgrolo 0, (p). From definition, we can know that #(0) = 0 and 0(1) = 1,

but the behavior of the function 6(p) is not apparent. We define the transition point
pe := inf{p € [0,1] : O(p) > 0}. We call the situation where p = p.. as the critical
phase, p < p. as the subcritical phase, and p > p, as the super critical phase.

A configuration w is smaller than another configuration «’ if and only if for any
e € E, w(e) < w'(e). An event A is increasing if and only if for any w € A, if



w > w,w € A

Aset I 4 C E is a witness of an event A in a configuration w if and only if w € A
and for any w’ that satisfies w’(e) = w(e) where e € I, then w’ € A. For two events A
and B, if there exist I 4 and Iz such that I 4 N Iz = &, we call the situation as disjoint
occurrence and denote it by A o B.

When we say that there is a horizontal crossing in a rectangle like [0, a] x [0, b],
we mean that {0} x [0,b] «— {a} x [0,b]. And we denote the event by H(a,b). If
[0,a] x {0} +— [0, a] x {b}, we say that there is a vertical crossing and denote it by
V(a,b). More generally, we use 7(S) and V(S) to denote the event of a horizontal or
vertical crossing in S.

A dual graph (Z?)* is obtained by translating the copy of the original graph Z2 by
the vector (%, %) Every edge in the dual graph is open when its corresponding edge in
the original graph is closed. If the original configuration has a Bernoulli parameter p,
then the dual configuration has a Bernoulli parameter 1 — p.

Define the function 1 4 : w — {0, 1}, where A is an event, as

L= 0 we¢A o
A 1 wed

3 Notations

Below are some notations we will use.



Notations Description

n k-independent percolation
A, lattice animals with size n
Co connected component of 0
A, [~n,n]?
oS vertex boundary of S

H(S) horizontal crossing in .S

V(S) vertical crossing in S

V(<) vertex set of the path ¢

E(Q) edge set of the path ¢

©o(p) correlation length function
©p(S) expectation of going out of .S
ci(v) 1 — th value function for an — tuple

C;i(vq,vp) an event about v, vy in the i — th direction

(
Si(n, kn) short crossing in the @ — th direction

Table 1: Notations Table

4 Tools

4.1 Harris-FKG Inequality

The Harris-FKG(Fortuin, Kasteleyn, Ginibre) inequality is used to bound the prob-
ability of the intersection of two events that aren’t independent.
For two.increasing events A and BB, we have:

P,lANB] > B, AP, [B] @)

More generally, if | and g are two bounded increasing functions:

]Ep[fg] > Ep [f]]Ep 9] 3

Notice that the FKG inequality implies that
For an increasing event A and a decreasing event :

Pp[ANB] < P, AP, [B] ©)



4.2 BK inequality

The BK(Berg Kesten) inequality generalizes the situation when two events .4 and
B depend on some deterministic sets of edges.
For two increasing events A and B depending on finitely many edges , we have:

Py[A o B] < Py [A]P,[B] )]
In this article, the BK inequality is typically used to illustrate
P,[{0 +— A} 0 {0 +— B}] < P,[0 +— 9A,]? (6)

where A, B € OA,,.

4.3 RSW theory

The RSW(Russo-Seymour-Welsh) theory applies to the cases when d = 2 and
p = p.. It gives a nontrivial bound for every rectangle crossing.
For two positive numbers « and 3, we have:

¢ < Py[H(an,pn)} < 1—c @)

where ¢ > 0 and n is any positive integer:

4.4 Exponential decay in diameter

The theorem, first presented by Aizenman and Barsky and Menshikov, is used to
predict the behavior of ,,(p) when p < p..
Fix d > 2. When p <_p., there exists ¢ > 0 only depending on d such that:

0. (p) < exp(—cn) ©))

where n is any positive integer.

5 Hn(pc) 2 ndc—1

This lower bound was studied by Grimmitte [7] using the correlation length function
©(p) (11). Here we give a slightly different treatment. and show that the continuity of
the function ¢(p) implies the lower bound in this section.

Denote the point (1,0, ...,0) as ey and (n, 0, ..., 0) as ne;. We want to first introduce
the Fekete lemma:

Lemma 1 Let {a,} be a sequence of real numbers. If it satisfies ¥V mn> 0, appipn <

U + Qn, then the limit of { %=} exists and nh_)rg@{ o} = }Lr;fo{ o},



Notice that

P[0 «— (m +n)e1] > P[0 «— meq|Py[mer «— (m +n)eq] ©)
> P, [0 +— me1]Pp[0 «— neq]
Therefore,
—logP,[0 +— (m +n)ei] < —logPp[0 «— meq]Pp[0 +— neq] (10)

< —log P[0 <— me1] — log P, [0 +— neq]

Let u,, be —logP,[0 <— ne;]. Then w,, satisfies wpn < U, + Uy As aresult,
the limit of { %=} exists. We denote it by

(p) = lim {2} an

n—oo N

Because p(p) = nh%rrgc{ m ) = rlgfo{ o}, we have:

—logP, [0 «— neq))

inf { - } =)
—logP,[0 +— ne1)) > o(p) (12)

P[0 «— ne1] < exp(=ngp(p))

Our goal is to show that

1

ﬁe—w(m < On(p) < end—le—me(P) (13)
cnd—

If the inequality holds, then when p > p,., ¢(p) = 0. Consequently, we can use the

continuity of the function ¢ (p) to-show ¢(p.) = 0 and 0, (pc) > —i—.
For the upper bound 6,,(p) < cn®'e="#(), we can first define a point = on OA
such that P[0 «+— z] = m%ﬁ{ﬂ”p [0+— y]}.
ye

Notice that from symmetry,

P,[0 < z]? <P,[0 < 2ne] "
P[0 «— 2] < P,[0 <> 2ne]?

and
0n(p) = Pp[0 <— OA] < |OA|P,[0 +— z]

< |OA|P,[0 <> 2ne;]?
< |5A|€—Tw(p)

< end—1le—ne(P)

5)

Here we use the fact that [0A| < en?~? for some constant c related to the dimension d.

Lemma 2

|OA| < 2d(2n + 1)47! (16)



Proof:

Assume that z € JA in a d-dimensional graph. Then one of the coordinates of x
should be n or —n. Arbitrarily set one coordinate (cq, ¢a, ..., ¢4) to be n or —n, and
we will have 2d initial choices. There is no further restriction on other coordinates, so
each of them can be ranged from —n to n, which indicates 2n + 1 choices. There are
totally d — 1 of them.

Therefore, each point & € JA will belong to one of the point generated by the above
method. This implies that [OA| < 2d(2n + 1)47L.

We will then prove that

1

cnd—1

0, (p) > e~ ne(p) (17)

Notice that

< A0 (p)Pplr <— Amgn]

< A0 (p)0n (p) (18)
< 2d(2m + 1)1 0, (p)0n(p)

< 2437 'm0, (p)0, (p)

Here P, [z <— Ay = max {Pply ¢— Appnl -
YEAmM

Then we want to apply the Fekete’s lemma again by constructing u,, such that

Umtn < Uy + Up. As aresult, we have:
2d6% " (m 4 1) 010 (p) < 2d67 M0, (p)2d3% (m + 1) 10, (p) (19)
Let a,, = 2d6%~'n?=10,(p), so we have:
Amin < @ 2d3%H(m +n)410,,(p) (20)
Since m and n are interchangeable, we can assume that m < n.

Umin < am2d3771(m 4+ n)4710,,(p)

< a,,2d3¢7 124 1pd=1g, (p) 21
< GGy
Therefore,
log atn < logay, +loga, 22)

which means that the limit of the sequence {log%} exists and lim {log%} =
n—oo
: log an
inf {=5=n 1
n>0{ n }
Suppose lim {10%} = X, then:
n—roo

d—1,,d—1
ing 10867 T 0() _ 23)

n>0 n




(24)
> c nX

Notice that
P[0 «— neq] < 0,(p) < end=temne(P) (25)

and

. log 697 1nd=1P, [0 +— neq] . log691nd=1 4+ log P, [0 +— ne;]
lim = lim
n— oo n n—ro0 n

log P[0 <— neq]

= lim

n—00 n

= —p(p)

(26)

i log 6d—1pd—1epd—1o—ne(p) oy log Gd—1pd—1 | log cnd—1e—ne(p)
Jm . = -
. log cnd=1e=m#(»)
log e—mp(p)
= lim —>———
n—oo n

= —p(p)

According to the Squeeze Theorem, X = —¢(p).
— log P, [0s—>ne] —log en®™16,,(p)

n

Because = inf = su
<p(p ) n>0 L n>%
according to the property of semi-continuity.

If p(p) > 0 for.some p > p., we will have:

©(p) is continuous

— < i d—1_,—ne(p) _
4p) = i, 0np) < g on™ e ’ 28
From the definition of p., we know that this is a contradiction.
Therefore, when p > p,, ¢(p) = 0. Since (p) is continuous, ¢(p.) = 0 and

1 e~ ne(pe) >

0n(pc) > cnd1 nd—1

(29)

We first start from the case where d = 2.
According to the RSW theorem, P,[H(2n, 2n)] > ¢ for some positive real number
c. Then there exists some = € {n} x [0,2n] such that IP,_[horizontal crossing passes



through z] > 5-<+. Define A as the event {2 <— {0} x [0, 2n]}, and B as the event
{z +— {2n} x [0,2n]}. Then, we have:

Pp.[AoB] > P, [H (2, 2n)] > (30)

2n+1
According to the BK inequality,

Py [AIPy [B] > Py [Ao B €2))

Since A, B € {x +— 0A,},

Py.fw ¢ OA]? 2 By [AIP,, [B] > (32)

According to the invariance property of the proof, V& € Z2, we have:

c

On(pe) = Pp [z <— OAy] = ﬁ (33)

When d > 2, we can apply similar reasoning for € {0} x [—n,n]¢"1. Define

Si(n, kn) as the event [0, kn]* =1 x {0} x [0, kn]?~% +— [0, kn]*=1 x {n} x [0, kn]¢~".

When S;(n, kn) happens, we say that there is a short crossing in the box [0, kn]*~! x
[0,n] x [0, kn]d—7.

Notice that if we prove the inequality S;(n, kn) > c always holds for some i, k, ¢

when p = p., we can conclude that 8, (n) > —=r by constructing a box [—n, n] x

n 2
[—kn, kn]?~1L.
We will then prove by contradiction that S (n, 2n) > c¢is always true when p = p,..
In order to prove it, we need to know how to describe a path in detail. For a
d-tuple v = (vy,...,v4), we define ¢;(v) = v;. For a path ¢ in dimension d, we
define 1,,,i,(¢) = (a1, ...,aq) and lyq.(¢) = (b1, ..., b,) where a; = énvl?o{cl(v)}

and b; = max {c¢;(v)}.
ma {ei(0)

We will introduce the Crossing Lemma which describes how we can have a short
crossing:

Lemma 3 Forabox B = [0,2n]'~! x [0,n] x [0, 2n]9~, the event S;(n,2n) happens
if and only if there exists a path ¢ such that ¢;(1;in(C)) < 0, ¢i(lnaz(€)) = n, and
¢j(Lmin(C))s ¢j(lmaz(C)) € [0,2n] for any j # 1,

Proof:

From the definition, we know that if v; «— vy where ¢;(v1) = 0, ¢;(v2) = n,
and ¢;(v1), ¢j(v2) € [0,2n] for j # 1, the event S;(n, 2n) happens. Since the path ¢
satisfies the condition ¢; (1min(¢)), ¢j(Imaz(¢)) € [0, 2n] for any j # i, for any vertex
v € V(C), ¢j(v) € [0,2n] where j # i. Therefore, if we prove that Jvy,ve € V()

such that vy <— s, ¢;(v1) = 0, ¢;(v2) = n, we will complete the proof for the
Crossing Lemma. Obviously, because ||v;+1 — v;|| = 1 for any path ¢, the function

fia) = {ci(vx) v €eZ,1<x<|V(Q)

(o)) + {ebeslopan) — alo) @ ¢Zi<a< V)] O

10



is continuous where | | is the least integer function and {} is the decimal part function.
Assume that v,, vy € V(C) where b > a, ¢;(v,) < 0, and ¢;(vp) > n. According
to the Intermediate Value Theorem, there exists a < dy,ds < b such that f(d;) = 0
and f(d2) = n. Since 0 and n are integers, d, ds are integers. Therefore, this ensures
that Jvg, , vg, and vy, — V4,, ¢i(vq,) = 0, ¢;(v4,) = n. So far we have completed
the proof for the lemma.
Using this lemma, we will show that

P,[S1(n, 4n)] < e(d)Py[Si1(n, 2n)] 3%

where n is any integer and ¢(d) is an integer only depending on the dimension d.
Especially, we give an estimation for c(d) that ¢(d) = 3772(4d — 1).

When the event S;(n,4n) happens, there is a path ¢ = (vy,...,v5) such that
c1(v1) =0, c1(vg) =n,and Vo € (and i > 1, ¢;(v) € [0,4n].

Our goal is to show that the path will always result in a short crossing.in one of the
following boxes: [0,7] x ([0,2n]?~ 4 u), [0,2n] x ([0, 2n] +h) x ([0,n] + w) x
([0,2n]9=F=2 + 1) where u € {0,n,2n}?" 1,0 < f < d—2,h €{0,n,2n}, w €
{0,n,2n,3n},1 € {0,n,2n}?~/~2. The number of these boxes is just 3¢~2(4d — 1).

If the path  doesn’t result in any short crossing in those boxes, then for any subpath
¢" = (Va,Vas1, -, vp) Where 1 < a < b < k, ¢’ also doesn’t result in any short crossing
in those boxes.

Since ¢ doesn’t result in any short crossing in [0,72] x ([0, 2n]¢~1 + u), there exists
an integer i1 # 1 such that ¢;, (1,:n,(¢)) and ¢;, (Inax(¢)) don’t belong to one of [0, 2n],
[n, 3n], [2n, 4n] simultaneously. Denote the event {¢;, (v,) and ¢;, (vp,) don’t belong to
one of [0, 2n], [n, 3n], [2n, 4n]} as Ci, (Va,vp)

Therefore, there exist v,, v, € V({) where b > a such that C;, (v, vp) happens. We
cutasub-path ¢’ = (vg, ..., v3) from the original path. Notice that ¢’ doesn’t result in any
short crossing in [0, 2n] x ([0, 2n]"* 71 +h) x ([0, n]+w) x ([0, 2n]4=1=241). According
to the Crossing Lemma, there must exist an integer io # 41 such that ¢;, (1,5 (¢ /)) and
Ciy (Imaz(¢')) don’t belong to one of [0,2n], [n,3n], [2n,4n] simultaneously, which
ensures that C;, (v., v4) happens where a < ¢ < d < b.

So far, we have roughly established an algorithm to cut a sub-path. Notice that this
algorithm can repeat itself for infinitely many steps, while the number of elements in
any path is finite. If we prove that the algorithm cuts at least one element for every step,
the path-needs to have infinitely many elements, which is a contradiction. Therefore,
we will be able to say that if S;(n,4n) happens, there will be a short crossing at least
in one of 3¢2(4d — 1) boxes, whose probability is equivalent to Sy (n, 2n).

In the next part, we will show that for any sub-path { = (v, ..., vp), we can easily
find a vertex v, € V(() different from v, such that the event C;(v,/, vp) happens.

Assume that we have already chosen a sub-path { = (v, ..., vp) satisfying that
C(vq,vp) happens. If there exist v, different from v, and v, which ensures C; (v¢, v4)
for some j, d, we can cut a sub-path ' = (v, ..., vq) where |V ({')] < |[V({)]. If such
v, doesn’t exist, the event C;(v,,vs) Will happen for some j # i. However, since
lva+1 — va|| = 1, one of C;(ve+1,vs) and C;(va41,vs) Will happen, which indicates
that such v, exists and v, = vg41.

Therefore, for every step of the algorithm, it will cut at least one element from ¢, so
the algorithm will cut infinitely many elements, which is a contradiction.

11



Now, we have shown that if S;(n,4n) happens, there will be a short crossing in
one of 3972(4d — 1) boxes. Denote each event by B; where 1 < i < 3972(4d — 1).

Noticing that P, [B;] = P, [S1(n, 2n)], we have

3972(4d—1)
Py, [S1(n, 4n)] <Py, | U Bi]
< 37°2(4d — 1), [S1(n, 2n)]
< o(d)Py, [S1(n, 2n)]

By using the BK Inequality, we get that
Py, [S1(2n, 4n)] < Py, [S1(n, 4n)]®
c(d)*Pyp,[S1(n, 2n)]?
IfP, [Si(n,2n)] < C«%)Q, this result will imply that
P, [S1(n,2n)] < exp (—cn)
However, it will lead to this result
Op.(n) < clndfl]P’ {0} +— 7]

< en? P,.[{0} «— {n} x [0, 2n]4=1]
< en?1P, [Si(n,2n)]
< cndt exp (—can)

< exp(—eznlnn)

(36)

(37

(38)

(39)

This means that 6, (n) is decaying exponentially fast, which is impossible because

E,.[|Co|] = +oo(proven later in the section (8)) and if it happens

EpfiColl =) > Ppl0— a]

n=1xz€dA,

o0
< Z Z p [0 — OA,]
n=1x€0A,
< Z (2n + 1) Lexp (—cznlnn)
<+

Therefore, we have completed the proof that

1
P,.[Si(n,2n)] > (P > c
By using this technique, we can extend our proof to any dimension.
inequality
c
eh(n)z d—1
n-2

always holds for d > 2.

(40)

(41)

So, the

42)



7 Renormalization Method

We will use a method called renormalization for the proof of S;(n, 2n) > c.

The spirits of the renormalization is to amplify the effect of assumptions like
Ve > 0,81(n,2n) < e by constructing a so called k-independent percolation on the
original graph. Typically, the situation in the k-independent percolation will contradict
some properties of the original graph, which leads to the disproof of the assumption
chosen.

Assume that 3n such that P, [S1(no, 2n0)] < €, Ve > 0. If we have

P;Dc [8An0 < 8A3n0] < QdeC [81 (’I’LQ7 3’/10)] (43)
then

P, [0As, <— OA3y,] < 2dP, [S1(no, 3n0)]
< 2dP,, [S1 (1o, 4n)]
< 2de(d)Py, [S1(n0, 2n0)]
<e

(44)

The third inequality is implied by the equation (35).

We will prove (43) by showing that the event {OA,,, +— 9As,,} will result in
a short crossing in one of the following boxes: [—3ng, 3n0]* x ([—3ng,no] + w) X
[—3n0, 3no]9~*"1 where 0 < i < ng — 1 and w-€ {0,4ng}.

When {0A,,, <— 0As,,} happens, we know there will be two points x, y such
that z «+— v, |¢;, (2)| = no, |ci, (y)] = 3ng for some 41,49, and Vj > 1,|c;(z)| <
no, |¢;(y)] < 3ng. According to the Crossing Lemma, we will have a short crossing in
[—3n0,3n0]i2_1 X [—3’/10, —TLQ] X [—377/0,3’/10](1_7:2 or [—3n0,3n0]12_1 X [77,0,3710] X
[—37’2,0, 3710](171.2 . So, ]P)Pc [8An0 — 8A3n0] < 2dec [81 (TLQ, 3710)]

Now, we construct a new:site percolation 7 on the original graph Z? where 7(z) =
1s Ang (2)— 0D g, () 1O determine whether the vertex x is open or closed. Notice that
ify € Agny(z) \ OAgn, (), n(x) and n(y) aren’t independent. Therefore, we call this
site percolation as 6ng-percolation. If we only consider vertices that are independent
to each other, the 6ng-percolation is like a Bernoulli percolation with the Bernoulli
parameter p’ =P,_[0A,, (z) ¢— OAspn, (x)].

A path ¢ in 7 from A to B is a chain of vertices (v1, ..., vx) where v; = A, vy = B,
|vig1 — v =1,and p(vj) =1where1 <i<k—1land1 <j <k

Define the lattice animals with size n as A,, = {all the possible Cy : |Co| = n}.

For a specific element C € A, since the 7 percolation is 6ng-independent, there
will be at least ﬁ independent vertices in C, so

P[C is a connected inside] < ]P’[L2 independent vertices are open|
36n§ (45)
< p/m

13



P[|Co| > n] < Z P[C is a connected inside]
CeA,

< A, |p' %8 (46)
< 16dnp/ ﬁ
< exp(—cn)

Here we use the fact that p’ < ( )36”5 and | A, | < 16,

Notice that

1
el6d
P, [0 <— OA,] < PlICo| >n —3

o | < PliCol 2 n — 3no] %
< exp(—cn)

We have 6, (n) decaying exponentially fast, which we have knownis impossible.
Therefore, the assumption Ing such that P,,_[S1(no, 2n9)] < &,Ve > 0 is false, so
P, [S1(n,2n)] > cfor some c. As a result, we have shown that 6,,_(n) > — by the
n 2

renormalization method.

8 EPCHCOH = +00

We will give two different proofs to this theorem. In the second proof, we will give
an inverse proportional function to estimate |Cy| when p < p..
Proof 1:

We start with the fuction ¢, (S) = E,[ >
TYyEAN
before [6] that VS, ¢, (S)> 1. Therefore,

Ep.[ICo] =) D By [0 4]

i=0 z€ON;

> Z ep(A;) (48)

]l{Xy is open, 045> }]. It has been shown
s i s x

which indicates that E,,_[|Co|] = +o0.
Notice that because VS, ¢, (S) > 1, we have Vn > 1,¢, (A,) > 1. This also
implies the result 6, (n) > —= since

en® P, [0 +— OA,] > en?TIP, [0 < 1]

c

Bl D Tk open0cSsay) 49)
TYEAA,

>1
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where x € JA,, such that P[0 +— 2] = max {P,_[0 <— y]}.

yEON,
Proof 2:

Assume that E,[|Co|] = t(p). We will prove that ¢(p) > m for p < p. and
t(pe) = +o0.

We use the technique of coupling in this part. Suppose that ¢ < #@, U is
an 7.i.d. uniform distribution, and w,w’ are two percolation configurations such that
w(e) = Ly(e)<p and w'(e) = Ly(e)<p+e- Then, each edge e has the probability ¢ to be
open in w’ but closed in w.

Assume that there is a path { = (vy, ..., v) connecting 0 and x, and n edges of the
path are open in w’ but closed inw. Define {e({)} = {e € E(¢) : w(e) = 0,uw'(e) = 1}
and D,, = {3¢ : |{e(Q)}] = n,0 M xz}. Given e; = v;v;41 € {e({)}, we define
ej =wv;and e; = ;41

Therefore, for p that satisfies t(p) < +o00, we have

p+€0<—>$ Z Z

n=0e;e{e(()}

(50
< Z Z o[0 < el ] Polet, e P, [et « x]e”
n=0e;e{e({)}
t(p +¢) = Epi[|Col]
= Z Pptc[0 2]
z€Z4
SZZ Z P10 < e1]..Pylet | < e, |Pple) < z]e™
z€24 n=0 e;c{e(()}
SZ Y B0 e Byler_y e Jt(p)e" (51
n=0¢,e{e(¢)}
< Z(2dt(p)) t
n=0
L)
<> on
n=0
< +0o0

Notice that Vo € Z%, 3" P,z +— y] = t(p) and there are 2d choices for each e
yEeZ4
when e; is fixed.
Now, if t(p.) < +oo, we will have ¢(p. + &) < +oo for some € > 0. This is a
contradiction because there exists an infinite cluster almost surely when p > p., which
means that E,[|Cy|] = +o0 for p > p.
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Besides, when p < p, t(p) > m because if t(p) < m, we can choose
e=(pc.—p) < Wl(p) such that ¢(p.) = ¢(p + €) < +00, leading to a contradiction.
This estimation is useful when p and p,. are close.

9 Ou(pe) > i%,d =2

Define I as the lowest left-right crossing in [—2n, 2n]2. Our goal is to show that
P, [l € [-2n,2n] x [-n,n]] > c. It has been shown that when d = 2, p. = 5.[8]

According to the graph below, we define A = [-2n,2n| x [-n,n], AT =
[—2n,2n] x [0,n], A~ = [-2n — 3,2n + 1] x [-n + 1, —1]. Define H*(S5) as
the event of having a horizontal crossing in the dual graph, and V*(.S) as the event of

having a vertical crossing in the dual graph. As a result,
i v A . 1 1 1 1
By, [[ € 4] > By, [H(A®) 0 H (A7) 0V (=20 — 5,20 Fg) x [F2n = 5, ~ )]
1 1 1 1
Py [H(A )P, [H (A7) N V(=20 =5, 204 o] x [-20— 2, —3])
1 1 1 1
Py [H(AT)]Py, [H* (A7), [V ([~2n —~ 57271 + 5] x [—2n — 373

%

%

%

C
(52)

Figure 1: Lowest Crossing
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Suppose ( is the path of the lowest crossing in A. We find a pair of points z and «*
such that * = z + (0, —3) and P, [z € {{0} x [-n,n]} NV({)] > 557
Therefore,

o ()" 2 By, [ (=20} x [, ml[By 2 5 {20} % [, ml[By [a* & [~2n+ 2,20 — 2] x {20 2]
> Py [z < {—2n} x [-n,n] oz + {2n} x [-n,n]|P,. [z" < [-2n + %7271 - %] X {=2n — %}]
> P, [r & {—2n} x [=n,n] 0z < {2n} x [=n,n] Na* < [<2n + %,Qn - %] 7 Son/ %}}

2 Py [z € {{0} x [-n,n]} N V(()]
2n+1

(\Y

(33)
The third inequality comes from the FKG inequality applied to one increasing event
and one decreasing event.

Figure 2: Dual Point

As a result,
c
On(pe) > — (54)
ns
By using similar technique, we are able to show in further that
P, ' Al >c (55)
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where T is the lowest crossing in [—2n,2n]? and A = [~2n,2n] x [—an, Bn] with
0<a,f<2

10 Percolation on the subgraphs of Z>

In this section, we will talk about the percolation limited on some subgraphs of Z2.
We start from the example of the graph H; = {(z,y) : 0 <y < x + 1}.
One natural question is that what is p.(H1), the critical phase of the graph H.

Define 041 (p) = P, [0 <2 A,]. Since {0 <25 A} € {0 +— AL} 071 (p) < On(p)
which implies that p.(H;) > 1.
Actually,

pelH) = (56)

We will prove the claim by contradiction.
Proof:

Assume p.(H;) = 1 + ¢ where ¢ > 0. Consider the dual graph (Z2)* whose
Bernoulli parameter is % — ¢, indicating a subcritical percolation. Define two boxes
B(a,b) = {(z,y) :a <2 <b,0 <y <z+ 1}, B (a,b) = {(z,y) : a—ﬁ—% <z <
b—1,—1 <y <az+3} andtheevent K, in (Z*)*as K, = {(n+3,n+3) Brintee)
{(z,y) : y = —3}} where B(a,b) consists of vertices with integer coordinate and
B*(a, b) consists of vertices in the corresponding dual graph (Z?2)*.

18



Figure 3: Boxes

Notice that K, € {(n+ 3, n+ 2) +— 0\, ((n+ 3, n+ 2))}. Therefore,

Pp.—c[Kn] < Pp, [0 <— OA,]

< exp(—cn) o7

which means that > P, _.[K,] < +o00. According to the Borel-Cantelli lemma,
n=0

P, [IC,, only happens for finitely many times] = 1.

If IC,, only happens for finitely many times, there exists an integer N for each
specific configuration such that Vn > N, 1x, = 0. Therefore, we can claim that there
exists an integer NV large enough such that

Py _[{vn>N,1c, =0} >1—¢ (58)

for any ¢ > 0. Define Ln = { |J K;}. If Ly doesn’t happen, the event {Vn >
i=N

19



N, 1y, = 0} will happen. As a result,

Pp—c[{Vn > N, 1, =0} =1—Pp _c[LN]
>1-) P, _[Ki] (59)
=N
>1—¢

Notice that the event {Vn > N, 1, = 0} is equivalent to the event {VK > N,
there is no vertical crossing in B*(N, K)}. Since B*(N, K) exists in the dual graph,
the event is also equivalent to {VK > N, there is a horizontal crossing in B(N, K)}.
Consequently,

Py, +c[0 75 OAK] > Py 1[0 €25 2(N)]P,, o [£]
>c(1—e) (60)
> Co

where z(N) € Ay is a point of the horizontal crossing.in B(N, K).

Therefore, there exists a uniform lower bound ¢ > 0 such that 61 (% +¢) > cfor
all n, which means that Vp > %, 6H1(p) > 0. Consequently, we can conclude that
pc(Hl) - %

This method can also be applied to any subgraph H' = {(z,y) : 0 <y < f(x)}.

o0

Aslong as Y exp(—cf(z)) converges, p.(H’) = 1. For example, given a subgraph
n=0

H' = {(z,y) : 0 <y < log(z + 1)?}, since the sequence

oo

Zexp(—clog(n + 1)2) 2 Z(n 4+ 1)7610g(n+1)

n=0 n=0
exp(2)-1 o0
Z (7L+ 1)7clog(n+l) + Z (n+1)7clog(n+1)

n=0 n—exp(2)

exp(2)—1

Z (n+1)7610g(7L+1) + Z (n+1)72

n=0 n=exp(2)

IN

< +oo
(61)
1

converges, p.(H') = 3.

The other problem we want to discuss is the bound of 87 (p,.) for some subgraphs,
as we have done for Z9.
We again start from the subgraph H; = {(z,y) : 0 < y < 2 4+ 1}. We will show

that 1
0 (pe) > — (62)

nC

Proof:
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We will show that if there are k1 logn boxes of the shape [0, 2ng] x [0, ng] with a
crossing in each box, the event {0 LN A, } will happen.

Figure 4: Exponentially Increasing

According to the graph,

loga(m] | .
01 (pe) >pPp] H(27' = 1,213 = 1] x [0,2)U
i=1
63
Mog, (-1 , ©3)
V(28 — 1,213 — 1] x [0,27)]
i=1
Notice that all those boxes are in the shape [0, 2n¢] x [0, ng], so they have a uniform
lower bound ¢y > 0. And then

0H1 (pc) > ng“ogQ(n)]_l
2 pe_cl log(n)

(64)
1
Z —
nC
Next, we will investigate on a series of subgraphs:
H,={(2,y):0<y<at+1) (65)

The simplest example is the subgraph Hy = {(x,4) : 0 <y < 22 + 1}. Our claim
is that

21



022 (p.) > exp(—cv/n) (66)

Our inspiration comes from the previous proof which applies the use of exponentially
increasing boxes.
. . 1
We consider the integer values of f(x) = 22 + 1 and make a table:

Table 2: integer values

fx) |23 4] .. n

X [1|4]9]..[(n-1)?2

We will show that if there 2n — 1 boxes of two shapes with a crossing in each box,

the event {0 JELER OA (n—1)2 } will happen.

Figure 5: Arithmetically Increasing

According to the graph,

n

Oty (Be) 2Pyl J M = 1% (= 1) +31] x [0,4])u
=t 67)

no V([(#%,4% + i+ 1] x [0,7 +1])]

=1

All 2n — 1 boxes are either the shape [0,n¢] x [0,n0] or [0,n0] x [0,3n0], so,
according to the RSW theory, the probability of their crossing has a lower bound
cp,c1 > 0. So

Hz H2
0, (pC) > 9((\/5})2 (pc)

> pel VI IV (68)

> exp(—cv/n)

We can extend this technique easily to H,, based on the fact that n®—(n—1)* = f(n)
where the degree of f(n)is a — 1. We can plot ¢(a — 1) boxes between n® and (n — 1)@
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to make them connected. Therefore, we have this conclusion

a—1

0F(pc) > exp(—cn= ) (69)

for each subgraph H,.
The conclusion is intuitive, as one can find out that as a goes to the infinity, H, will
just be a vertical line, which indicates that 0 (p.) ~ p? > exp(—cn).

Remark 1 In fact, using the Lemma 6.1 in the article [3] given by Cerf, for any
subgraph H = {(z,y) : 0 <y < f(x) + 1} where f(x) is plain enough, we can infer
that

05 (pe) > ()70 (70)

f(n)

but this lower bound is not as precise as the one we propose for subgraphs like H,.
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