AMC 10 Preparation: 8. Exponents

1. EXPRESSIONS:

3 4
axa=d axaxa=a axaxaxa=a
Z as 3

3 a's 4 a's

axaxaxaxa.a=a"

n  fimes

a 1s an integer, decimal, or fraction and 1s called the base. » is any counting
number and is called the exponent.

2. PROPERTIES OF EXPONENTS:

Propertv 1: o’ =1
Note: (0)” is not defined and (0)° = 1.

Propertv2: a'=a

Pl’ODel'tV 3: Gm X(I” = a’” +n = am +n
Note: d” +d”" za" ™"

=d" xa" (Power rule)

m

a n—n .
Propertv 4: —=a  (Quotient rule).
a

Pl‘O]]ertV 5: (OIH n — Cf”” (ab)i? S a”biﬂ

(Power rule)

Propertv 6: a—m = E = E] = a—m Power rule
n t‘ b?."i ( b ] (b . bi’?i ( )

Propertv 7: o " =— (Negative exponents)

a
E l m
Property 8: a” =[ ”J (Rational exponents)
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3. SOLVING EXPONENT EQUATIONS

(1). a” =a” 1f and only 1f m =n, where a, b, m, and n are constants.
(2). " =b" 1f and only if @ =b and m =n.

3). (a* +bx+c)™ e =1,

Case 1: Solving ax” +bx + ¢ =1 (Ignoring dx* +ex + ).
Case 2: Solving dv’ +ex + =0 with ax® +bx+c=0.

Case 3: ax” +bx+c=—1 with even dx” +ex+ [ .

4. L) = f ()"
Case 1: Solving f(x)=1.

Case 2: Solving G(x)=F(x) with f(x)=0.

Case 3: Solving £(x)=-1 with even G(x)—F(x).

4. Comparing Exponents

Theorem 1. If @ > b >0 and c 1s a positive real number, a“ > b anda “<b™".

Theorem 2. Ifa>1,and ¢> 0, then ¢ >1;1f0<a <1 and ¢> 0, then

O<a“ <l.

Theorem 3. If ¢ > 1, and ¢ > d, then a° >ad; 1f0<a<1 and ¢>d, then

a <a®.
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S. EXAMPLES

Simplifving Exponents
Example 1. (2002 AMC 10B) Which of the following 1s the same as the ratio

2001 42003
RS

62003
A - B) - o - D) = E) >
A) < (B) < (©) 3 D) 3 (E) 3

Example 3. (2002 AMC 10B) The number 25% - 64 is the square of a positive
integer N. What 1s the sum of the digits of the decimal representation of N?
(A) 7 (B) 14 (C) 21 (D) 28 (E) 35

Example 8. (2009 UNC- Charlotte Algebra II, 2006 AMC 10 A) What non-zero
real value for x satisfies (7x)™* = (14x)"?
(A) 1/7 (B) 2/7 Cy 1 (D)7 (E) 14

Solving Equations

Example 11. (2003 10 B) Which of the following values of x satisfies the

g8/

equation 257 = EEIPYSUE ?

(A) 2 (B) 3 (C)5 (D) 6 (E)9

Example 19. (2007 NC Algebra II, 1985 AMC) How many integers x satisfy the
equation (x> —x —1) " ¥ =17
(A) 2. {(B) 3. (C) 4. (D) 5. (E) None of these.

Comparing Exponents

Example 24. (1984 AMC 12) The largest integer n for which n** < 5°% is
(A)8 (B)9 (C) 10 (D) 11 (E) 12
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Example 25. (2003 AMC 10B) Suppose that 3* -57 = ¢°, where both @ and
positive integers. What 1s the smallest possible value fora + b ?
(A) 25 (B) 34 (C) 351 (D) 407 (E) 900

Solutions
Example 1. (2002 AMC 10B)

Solution: (E).
Method 1 (official solution):

We have
22001 . 32003 22001 . 32003 52001 | 32003 3
62002 (2 . 3)2002 22002 . 32002 2'

Method 2 (our solution):
22001.22003 22001.%2001.%2 (2.%)2001.%2 (6)2001.%2 %2

2002 - 2002 2002 2002 .
6 6 6 6 6

’%
2
Example 3. (2002 AMC 10B)

Solution: (B).

Method 1 (official solution):
We have N = J (5H*- (2% =5%.2*" =(5-2)%*. 2" =10%*. 2048
= 2048000---0

—_—

64digits
The zeros do not contribute to the sum, so the sum of the digits of Nis 2+ 4+ 8 =
14.

Method 2 (our solution):
We have 256-1 > 6425 — (52)64 x(26)25 L (564)2 X (22:’»(3)2 — (564 X275)2 .

N =5%%x27 =5%x2% % 2" = (5x2)" x 2" = 2" x10** = 2048 x10**

The zeros do not contribute to the sum, so the sum of the digits of Nis 2+ 4+ 8 =
14.

Example 8. (2009 UNC- Charlotte Algebra II, 2006 AMC 10 A)
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Solution: (B).

Method 1 (official solution):
Take the seventh root of both sides to get (7x)* = 14x. Then 49x* = 14x, and
because x =0 we have 49x = 14. Thus x = 2/7.

Method 2:
(7x)* = (14x)’ = FIATE_ 1477 — U4 _ 5T 7T, T
= e =2 =7 x" =2 =
2" 3
=520 =2,

Example 11. (2003 10 B)

Solution: (B).
Method 1 (official solution):
Write all the terms with the common base 5. Then

54 8/x 5 48/ x
574 - 2572 - = e (48-26-34)/x = 542;".\’
26/ x 17/x 26/x 34/ x '
T 5.5
It follows that i =—4,s0x=3.
X

Method 2 (our solution):
Write all the terms with the common base 25. Then

) 2524"';"' 24 13 17 241317

BiE gy = 257=25 0 = 257225 ¢
6

= 252 =25 =*

It follows that 8 —=-2,80x=23.
X

Example 19. (2007 NC Algebra II, 1985 AMC)
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Solution: (C).
Case I: ¥ —x—-1=1.

Ifx¥=x—1=1then¥—-x2=0 = ax=2orx==1
Case2:x+2=0and x* —x—1=0.

Whenx =—2,(x*—x—=1)""?=1%0. Sox =—2is a solution.

Case 3:x" —x—1=—1and x + 2 is even.

Fox-l=-1=x-x=0 = x=0orx=1.Ifx=0,thenx+2i1seven. Ifx

=1, then x + 2 1s odd and (—1)3 #1. So case 3 gives us one solution: x = 0.
Therefore the solutions are x =2, x =—1 (from case 1), x = —2 (from case 2), and x
= 0 (from case 3).

Example 24. (1984 AMC 12)

Solution: (D).

Method 1 (official solution):

Taking the one-hundredth roots, g g0

e n <5 =125

The largest perfect square less than 125 is 121 = 11°.

Method 2 (our solution):

200 2 ??2

n < 5100 — (2_2)100<5100 s 5_2<5 s

200
5

n <5 =125= n°<11°
The largest value of n 1s obtained when »* =117 orn=11.

Example 25. (2003 AMC 10B)

Solution: (D).

Method 1 (official solution):

Since ¢ must be divisible by 5, and 3* - 5% is divisible by 5%, but not by 5°,
we have b <2. If b= 1, then ab = (3°5%)' = (164,025)" and a + b = 164, 026.
If b= 2, then ab = (3*5)* = 4057 so a + b = 407, which is the smallest value.

Method 2 (our solution):

Since we want the smallest possible value for a + b, a are as close as possible.
(3* -5)* = &’ is the desired way to express 3° -52 = a’. (405)* = a”. So a = 405 and
b=2.The sum is 405 + 2 =407.
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