AMC 10 Preparation: 12. Geometry — Similar Triangles

BASIC KNOWLEDGE

Similar triangles are triangles whose corresponding angles are congruent and
whose corresponding sides are in proportion to each other. Similar triangles have
the same shape but are not necessarily the same size.

The symbol for “similar” 1s ~. The notation AABC ~A A'B'C" 1s read “triangle
ABC 1s similar to triangle A-prime B-prime C-prime.”

The commonly used principle to show that two triangles are similar 1s to find two
angles of one triangle that are congruent respectively to two angles of the other.

Commonly seen similar triangles (AABC ~ADEC)

C E
D E D B
C
D "
y B ; C
A B 4 B A4 E

Theorem 1. Corresponding sides (segments) of similar triangles are i proportion
to each other.

a b ¢ A By
If AABC ~AA4,B,Cy,then — =—=—.
0-1 bl Cl C a & a,
22 o8 e AABO ~ A B
A b C A b| C

a b
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Theorem 2. The ratio of the perimeters of two similar figures is:
Py @ b _ w

P, A4BC, b ¢
The ratio of the areas of two similar figures 1s:

S RPN 2
_AMBC (ﬂ) = (=)’ = (i) (12.2)
1 b, o)

A4,B,C, il

Theorem 3. A line parallel to a side of a triangle cuts off a triangle similar to the
given triangle.

If DE//BC, then AABC ~ A ADE g
AD AE DE  AG
AB AC BC AF D &\
AD _AE 4D _DB
DB EC AE EC I
B F €
Theorem 4. If L ACB=/4ADC =90°, then AABC ~ AACD ~ ACBD.
C
A D B
Theorem 5. If L/ ACB=/ADC = 90°, then
AC? = ABx AD (12.3) C
BC? = ABx BD (12.4)
CD? = ADx BD (12.5)
CDx AR = AC% BC (12.6)
A D B
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Theorem 6. In AABC, if D 1s the midpoint of AB, E 1s the midpoint of AC, then

DE/BC andDE:%BC. 4

B C

Theorem 7. Given AB/EF//CD. AB = a, CD = b, and EF = c.

b yl,1_1 (12.7)
d+b a4 b «©

Then = BF =p=

D
A
E
d b
&
B F 9

Theorem 8. In triangle ABC, if <4 — 2B, thena” =b +bc (12.8)

PROBLEM SOLVING SKILLS

Problems involved one pair of similar triangles

Example 7 (2000 AMC 10 Problem 16)

The diagram shows 28 lattice points, each one unit from its nearest neighbors. Segment A B meets
segment C D at E. Find the length of segment AFE.
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Problems involved two pairs of similar triangles

Example 8. (AMC) In the figure, ABCD 1s a quadrilateral with right angles at 4

and C. Points E and F are on AC and DFE and BF are
perpendicular to AC. If AE =3, DE= 5 and CE =7, then
BF =

(A) 3.6 (B) 4 4.2 (D) 4.5 (E) 3

Example 9. (2003 AMC 10 A Problem 22) In rectangle ABCD, we have AB = 8,
BC=9, Hison BC with BH=6, E 1s on AD with DE =

4. line £C intersects line AH at G, and F'1s on line AD

with GF 1 AF. What is the length GF'?

(A) 16 (B) 20 (C)24 (D) 28 (E) 30

G

D4 E

Example 10. (2003 AMC 10B Problem 20).
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E
Dl/\ 2 C
F G
3
3
A 5 B

21 25
A)10 B S (©12 DT ([®15

Example 12. (1998 AIME) Let ABCD be a parallelogram. Extend DA through 4
to a point P, and let PC meet AB at Q and DB at R. Given that PO = 735 and OR
=112, find RC.

Problems involved drawing additional lines

Example 13. (2004 AMC 10B Problem 20) In AABC poimts D and E lie on BC
and AC, respectively. Suppose that AD and BE intersect at T so that AT/DT' =3
and BT/ET = 4. What is the value of CD/BD?

| 2 3 4 5
(A) 3 (B) 9 (©) 10 (D) 11 (E) T
B
D
4 E C

Example 16. (2009 AIME) In parallelogram ABCD, point M is on AB so that

o, , and point N 18 on AD so that L . Let P be the point of
AD 2009

AB 1000

itersection of AC and MN. Find % )
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Problem 4. (2007 Mathcounts National Team Problem &) Rectangle ABCD 1s
inscribed in triangle EFG such that side AD of the
rectangle 1s on side EG of the triangle, as shown.
The triangle’s altitude to side EG 1s 7 inches, and
EG =10 inches. The length of segment AB is equal
to half the length of segment AD. What 1s the area
of rectangle ABCD? Express your answer as a
common fraction. E™=x D G

E

Problem 6. (2009 AMC 12 A #20) Convex quadrilateral ABCD has AB =9 and
CD = 12. Diagonals AC and BD mtersect at £, AC = 14,
and AAED and ABEC have equal areas. What 1s AE?
(A)6 B)7 (C)5 (D)4 (E)12

B A

C D

Problem 7. (AMC) Let ABCD be a parallelogram with ZABC =120 AB =16

and BC' = 10. Extend CD through D to E so that DE =4. If BE intersects AD at
F, then FD is closest to s
(A)1 (B) 2 (C)3 (D) 4 (E) 5 -

D C

=
>
oy

Problem 8. (2009 AMC 10 problem 17) Rectangle ABCD has AB =4 and BC = 3.
Segment EF 1s constructed through B so that £ L DB, and 4 and C lie on DE
and DF , respectively. What 1s EF'? E

(A)9 (B) 10(C) 125/12 (D) 103/9 (E) 12
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Problem 14. (2012 Mathcounts State Sprint 30) In rectangle ABCD, shown here,
point M 1s the midpoint of side BC, and pomt N lies on CD such that DN:NC =
1:4. Segment BN intersects AM and AC at points R

and §, respectively. If NS:SR:RB = x:y:z, where x, y B
and z are positive integers, what 1s the minimum R
possible value of x + y + z? M
S
D N B

Solutions

Example 7 (2000 AMC 10 Problem 16)

Answer (B): Extend DC to F. Triangle FAE and DBE are similar with
ratio 5 : 4. Thus AE = 5- AB/9, AB = /32 + 62 = /45 = 3/5, and AF =
5(3v/5)/9 = 5+/5/3.

Example 8. (AMC)

Solution: (C).
(A solution distinct from the official solution)
We label the angles as shown 1n the figure to the right.

BF AF E _ 10—m

ADEA~AABF: —=— = — (1)

AE DE 3 5
KCEB~NDEC: <X _8F . & _% 2)

DE CE 5 7

% m

1) becomes — =2—— 3
(1) 3 3 (3)
Substituting (2) into (3), we get
et = Fata &=2 = x=£=4.2.
3 7 ¥ 7 21 10
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Example 9. (2003 AMC 10 A Problem 22)

Solution: (B).
Method 1 (official solution):

(B) We have FA =5 and C'H = 3. Triangles GCH and GEA are similar, so

GC 3 nd CE_GE—GC’_l_%_g
GE 5 GE GE =~ 5 5
Triangles GF'E and C'DFE are similar, so
GF _CE 5
8 GE 2

and F'G = 20.

Method 2 (our solution):

We know that CH = BC - BH=9-6=3.
AE=AD-DE=9-5=5.

Triangle ABH 1s a 6-8-10 right triangle. So AH = 10.

GH+10 5

Trnangles GCH and GEA are similar, s0 ————=—= GH=15.
GH 3
Triangles ABH and GFA are similar, so AH = A5 = 10 = 8
GH+HA FG 15+10 «x
¥=20.
G
. Y3 H_ 6 p
0 |8
F 1
D4 E §

Example 10. (2003 AMC 10B Problem 20).

Solution: (D).
Method 1 (official solution):
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Let H be the foot of the perpendicular from E to DC. Since CD = AB =5,

FG =2, and AFEG 1s similar to AAEB, we have

il :2 ,$0 SEH=2FH+ 6, and EH = 2. Hence
EH+3 5

Area (AAEB) = %(2+3)-5 :2—25.

Method 2 (official solution):

D

E
|/]\ 2 ¢
F H G
5 B

Let I be the foot of the perpendicular from E to AB. Since AEIA 1s similar to

AADF and AEIB 1s similar to ABCG, we have AI/E]=
1/3 and (5 — AD/EI = 2/3.

Adding gives 5/EI=1, so EI = 5. The area of the
triangle 1s (1/2) - 5 - 5 =25/2.

Method 3 (our solution):
Connect AG. The area of triangle ABG 1s half of the

area of rectangle ABCD.

Since AABE 1s similar to AFGE, so ﬁ=E =
FG EG
5 J13+EG 2413
—=— = EG=——-.
2 EG 3
Sy BE
SA/LBG BG
2

Ly ey 3V s s 15 o

AABE BG AABG \/ﬁ 2 3 2 2 ;

Example 12. (1998 AIME)

43X Similar Triangles FY58 9 TQ

E
'
[}
!
[}
' 2 ¢
F i G
!
3 ! 3
[ ]
[}
[}
Al | 5—Al
l
E
p 1/ 2 \G 2 ¢
F 4
/7
- # 3 3
3 // E
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Solution: 308. P '3

Method 1 (official solution):
The similarity of triangles RBC and RDP o 0
implies that it g A B
RC RB W W
RP RD’ D c ) C
The similarity of triangles RBQ and RDC
implies that g . R—Q :

RD  RC
Thus L :ﬁ—g, of RC*=ROxRP=112x847=16x7x7x121. Hence

RC =4x7x11=308.

Method 2: (our solution).
ADRC~ABRQ= 2R_98 112 _DC-40 _, A0
RC DC RC DC DC
AAPQ ~ ADP(= & = % = L0 = 735
D¢ PC DC  735+112+RC
Substituting (2) into (1):
112 1 735
RC — 735+112+RC
= RC=308.

(D)

A o

Method 3 (our solution): D C  p c
RC*=ROxRP =112x(735+112)
RC =112 (735+112) =308.

Example 13. (2004 AMC 10B Problem 20)

Solution: (D).
Method 1 (official solution):
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Because AATE and AADF are similar, we have
DE_AD _4 and DF:4—x.
x AT 3 3
Also, ABEC and ADFC are similar, so
CD DF 4x/3 4

BC BE 5x 15

Thus ) _ CD/BC 415 4

BC 1-CD/BC 1-4/15 11

Method 2 (our solution):
Let F be a pomt on BC such that EF 1s parallel to AD. Let
BI'=4xand ET = x. Let AT=3yand ID = y.

Because AEFEB 1s similar to ATDB, we have % = =

BT

i :z: EF:EV.
v 4x 4-

—

We also have g—D = % Let BD =4a and DC = q.

v

AD DC __ 4y DF+CF

Because AADC is similar to AEFC, we have = =% =
CF 3 ” CF
1
:EzDFH :Ezé—z :(?F:ia.
5 CF 5 CF 11
5 16

Example 16. (2009 AIME)

Solution: 177.
Method 1 (official solution):
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Let point S be on AC such that NS 1s parallel to AB. Because AASN 1s similar to
AACD, AS/AC = (AP + PS)/AC = AN/AD = 17/2009.

7 .
Because APSN 1s similar to APAM, PS/AP = SN/AM = 2009 = AL ,and so
17 2009
——AB
1000
17 AC
i Pl = e _Hence 2009 = U5 ,and £ =177.
AP 2009 AP 2009 AP

Method 2 (our solution):
Extend NM through M to E and to meet the extension of CB at E.

We label the line segments as shown in the figure 1.
We know that AD // CE. So AAMN ~ ABME (Figure 1).

AN AM 17y  17x
_ = i

BE MB BE  983x
BE =983y.
We know that AN //CE. So AAPN ~ ACPE (Figure 2). ﬂ = £
CrE PC
17y AP N £ 1 2992
(2009 +983)y AC— AP AP 17
AL 2258 .
AP 17

2009 )

Figure 1 Figure 2
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Problem 4. Solution: 1223 )

F
Let the width be x and the length be y of the rectangle. |
i |
Since BC // EG, AFBC ~AFEC, BC - £C o/ \ e
2 _T1-x X |
= 14x=10(7—x) = 14x=70—-10x
35
ERRE —,
12
. - 35 a8, 1225
The area of rectangle ABCD 1s S ., = xx(2x) =—x(2x—) =——.
. wep =¥X(E0) = x@x) ==
Problem 6. Solution: (A).
Since AAED and ABEC have equal areas, AB// CD. B A
ABCD 1s a trapezoid. AABE ~ ACDE.
AB AE AE
= — = E
CD CE AC-AFE
2. = il =5 AK = 6.
12 14-AE C
D

Problem 7. Solution: (B).

Method 1(official solution)

Since AD//BC, AFDE ~ ABCE. Hence

FD DE DE 4

FD==—-BC=

LM 10=2.
BC ~ CE CE 4+16

Method 2 (our solution):
Since AB//ED, AABF ~ ADEF.
Applying Theorem 1 to AABF and ADEF:

AB AF 16 10-FD
ED FD 4 FD

I
S

20FD=40 = FD
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Problem 8. Solution: (C).
Method 1 (official solution): =
Note that DB =5 and AEBA, ADBC, and ABF(C are all similar.
Therefore 4/EB = 3/5, so EB =20/3. Similarly, 3/BF

=4/5,so BF=15/4.

Thus EF = EB + BF = 20/3 + 15/4 = 125/12. A ' °
Method 2 (our solution): D c_F
E o)
ADBA ~ ABEA. DB:AD:S . o
EB  AB EB 4
= LB = @
3 Ap—2 B\B A—2 \B
ADBANAFBC.Ezﬁ :izg B~5 E 5 3 N
AB BD 4 5 D C D C
= OF = Lz, :
4
EF =EB + BF :2—0+E:£.
3 4 12
Problem 14. Solution: 126.
Method 1 (official solution): s
n
Point M of rectangle ABCD is the midpoint ?
of side BC and point N lies on CD such that R
DN:NC = 1:4. Segment BN intersects AM M
and AC at points R and S. [f NS:SR:RB = S
x:y:z, what 1s the minimum possible value
ofx+y+z?LetAB=5nthen NC=4n. We DaN 4n G ~Pp

know that AABS ~ ACNS since £ BAS = £

NCS and £ ASB = 2 CSN. That means BS:NS = 5:4. Thus NS = (4/9)BN and BS =
(5/9)BN. 1f we extend segment AM beyond point M, and extend segment DC
beyond point C the segments will intersect at point P, as shown.

Now AABM = APCM, so CP = AB = 5n and NP = 4n + 5n =9n. Also AABR ~
APNR and AB:PN = 5:9 = BR:RN. Thus, BR = (5/14)BN and RN = (9/14)BN. It
follows that SR = BS — BR =[(5/9) — (5/14)]BN = (25/126)BN. We now have all
three segments expressed in terms of BN. Namely, NS:SR:RB =
(4/9):(25/126):(5/14) = (56/126):(25/126):(45/126) = 56:25:45. The minimum
sum 1s 56 + 25 + 45 = 126 Ans.
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Method 2 (our solution):

Extend BN and 4D to meet at E. We know that DN = %NC . So

EN = %NB = %(x +y+z2),and DE = iBC . AAES ~ ACBS, AAER ~ ACBR.
A B A B A B
g R M > M
N M S S
D D
D:,/N C /N C /N C
4 E E
E
Bc+Llpc ! -
AD+DE EN +x _ -ttt eyt
BC Vv+z BC y+z
5 l(Jc—i—),f—i—z)—i—x
=% =4 = S(y+z)=x+y+z+4x =
4 y+z
SPEIZ=0RF PIE = 4y +4z =5x (1)
1
AD+DE EN+x+y g FFEILITELY
1 = - = EZ - =
~BC z z
2
Iz=x+y4z4+H4x+y) = 92=5x15y (2)
SubsHinting [)ia (T ety L dudSy = Se=9p= Z=2m
Substituting (3) into (2): 9><%y:5x+5y = 9><%y—5y:5x = i:%.
y

Thusx:y:z=56:25:45. The smallest value of x + y + z1s 56 + 25 + 45 = 126.
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Method 3 (our solution): )
Draw ME // NC to meet NB at E. AABS ~ ACNS, AABR ~ AMER. Since DN : NC @

—1:4NC=24B .50 EM=LnCc=1:x24B-2 48

5 2 2 5
SoBE=EN=$,andER=EB—RB=M—2=“Y+“%.
AB_H> 5 = r€e 2 Sx=4y+4z (1)
NC NS 4 x 4
AB BR 5 z 5
EM ER 2 x+y-—z

2

dz=5x+5p -5z =5 xS p=0z

(2)

y 9
Thus x: y - z=156 : 25 : 45. The smallest value of x + y +z1s 56 + 25 + 45 =126.

Solving the system of equations (1) and (2): gl E and £ .
y z

A B A B A B
R ER R
E M E |
gsgfe===ml S S M
D D
b N % N C N C

43X Similar Triangles BJEE 16 TT



