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SOLUTIONS

1. It is known that

t11 +ti3 187500

ts +tr 1500

10 12
ar-rar’ _ oe

art + ar®

10 2
ar (1477 125

art(1+1r2)
r® =125

Thus r = ++/5. Hence a = 10 and the first 3 terms are 10, £10+/5, 50.
2. Let d be the common difference in the arithmetic sequence. Then b — ¢ = —d, ¢ —a = 2d and a — b = —d.
Thus we find the equations

—daz?4+2dx —d=0
dz? —2dx +d =0

—d(z—1)>=0
and since d # 0 we have z = 1.
1 1 8
3. Wehavew—'_y =4and xy = 9. Thus — + — = Ty = -
2 T Yy Ty 9

4. We let the numbers be E, a, ar. Thus a® = 125 and @ = 5, and the numbers are %, 5, 5r. If the common
T

difference in the arithmetic sequence is d, then

5—-3 24

T

5r—5  3d
3(5— §) = 2(5r —5) dividing by d
T

3
3——=2r—2 dividingby5
r

0=2r"—5r+3
0=(2r—-3)(r—1)

10 15 ..
So we have two solutions: r = % gives the numbers ER 5, and R while » = 1 gives the (trivial) numbers
5,5,5.
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5. Our sum is

Nkz
>

k_ S K Yk

v 4

k=1

2

N(N+D)@N+1) | N(N+1)
6 2

2

4

N(N+1)<2N+1+1>

3

N(N 4+ 1)(N +2)

6

%kuk_mo-zm-zm

2
k=1

= 1353400.

6. Represent the angles with the variables a — 2d, a — d, a, a + d and a + 2d. The sum of these is 540°. There-
fore ba = 540° and a = 108°. So either a—d = 90° or a—2d = 90°. So the largest angle is either 126° or 144°.

7. We let the 4 positve integers be represented by k, kr, kr? and kr3. Then

kr + kr? = 30 (1)
k+kr® =35 2
Dividing (2) by (1) gives
k+ kr3 _ 35
kr+kr2 30
ii:: :gsincek#O

613 —Tr2 —Tr+6=0
By inspection we find that » = —1 is a solution. Using the factor theorem (see workshop 2), we arrive at
(r+1)(2r—-3)3r—2)=0
2 3
= —1 — —
r )3 03

Using » = —1, equation (2) gives 0k = 35, which is impossible.
Using r = § in (1), we find k = 27.
Using r = 3 in (1) we find £ = 8.

Both of these give the same list of numbers, and when arranged in increasing order they are (a,b,c,d) =

(8,12,18,27).

. The sequence is arithmetic if and only if ¢; 4 t3 = 2¢5. There are 27 equally likely ways to pick 3 numbers, of

which only 5 lead to such a sequence:
1,4,7

1,59

2,5,8

3,5,7

3,6,9

So the probability is .
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9. The average of the numbers, the middle number is % = 20. Thus the smallest is 8.

10. The differenceis2son —1 = w and n = 1995.

11. (a) Sl =1 =2.
Sy =11 +ty =880ty = 6.
S3 =11 +to+1t3 =26s0t3 = 18.

(b)

7fn+l _ Sn+1 - Sn
tn Sn - Sn—l
(3n+1 _ 1) _ (3n _ 1)

(3 -1 - (T 1)
_3m2
=312
=3.

12. The first such term is 42 and the last is 28000. So n — 1 = 22220=(42) 34 5, = 3995,

13. Weknow f(n + 1) = f(n) + % so the sequence is arithmetic. So f(100) = 2 + 99(%) = 35.
14. Substituting for z and y, —p + 2¢ = r so ¢ — p = r — q and we are done!

15. For any 3 term geometric sequence, t1t3 = (t2)2. So

(a+ 4d)(a + 15d) = (a + 8d)?
a® + 19ad + 60d? = a® + 16ad + 64d>
3ad = 4d?

3
d= 1° ord=0
Thus the general term is
3
tk:a—&—(k:—l)za

a
=—-3k+1

3k +1)

We want to find terms ¢;t,,,, t,, that form a geometric sequence, thus ¢;t,, = (tm)Q. We can do this by choosing
integers a and b and letting

3L+ 1= (2a)?
3n +1 = (2b)? and
3m + 1 = 4ab.

Then t; = $(4a®) = @® and similarly, ¢, = ab? and t,,, = a®b. THus #;t,, = a*b* = (t,,)*. However we must
add the extra condition that a and b must both be congruent to 1 modulo 3 or both be congruent to 2 modulo 3.
There are infinitely many such pairs.
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16. The sequence goes 5,3, —2, —5, —3,2,5,3,.... The sequence repeats in groups of 6 whose sum is 0. So the
sum of 32 terms is 5 + 3 = 8.

17. ty = o = —%
3 3 1
te=35la=-5"3
¢ _ 1995 1993 . 1991 1989 . 1 1
1998 = T 71997 " 1995 ~ 1993 " 1991 "¢ 3 = T 1997

18. Since the first term is 548 and the difference is —7 the sum is S, = 5 (1096 + (n — 1)(—7)). Thus the sum is
negative when (1096 + (n — 1)(—7)) < 0 and that is n > 157.
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