1. a. %. Going reverse. 2—}—%:%,2—1—5:1—7771—1—1—77:%,1—1—%:%
b. [1,2,3,4] 2 =144 38 =24 4L 1B =34+14=4+0,

30’ 13
c. [1,1,2]
V3=1+(V3-1)
1 V341
V3iel o 2
\/§+1:H\/§—1
2 2
il= 2
V3-—1
V3+1=2+v3-1

Here we note that, we already encountered v/3 — 1 (remainder of the first step) so we see that continued fraction
will repeat.

d. V6
Let © = [2,4]. Then we have x = [2,4, 7]

T =[2,4,1]
1
xr=1[2,4+ —]
X
4 1
r=[2, 2]
X
X
=2
Tt
9z + 2
Ta—x
dr +1

So we see that 422 + 2 = 92 +2 = 222 -4 —-1=0. Soz = % = LQ‘/E. Remember that we want
241 =24+V6-2=6.

2. a. We prove by induction. Base case: n = 1. pi1go — poq1 = (a1ag + 1)(1) — apa; = 1 = (—1)°. Now suppose the
claim is true for n.

Prt1qn — Pndnt1 = (@n41Pn + Pn—1)qn — Prl@nt1@n + qn-1)
= Pn—19n — PnQn-1
= (==
= (="

b. Note we used the identity from part a.

Pn+19n—1 — Pn—14n+1 = (ann +pn—1)Qn—1 _pn—l(aQn + qn—l)
= an(pnqnfl - pnfl(_In)
= q,(—1)""2
= (=Day,

3. We first find the continued fraction of HT‘@

1+5 51
+2\f:1+\f2

1+v5 2
2 V=1

So % = [1]. Hence all the a; = 1.

Note that we have p, = pp—1 + pn—2 and pp =1 = Fy,p; =2 = F,. Thus p,, = F,,;+1. We also have ¢, = ¢,—1 + gn—2

and gg =1= Fy,q1 =1=F, = g, = F,,. So we have the nth convergent Z{;”—: = FFL




. (—34,74) or anything of the form (—34 + 567¢,74 — 1234t). We first find the continued fraction expansion 22 =
2,5,1,2,33).

an |2 5] 1 2] 33
po | 2111 13|37 | 1234
g | 1] 5 | 6|17 | 567

From problem we have that 1234(17) —567(37) = —1. So 1234(—34) 4 567(74) = 2.

a. From the given theorem, we know that « lies between any two consecutive convergents. So for n > 1, we have

_ Pn Pnt1 _ Pn 1
|Oz qZ' < |q::i q:| < n+1qn”

b. Suppose not. Then there exists n such that |a — 2| < # and |o — ot <

o= B2 4o = B2 >

An+1 2qfl+1 Y n+1
| B2 %| = qnq1n+1' But 2q%+1 + 2;3 > qnq1n+1 by AM-GM inequality. Contradiction. Thus at least one of any
two consecutive convergents to x works.
c. We can see that v/2 = [1,2].
anp | 11212 2 2 2
oo | 113717 ] 4199
Gn | 112 |5]121]29 |70
41 . 99
29 %70 > 1000 so we can use 55 Or =g.
a.a—a >0 = g>OSOQ>O.
a+a >0,s0 P >0.
o' <0so P <D
a>1s0Q<P++vVD<2/D
b. a — |a] is of the form %. Then Af@ = —1(91,)4;_\{4?3. So a; is a quadratic irrational. Since o — |a < 1, we

. 1
qo—a’ "

know that oy > 1. In addition, note that o/ = |a] + & = o} =
1
—1 < o) <0. So « is reduced.

o’ is negative and qq is positive so

c. We know that inductively all the «; are reduced. But there are a finite number of possibilities as seen by problem
6. Thus there exists ¢ < j such that o; = o, and so a1 = a;41 and so on. So the sequence is periodic.

a. We want VN +m > 1 and —1 < m — /N < 0. So we see that m = [v/N|.

b. We know that /N +m = [@g,.--,Gy). But note that ag = |v/N +m] = 2m. So we have VN +m = [2Zm, ..., a,]
so VN = [m,a1,...,an, 2m).

a. The area would be %|Pn+2Qn — QniaPn| = % since triangle is half of the parallelogram. However since
Poy2 = anoPoy1 + Py and Qui2 = an2Qny1 + Qn. (Pn + Qn) +i(Poy1, Qnyr) for 0 < i < ayqp must all be
boundary points. So we have a,+2 + 2 boundary points (don’t forget to include origin). So by Pick’s, we see that
1=0.

(a) Area of parallelogram is |2PQ — 2Q%a| = 2Q?|a — g| < 1. Now suppose there was an interior point in the region
(z,y), then (2P — x,2Q — y) is also in the region. But then consider the figure (0,0), (z,y), (P, @), and (2P —

z,20Q — y). Pick’s Theorem tells us that this area is at least 1. But this lies in the parallelogram. Contradiction.

c. Suppose that |a — g| < 26122 and g isn’t a continued fraction convergent. Then from part b, we know no lattice

points in that parallelogram. But then (P, Q) lies in the triangle of (0,0), (P, Qx), and (Pp42, @ni2). This can
be seen as all three points lie on the same side of line thru (2Q«, 2Q) since by considering slope, we know (P, Q)
and (P,y2,Qny2) are on the same side and (P, Q) is between those two and thus must be on the same side.
Contradiction to part a.




