AMC 10 Preparation: 17. Coordinate Geometry — Lines
and Circles

BASIC KNOWLEDGE

The x-y Coordinate (Rectangular Coordinate, Cartesian Coordinate) Svstem

A horizontal number line and a vertical number line perpendicularly intersect at
the origin.

A

.‘.

The Coordinates: I I
o ) S Origin
The two numbers in an ordered pair are called the =3
coordinates of the corresponding point. 0 »
5
_ _ . I v

Note that the x-coordinate is also called “abscissa” and the

y-coordinate 1s also called “ordinate”.

1. Equations of Lines and Circles

1.1. Different forms of equation of a line

Standard form:
Ax+By+C=0 (A +B*=0) (17.1)

Point-Slope Form

=y, =m(x—x,) (17.2)
m 1s the slope of the line and the point (xy, y;) 1s on )
the line. '

Slope = m
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Slope-Intercept Form

y=mx+b (173)
where m 1s the slope and b 1s the y-intercept .

Two-Intercept Form:

.5 4
T (17.4)

a 1s the x-intercept and b 1s the y-intercept.
Two-point Form:

If two points (x, v1) and (x2, v») are known the equation of the line can be written

YA 2T h (17.5)

as:
X—% XN

2). Slopes of parallel and perpendicular lines

If line y, =mx, +band line y, =m,x, + b, are parallel, then m, =m,.
If m, =m,,then line y, =mx, +band line y, =m,x, + b, are parallel.
If line y, =mx, +band line y, =m,x, + b, are perpendicular, then my, xm, =—1.
If m xm, =-1, then line y, =mx, +band line y, =m,x, +b, are perpendicular.

1.2. Equations of circles

-

Standard form x* + y* = /° (17.6) "

center: (0, 0), radius 7 (> 0). /
L/

=
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Standard form (x—a)*+(y—b) =7 (17.7)
Center: (a, b), radus r (r > 0).

] X
General form: x*+y?+ Dx+ Ey+ F=0 (17.8)
When completing the square: (x +§)" +(v+ %)3 = D+ i —4r (17.9)
vh | ‘
r== D"+ E° —4F
0 ~
2. Distance Formulas
(1) Formulas to calculate the distance between two points
Given right triangle 4ABC, the Pythagorean Theorem yields
v
d =0, =) + (=)’ (17.10) /ff (53, 3y)
d
(1.1) 1s called the distance formula and 1s used to A
calculate the distance between two points B(x,,),) / | .
and P (x,,v,). ACw, 3 Cx. 3)
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(2) Formula to calculate the distance from a point to a line

Solving problems involving finding the distance from a point (x; , y1) to a line ax
+ by + ¢ = () might seem simple at first glance, but is very time — consuming,

. e ax, +by, +c
unless you know the following formula: d = % (17.11)
a +b°

3. Midpoint Formulas

(1) Midpoint formula

The coordinates (x ) of the midpoint of the line segment with endpoints

y
m? -‘ m

X% v, + Y,
L 2 and y =-L1—-2%
2

17.12
m 2 ( )

(,,-Yl >) .I ) and ('\‘2 > -1'_’. ) are '\‘m ==

(2) Vertices formula of a parallelogram:

ABCD is a parallelogram. Given three vertices 4 (x4, v4), B (x, vg), and C (xc,
ve), find the coordinates of D.

y )
Xp =X 4+ Xc —Xp B X, ) Cixe, )
.vD = .1'.‘1 + _.1’(" - ,1’3 (17 l 2)
Proof: .
Draw two diagonals to meet at E. 1
. . . -~ Aix ¥V, X v
E 1s the midpoint of AC. So we have: 4%a D%, )
Xp = Xy +‘\C' (l) B X5, 3,) ’ Ci Xe, V)
2
d

E 1s also the midpoint of BD. So we have: Sk

Xp +X x
“\‘E = u (2)

2
A “4 .‘:J JUl X V)
_ Y
X, +x Xp+Xx
Then we have —4—% = y, =22
2 2

= Xy TXe =Xp +Xp = X, =X, +X.—Xp.
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Similarly we can prove v, =y, + V. —V;-

(3). Generalized Points Formula

P is a point on AB between points 4 and B. y fi‘fx” Y1)
AP Py
If A== then: N
B \\~.B(x. Y,)
X /1,‘-, 2} 1 ., 0 X
x=\1+ 1-,and J}zjl-i-/‘}_ (17.14)
1+ A4 1+ A
EXAMPLES

(1). Lines and Slopes

Example 2. (2003 AMC 10 B) A line with slope 3 intersects a line with slope 5
at the point (10, 15). What 1s the distance between the x-intercepts of these two
lines?

(A) 2 (B)5 (C):7 (D) 12 (E) 20

Example 3. (2006 AMC 10 B) The linesx=(1/4)y +aand y = (1/4)x + b
intersect at the point (1, 2). Whatisa + 5 ?
(A)O (B) 3/4 (O) 1 (D)2 (E) 9/4

Example 4. (2003 AMC 10 A Problem 22) In rectangle ABCD, we have AB =8,
BC=9,His on BC with BH= 6, E 1s on AD with DE =

4, line EC 1ntersects line AH at (¢, and F'1s on line AD

with GF' ? AF. What 1s the length GF ?

(A)16 (B)20 (©)24 (D)28 (E)30

G

H 6 p

D * E
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Example 7. (AMC Modified) Points 4 = (4, 10), B=(2,2), C=(6,4),and D =
(a, b) lie in the first quadrant and are the vertices of quadrilateral ABCD. The

quadrilateral formed by joining the midpoints of AB, BC', CD, and DA isa

square. Find the sum of the coordinates of point D.
(A) 16 B) 9 (€ 12 (D) 10 (E) 7

(2). Midpoint Formula and Generalized Formula

Example 10. (2009 Mathcounts National Problem 23) Triangle ABC has vertices
at A(5, 8), B(3,—2) and (6, 1). The point D with coordinates (m, n) is chosen
inside the triangle so that the three small triangles ABD, ACD and BCD all have
equal areas. What 1s the value of 10m + n?

(A)14 B)49 (©)1403 D)7 (E)773

A5, 8)

B (3.-2)

(3) Distance Formula

Example 12. (2004 AMC 10 B Problem 22) A triangle with sides of 5, 12, and 13
has both an inscribed and a circumscribed circle. What 1s the distance between the
centers of those circles?

(A)352  (B)72 (C) V15 (D) ‘/;’75 (E) 9/2
-~ A
12 12

(5/2, 6) 12-r

Y
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Example 13. (2006 AMC 10 B Problem 20) In rectangle ABCD, we have 4 = (6,
—-22), B=(2006, 178), and D = (8, y), for some integer y. What is the area of
rectangle ABCD ?

(A) 4000 (B) 4040 (C) 4400 (D) 40:;000 (E) 40,400

(4) Distance From A Point To A Line Formula

Example 18. (2003 Duke Math Meet) What is the closest that the line

4 1 : -
y= 7.\- + 3 comes to a lattice point?

Example 21. (AMC) Find the largest value of L for pairs of real numbers (x, v)
v

which satisfy (x—3)*+ (v —3)*=6.
(A)3+2J2 (B)2+4/3  (O) 33 D)6 () 6+23

Example 23. (AMC) Find the minimum value of /x* + y* if 5x + 12y = 60.

60 o 13 13
A) — B) — C) — D) 1 E)O
()13 ()5 ()12 (D) (E)

PROBLEMS

Problem 15. (AMC) Let '} and (; be circles defined by (x — 10)* +ﬁ1--'2 =36 and
(x+ 15)* +” = 81, respectively. What is the length of the shortest line segment
PQ that 1s tangent to ('} at P and to ('; at (7 Q

(A)15 (B)1&8 (C)20 (D)21 (E)24 ° o [ )

)
P

Problem 26. (AMC) Circles with centers (2, 4) and (14, 9) have radi1 4 and 9,

respectively. The equation of a common external tangent to the circles can be

written in the form y = mx + b with m > 0. What 1s b ?

(A)908/119 (B)909/119 (C)130/17 (D)911/119 (E)912/119
Solutions

Example 2. (2003 AMC 10 B)
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Solution: (A).

Method 1 (official solution):

The two lines have equations y — 15 =3(x —10) and y — 15 = 5(x — 10):

The x-intercepts, obtained by setting v = 0 in the respective equations, are 5
and 7. The distance between the points (5, 0) and (7, 0) 1s 2.

Method 2 (our solution):

The equations of the two lines can be written as

i=3x,+b; = Sy1=15x; + 5b, (1)
and y,= 5x, + b, =5 3y,=15x; + 3b, 2)

Example 3. (2006 AMC 10 B)

Solution: (E).

Method 1 (official solution):

Substituting x = 1 and y = 2 nto the equations gives
1=2/4+aand2=1/4 +b.

It follows that a+5 = (1 —E) +(2- l) =3 _3 = 2 :
4 4 4 4
Method 2 (official solution):

) 3
Because a = x—2 and b = y—% we have a+b =Z(x+‘v).

‘ o 3
Since x = 1 when y = 2, this implies that a + b = Z(l +2)= %

Method 3 (our solution):
We are given that

|
X=—y+ !
X 4‘\ a (D)
\'—l\‘+b 2)
- 4'

(1) +(2): .r+y=lx+l_v+a+b = (.1‘+J.=)—l(x+y):a+b
4 4 4
3
= a+b:Z(x+}-’)

: L 3
Since x = 1 when y = 2, this implies that a + b = Z(l +2)= % :
Method 2 (our solution):
Place the figure in the coordinate plane with the origin at 4.

MThhne Thaw IT— 7 £ OV and A — 7y W XA Lannser thhat AL A 6 cdvmailawe ta AT
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U = (s DuasaUas
Place the figure in the coordinate plane with the origin at 4.
Then Then H = (-6, 8) and 4 = (0, 0). We know that AGEA 1s similar to AGCH.

GA S GH+HA HA HA 2
Sowe have —=— = == =1+ - —_Z
CH GH 3 GH GH GH 3
-, GH_,_3
HA 2
Then by the formula y = T A0 ,we have vy, = Yo+ AV
1+ 4 1+ 4
3
Ve +—x0 . 5
g=—2 —=2¢ = 3 —8x2=20.
3 5 . 2
1+= —
2 2
on e Uil el N T R0

Example 7. (AMC Modified) x—(=5) _ —9—(5)

Solution: (C).
Let the midpoints of sides AB . BC ; 5, and DAbe M, N, P, and Q,
respectively. Then M = (3, 6) and N= (4, 3). Since MN has slope =3, the slope of

perpendicular segment M_Q must be —1- and MO = MN = V10 .
D

() ,or y= £ 215).

The equation for the line containing MQ 1s thus y—-6=

Therefore O has coordinates of the form (a, Casi)

)-

Since MQ =+/10, applying the distance formula to segment MQ gives us
(a+15)
‘.;

S
= -’ =10 =

=3
(a=3)"+( 3

-6)*=10 = (a-3)*+(

%(0—3):=10:> (@-3)=9 = . S

Example 10. (2009 Mathcounts National Problem 23)
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Solution: (B). AG,8)
Method 1: Since the three small triangles have the same
areas, point D is the centroid, the center of the triangle.

-

Centroid properties result in BE = E4 and % =32.

E 1s the midpoint of AB and the coordinates can be
5+3 8-2

calculated as (——,——) or (4, 3).
( > > ) or (4, 3)

LetA= ID)—g = 2 and the coordinates of ' be denoted as

(x1, ¥1) = (6, 1) and the coordinates of £ be denoted as (x», v2) = (4, 3).

x,+Ax, 6+2x4 14 y+Av, 142x3 7
m= = = =— and n= 2 — —
1+ 4 1+2 3 1+ 4 1+2 3
10m+n = @+Z:49.
3 3
Method 2:

If the coordinates of the vertices of a triangle are (x1, y1), (X2, 2), and (x3, v3), then
X, +Xx,+x; v+, v,

3 | 3 )
The centroid of the triangle with vertices (5, 8), (6, 1), and (3, -2) 1s

the coordinates of the centroid of the triangle are (

X +x,+x; 14 wWHYy,+y, 7
m=—————=— Nl =——————=—
: 3 3 3
140 7
10m +n = ——+==49.
m+n 3 3

Example 12. (2004 AMC 10 B Problem 22)
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Solution: (D).

Method 1 (official solution):

The triangle 1s a right triangle that can be placed in a coordinate system with
vertices at (0, 0), (5, 0), and (0, 12). The center of the circumscribed circle 1s the

midpoint of the hypotenuse, which is (5/2, 6).
A A

12 12

12-r

To determine the radius r of the mscribed circle notice that the hypotenuse of the
triangle1s (12 —r)+ (5 —r)=13sor=2.
So the center of the inscribed circle 1s (2, 2), and the distance between the two

centers is \/(%)3 +(6-2) = @ :

Method 2 (our solution):

The triangle 1s a right triangle that can be placed in a coordinate system with
vertices at (0, 0), (5, 0), and (0, 12). The center of the circumscribed circle
1s the midpoint of (5, 0), and (0, 12). So

n+y

X, + X,

By formulas, x = — andy, =- 2' 2, we have
= n+x, _ 5+0 =§ and y, = Wty 0+12 ~6.
2 2 2 ’ 2 2

So the center 1s (5/2, 6).
5+12-13

The radius of the circumscribed circle 1s » = 2.

2
The coordinates are (2, 2).

By the distance formula, d =+/(x, —x,)° + (3, — »7)* , the answer is

d_\/(z—i) +(2-6) _\/:_ S

Example 13. (2006 AMC 10 B Problem 20)
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Solution: (E).
Method 1 (official solution):

The slope of line AB 1s (178 — (- 22)) / (2006 — 6) = 1/10. Since the line
AD 1s perpendicular to the line 4B, its slope 1s —10. This implies that

_y—=(=22) 5

—-10 o0y=-102) — 22 =-42; and D = (8,-42).

As a consequence, AB =+/2000% +200° =200+/101 and

AD =~/2% +20* =2+4101

Thus Area (ABCD)=AB x AD =400 x 101 = 40.,400.

Method 2 (our solution):

The equation of AB is YN _ BN = y=(=22) _178-(=22)
X=X XX x—06 2006-6
y+22 200 v+22 1
- = e 3 - = —
x—6 2000 x—6 10
10(y+22)=x-6 = 1-’—ir—£ (D
' " 10005
Since AB L AD, the equation of AD1s y =—10x+5b (2)

(6, —22) satisfies both (1) and (2). So we have

3
ix6—%=—10x6+b — b=38.

So (2) becomes: y =—10x+38
When x =8, y=—10x8+38=—-42.So D = (8, —42).

By the distance formula, AB =+/2000* +200* =2004/101 and

AD =27 +207 =24101 .
Thus Area (ABCD) = AB x AD =400 x 101 = 40,400.

Example 18. (2003 Duke Math Meet)
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2465

Solution:

The line, in standard form, 1s 20x — 35y + 7 = 0, so the distance to any lattice
|20x -35v+ 7|

V20° +35°

In order to find the closest that the line comes to a lattice point, we must find the
shortest distance between the line and a lattice point. The shortest distance will be
obtained when the numerator 1s as small as possible. The distance must be a
nonnegative number. 20x — 35y 1s always a multiple of 5, so the smallest
nonnegative value 20x — 35y + 7 can be 1s 2 with 20x — 35y being -5, making the
entire numerator 2. This is the smallest possible value for the numerator, so the
shortest distance 1s

2 2 265

0P +35 5465 325

Example 21. (AMC)

point (x, y) 1s

Solution: (A).
The first two solutions are given by AMC. The third solution 1s given by us.

Method 1 (official solution):
Let P=(x,y),4=(0,0), C=(3, 3) and b be any point on the positive x-axis. The
locus of P i1s the circle with center (" and radius \/-5 , and y/x 1s the

slope of segment AP. Clearly this slope 1s greatest when AP is |/
\/
tangent to the circle on the left side, as in the adjoining figure c

(Note: J6 < 3). Let = ZCAP. Since ZBAC = 45°, the answer 1s
tana +1 g

2V3

tan(a +45°) = )
|-tana

Since ZAPC = 90°, tana. = PC/PA. By the Pythagorean Theorem

PA = \/(AC)2 —(PC)* =2+/3. Thus tana = % and the answer is 3+2+/2 .
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Method 2 (official solution):
The maximum value of y/x 1s the maximum value of the slope of a line which
contains the origin and which intersects the circle (x — 3)* + (v — 3)* = 6. Clearly
the line of maximum slope, m, 1s tangent to the vircle and 1s the steeper of the two
lines through the vircle. In short, it 1s the line containing AP i the previous
figure. The following statements are equivalent:
1) y = mx 1s tangent to the circle;
2) the system equations

v =mx,

(x=3)"+(v=3)"=6,
has only one solution (x, v)

3) the quadratic equation (x — 3)* + (mx —=3)*=6 or (m*+ x> —=6(m + D)x + 12 =
0, has a double root;
4) the discriminant is zero, i.e., 36(m + 1)* —=48(m*> + 1) = 0.

Solving the last equation for its larger root, one obtains m =3+ 24/2.

Method 3 (our solution): y
y y-— PEs
Let — == =m = y=mx=> mx—y=0 c
x x-0
m 1s the slope of the tangent line AP.
The distance from the center of the circle to the tangent line is 4 3 x

V6 .

By the distance formula of a point to a line, we get:

d:@:% — \/g-,/m:+(—l)2 =|m(3)—3| (I
m-+(=1)°

Squaring both sides of (1): 6-(m” +1)=9m" —18m +9 =
3m° —18m+3=0

= m> —6m+1=0

The largest value of L omis 3+242. (The smallest value of m1s 3— 22 ).
|

Example 23. (AMC)

Solution: (A).
Method 1 (official solution):
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1
The minimum value of (x*+ y*)? is given by the perpendicular OC from O to

the line S5x + 12y = 60. From similar triangles,

oc_1
5 13

O('=@.
13

Method 2 (our solution):
1 Ia
The minimum value of (x*+ v%)? is given by the

perpendicular OC from O to the line Sx + 12y = 60.
ABCis a5— 12— 13 right triangle.

1
/(: 12X
ABxOC 12x5 60 \j

S .= L 0C=—.
ABC 2 2 13

Method 3 (our solution):

The smallest value of /x*+1° is the shortest distance from the center of the
. : —-60 60
circle (0, 0) to the line 5x + 12y = 60. % =—.
Vv5T+120 13

Problem 15. Solution: (C).

Method 1 (official solution):

The centers are at 4 = (10, 0) and B = (—15, 0), and the radi1 are 6 and 9,
respectively. Since the internal tangent 1s shorter than the external tangent, PO
intersects AB at a point D that divides 4B mto parts proportional to the radii. The
right triangles APD and BOD are similar with ratio of similarity 2 : 3. Therefore,
D=(0,0), PD=28, and OD = 12. Thus PQ = 20.

Method 2 (our solution):

Draw BT // QP such that BT meets the extension of Q
AP at T. PO = BT : o (2

B~

Applying the Pythagorean Theorem to right triangle 15,00 \\é/
ABT: BT? = AB> — AT’ = '
BT* =(10+15)° =(6+9)* =625-225=400 =
BT =20.
Thus PO = BT = 20.

g T

Problem 26. Solution: (E).
Method 1 (official solution):
The slope of the line / containing the centers of the circles 1s 5/12 = tan &, where ¢

1s the acute angle between the x-axis and line /. The equation of line /15y —4 =
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(5/12)(x —2). This line and the two common external tangents are concurrent.
Because one of these tangents 1s the x-axis, the point of intersection is the x-
intercept of line /, which is (-38/5, 0). The acute angle between the x-axis and the
5/12 120
l=(5/12¢ 119"
Thus the equation of that tangent is y = (120/119) (x + (38/5)),
120 38 912

andh=—-—=—
119§ 119

other tangent 1s 2, so the slope of that tangent 1s tan26 =2 -

Method 2 (our solution):

Let M (x, y) be the point of intersection of two
external common tangent lines. Triangle MBD 1s
similar to triangle MAC.

, DB_MB _ 9 4
CA  MA 14+ MO 2+ MO
9 4 5

3 3
So = =— and MO =£. So we have M(—i, 0).
14+ MO 2+MO 12 5 5

[et the equation of the tangent line be y = m|x —(—ﬁ )] or mx—y + ?m = 0.

) 3
m- —4+—8m

\/l+m2

The distance from circle C to the line 1s 4. So 4 =
41+ m? =‘%m —4‘.

Squaring both sides: 16(1+m”) = (4?8111 —4)*. Solving we get: m, = 0 (ignored

2
since we know that m > 0) and m, = 120 ,_38 _38 120 912

119 55 119 119
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