AMC 10 Preparation: 13. Prime Numbers

BASIC KNOWLEDGE

1. Terms

Prime number: A prime number is a positive integer greater than 1 and only
divisible by I and itself. Another way of saying this 1s that a prime number is a
positive integer with exactly two factors (1 and 1tself).

The smallest prime number: 2, which is an even number and the only even
prime number.

Theorem 1: There are infinite many prime numbers.

Theorem 2: There 1s no greatest prime number.

Composite number: When a number has more than two factors, the number 1s
called a composite number.

Relativelv prime: If two positive integers have no common factor except I, the
two positive integers are said to be relatively prime, for example, 4 and 9 are
relatively prime.

2. Method to determine a prime number

Theorem 3 (The square root rule): If a 1s not divisible by all the prime numbers

less than or equal to Ja ,thenaisa prime number.

3. Propertv 1: A prime number p can onlv be written as p x 1.

In other words, a prime number p can only be divided, without a remainder, by
itself and 1.

If p 1s a prime number and p = mn, we have the following cases:

I: n=1and m is a prime
II: m = 1 and » 1s a prime
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III: n=—1 and m is a negative value and | m | is a prime.

IV: m=-1 and n is a negative value and | »| is a prime.

4. Propertv 2: If the sum of two prime numbers is an odd number. then one
of the two prime numbers must be 2.

S. Prime numbers (up to 200)
There are 25 prime numbers from 1 to 100.

2 3 5

11 13 17 19
23 29

31 37

41 43 47
53 59

61 67
71 73 79
83 89

07

There are 21 prime numbers from 101 to 200.

101 103 107 109
113
127 131
137 138
149
151 157
163 167
173 179
181
191 193 197 199

PROBLEM SOLVING SKILLS

1. Prime Number Basic
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four two-digit prime numbers, with each digit used exactly once. What 1s the sum
of these four primes?

(A) 150 (B) 160 (C) 170 (D) 180 (E) 190

2. Prime Number and 1

Example 11. (AMC) The number of triples (a, b, ¢) of positive integers which
satisfy the simultaneous equations

ab + bc =44,
ac+ bc =23,
18
(A) O (B) 1 (O)2 (D) 3 (E) 4

Example 13: (1985 AIME #7) Assume that a, b, ¢, and d are positive integers
such that ¢° =b*, ¢ =d*, and ¢ —a =19 . Determine d — b.

3. Even Prime Number 2

Example 18. How many pairs of prime numbers of x and v satisfy the equation x°
~ =10
(A)0 B) 1 (©)2 (D)3 (E) 4

4. Roots of Quadratic Equations

Example 19. (2002 AMC 10 A) Both roots of the quadratic equation x* — 63x + k
= (0 are prime numbers. What is the number of possible values of £?

(A)0 (B) 1 (C)2 (D) 4 (E) more than four

S. Factoring Prime Numbers

Example 23: (2002 AMC 12B) For how many positive integers nis n° —3n+2 a
prime number?

(A) none (B) one (C) two (D) more than two, but finitely many
(E) infinitely many.

Solutions
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Example 3. (2002 AMC 10 A)

Solution: (E).
Method 1 (official solution):
The digits 2, 4, 5, and 6 cannot be the units digit of any two-digit prime, so these

four digits must be the tens digits, and 1, 3, 7, and 9 are the units digits. The sum
1S 102 +4+5+6)+(1+3+7+9)=190.

Example 11. (AMC)

Solution: (C).

Method 1 (official solution):

From the second equation, c¢(a + ) =23 and 23 1s prime. Consequently, the two
factors must be 1 and 23. Since ¢ and b are positive integers, a + b > 1. Hence one
must have ¢ =1 and a + b = 23. Upon substituting 1 for ¢ and 23 — a for b into the
first equation, 1t becomes a quadratic, a* —22a + 21 = 0, with solutions @ = 1 and
a = 21. Both of these, and the corresponding values of 5 (22 and 2), satisty both
equations. Thus the solutions are (1, 22, 1) and (21, 2, 1).

Example 13: (1985 AIME #7)
Solution: 757.

. ., . . 5 5 A 2 A
Since a and b are positive integers, let a’ =b* = m™* =m™, we get: a =m" and
b=m.

Let ¢’ =d’=n"?=n°, weget: c=n’and d =n’.

Therefore, c —a =19 can be written as n° —m"' =190r (n—m*)n+m*) =19
Since 19 is a prime number and 7 +m” >n—m”, we have: n—m” =1 and
n+m =19.

Solve for m and n, we get: m =3 and n = 10.

Therefore, d =n> = 10> = 1000, and b =m’ = 3" =243. Sod — b= 1000 — 243 =
75T

Example 18.
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Solution: (B).

Method 1:

Since 2y2 is even, x> must be odd and x must be odd.

x* -1 _(—-Dix+1)
3 2 '

We know that x + 1 and x — 1 have the same parity and they must be even. Thus 1*
must be even and y must be even.

The given equation can be written as y* =

The only even prime number 1s 2. So y = 2 and then x = 3.

Method 2:

From x* = 2)” + 1, we know that x* is odd and x is also odd.

Letx =2n + 1, where n 1s positive integer.

The original equation can be written as (2n + 1)>=2y"+ 1, or > =2(n"+n) .
So we know that y 1s even. Since y is prime, y = 2.

Substituting y = 2 into the original equation, we get x = 3.

Therefore the prime solutions are x =2, y = 3.

Example 19. (2002 AMC 10 A)

Solution: (B).

Method 1 (official solution):

Let p and g be two primes that are roots of x*— 63x + k= 0. Then

X —63x+k =(x—p)x—q)=x"—(p+q)x+pq sop+q=63and pg = k. Since
63 1s odd, one of the primes must be 2 and the other 61. Thus there is exactly one
possible value for &, namely k = pg =2 -61 = 122.

Method 2 (our solution):
Let x; and x, be two primes that are roots of ¥ —63x+k=0,

: —63
By Vieta’s Theorem, x, +x, =— = =

63 (1)

and x xx, =k (2)

Since both x; and x; are prime numbers, and 63 is odd, one of x; and x, must be 2.
Let x; be two and 2+ x, =63 = x, =63-2=61.

By 2): 2x6l=k =  k=122.

Example 23: (2002 AMC 12B)
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Solution: (B).

Method 1 (official solution):
Ifn >4, then n” — 3n+2=(n— 1)(n — 2) is the product of two integers greater
than 1, and thus 1s not prime. For n = 1, 2, and 3 we have, respectively,
1-1D)1-2)=0,2-D2-2)=0,and 3—-1)3-2)=2.

Therefore, 7~ — 3n + 2 is prime only when n = 3.

Method 2 (our sg)lution):

We know that n~ —3n+2=(n— 1)(n — 2) 1s a prime if and only 1f
I:(n—1)=1and (n — 2) 1s a prime

n—1=1 = n =2 and (n —2) = 0 which 1s not a prime.
Il: (n—2)=1and (n— 1) 1s a prime

n—2=1 = n =3 and (n— 1) =2 which 1s a prime.

III: (n — 1)=—1 and (» — 2) 1s a negative value and| (n—2)|is a prime.
#i— ] =] = n =0 which 1s not a positive integer and we do not need to
verify n—2.

IV: (n—2)=-1and (»n — 1) 1s a negative value and | (n—1)]isa prime.

i—3=~1 =3 n =1 and (n — 1) = 0 which 1s not negative.
Therefore, #n* — 3n + 2 is prime only when n = 3.
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