AMC 10 Preparation: 18. Mean, Median, Mode, And
Range

BASIC KNOWLEDGE

1. Mean (arithmetic mean)

The mean of a set of data consisting of » numbers 1s the sum of numbers 1n the set
divided by n.

The mean of the numbers xy, x,, ...,x, , denoted by x and read “x bar”, 1s given by
B 40, Fo bR,

X=
n

The mean does not have to be a member of the set of data.

2. Median

The median 1s the number in the middle when the data are arranged 1n order from
least to greatest. When there are two middle numbers, the median is their mean.

Median 1s also the value that divides a group of numbers into two parts, with half
the number smaller than the median and half greater than 1t.

Steps to find the median of a set of numbers:

(1). Arrange all the » numbers in the set in numerical order from smallest to
greatest.

(2). The middle number 1s the median 1f 7 1s odd.

(3). The mean of the two middle numbers 1s the median 1f # 1s even.
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3. Mode

The mode of a set of data is the most frequently occurring number or numbers in
the data set.

The mode 1s always a member of the set of data. The mode 1s not necessarily
unique. Some sets of numbers have more than one most frequently occurring
values. A set of numbers with two modes 1s said to be bimodal while a set with
more than two modes may be described as multimodal.

4. Range

The range of a set of numbers 1s the difference between the least and the greatest
number in the set.

Example 18. (2000 AMC 10) Mrs. Walter gave an exam in a mathematics class
of five students. She entered the scores in random order into a spreadsheet, which
recalculated the class average after each score was entered. Mrs. Walter noticed
that after each score was entered, the average was always an mteger. The scores
(listed 1n ascending order) were 71, 76, 80, 82, and 91. What was the last scores
Mrs. Walter entered?

(A) 71 (B) 76 (C) 80 (D) 82 (E)91

Example 19. (2000 AMC 10 Problem 23) When the mean, median, and mode of
the list 10, 2, 5, 2, 4, 2, x are arranged 1n increasing order, they form a non-
constant arithmetic progression. What 1s the sum of all possible real values of x?
(A)3 (B) 6 ()9 (D) 17 (E) 20

Example 20. (AMC) The mean of three numbers 1s 10 more than the least of the
numbers and 15 less than the greatest. The median of the three numbers 1s 5. What
is their sum?

(A)5 (B) 20 (C)25 (D) 30 (E) 36

Example 21. (2002 AMC 10 A Problem 21) The mean, median, unique mode, and
range of a collection of eight integers are all equal to 8. What 1s the largest integer
that can be an element of this collection?

(A) 11 (B) 12 (C) 13 (D) 14 (E) 15

43X Mean”J Median*J] Mode*J And Range FY58 2 TR



Example 22. (2002 AMC 10 B Problem 25) When 15 1s appended to a list of
integers, the mean 1s increased by 2. When 1 1s appended to the enlarged list, the
mean of the enlarged list 1s decreased by 1. How many integers were in the
original list?

(A) 4 (B) 5 (C) 6 (D) 7 (E) 8

Example 23. (1995 AMC) A list of five positive integers has mean 12 and range
18. The mode and median are both 8. How many different values are possible for
the second largest element of the list?

(A) 4 (B) 6 (C)8 (D) 10 (E) 12

Solutions

Example 18. (2000 AMC 10)

Solution: (C).

Method 1 (official solution):

Note that the integer average condition means that the sum of the scores of the
first » students 1s congruent to 0 (mod #). The scores of the first two students must
be both even or both odd, and the sum of the scores of the first three students must
be divisible by 3. The remainders when 71, 76, 80, 82, and 91 are divided by 3 are
2,1,2, 1, and 1, respectively. Thus the only sum of three scores divisible by 3 1s
76 + 82 + 91 = 249, which 1s congruent to 1 (mod 4). So the score of the fourth
student must be congruent to 3 (mod 4), and the only possibility is 71, leaving 80
as the score of the fifth student.
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Method 2 (our solution):
[et five scores entered 1n order be a, b, ¢, d, and e.

We know that B

1s an integer, so the sum of @ and » must be divisible by 2.

So a and b have the same parity. They can be (76, 80), (76, 82), (80, 82), or (71,
91). The remainders when (76 + 80), (76 + 82), (80 + 82), and (71 + 91) are
divided by 3 are 0, 2, 0, and 0, respectively.

+b+c . : . g
We know that a—gc 1s an integer, so the sum of a, b and ¢ must be divisible

by 3.
If the first two numbers entered are 76 and 80, ¢ must be divisible by 3. But none

of 71, 82, or 91 1s divisible by 3. Same conclusion 1s true for (a, b) = (80, 82), or
(a, b)=(71,91).

The only case left is (a, b) = (76, 82).

If the first two numbers entered are 76 and 82. ¢ must have a remainder 1 when
divided by 3. Among 71, 80, and 91, only 91 has that property.

Thus the only sum of three scores divisible by 3 1s 76 + 82 + 91 = 249.

249 + d must be a multiple of 4. So d must be an odd number. Thus we have the
only choice: 71. Thus 80 1s the score of the fifth student.

Example 19. (2000 AMC 10 Problem 23)
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Solution: (E).

Method 1 (official solution):
If x were less than or equal to 2, then 2 would be both the median and the mode of
the list. Thus x > 2. Consider the two cases 2 <x <4, and x > 4.

Case 1: If 2 <x <4, then 2 is the mode, x 1s the median, and (25 + x)/7 1s the
mean, which must equal 2 — (x — 2), (x + 2)/2, or x + (x — 2), depending on the size
of the mean relative to 2 and x. These give x = 3/8, x = 36/5, and x = 3, of which x
= 3 1s the only value between 2 and 4.

Case 2: If x > 4, then 4 1s the median, 2 1s the mode, and (25 + x)/7 1s the mean,
which must be 0, 3, or 6. Thus x =—25, — 4, or 17, of which 17 is the only one of
these values greater than or equal to 4. Thus the x-values sum to 3 + 17 = 20.

Method 2 (our solution):

The list will be: 2, 2, 2, 4, 5, 10.

If x were less than or equal to 2, then 2 would be both the median and the mode of
the list. When the mean, median, and mode are arranged 1n increasing order, they
are not able to form a non-constant arithmetic progression. Thus x > 2.

Case 1: The list1s 2,2, 2, x, 4,5, 10.

2424 2+x+44+5+10 25+

- 1s the mean, x 1s the median, and 2 1s the mode,

+X

Arranged in increasing order, We have 2, x, forming a non-constant

arithmetic progression:
25+ %
+2

= =3

25+ x

I
%!

+2=2x =% x
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In all cases, 4 1s the median, X the mean, and 2 1s the mode.
We have
442 25+«x 25+ x
= = =3 = x=-4
2 7 7
25+ x
+4 )
7  ..5 = L85 s D
2 7
25+ x
+2 ’
I s DR e o a7
2 7

17 1s the only value greater than or equal to 4.
Thus the x-values sum to 3 + 17 = 20.

Example 20. (AMC)

Solution: (D).
Method 1 (official solution):
Since the median 1s 5, we can write the three numbers as x, 5, and y, where

%(x+5+y)=x+10 and %(x+5+y)+15=y.

If we add these equations, we obtain %(x +5+y)+15=x+y+10 and solving

for x + y gives x + y = 25. Hence the sum of the numbers 1s x + y + 5 = 30.

Method 2 (our solution):
Let three numbers be a < b < c.

a+b+c

We have =a+10=c—150r

a+bte a+ll e-15 wa+e-=5 (@tbte)—late—=5) b+5
3 1 1 2 3-3 1

We are given that the median of the three numbers is 5, so b = 5.

a+b+e 545
5 1

(D)

10 =% a+b+c=3%x10=30.

Substituting » = 5 nto (1):

Example 21. (2002 AMC 10 A Problem 21)
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Solution: (D).

Method 1 (official solution):
The values 6, 6, 6, 8, 8, 8, 8, 14 satisfy the requirements of the problem, so the
answer 1s at least 14. If the largest number were 15, the collection would have the
orderedform 7, , ,8,8, ., 15 But7+8+ 8+ 15=238, and a mean of 8
implies that the sum of all values 1s 64. In this case, the four missing values would

sum to 64 — 38 = 26, and their average value would be 6.5. This implies that at
least one would be less than 7, which 1s a contradiction. Therefore the largest
integer that can be in the set 1s 14.

Method 2 (our solution):

Let eight numbers be a; <ax < as;<as< as< ag< a7 < ag with the median a4+ as=
16 and mean a; + a» + as+as+ as+ as+ a7+ ag= 64, and the range ag— a;= 8.

We want the largest value for as. It 1s equivalent that we want the largest possible
value for a;.

The following list are all satisty the requirements of the problem.

a a» as ay as deg ay as
2 8, 8, g, 8, 10, 10, 10
3, 8, 8, 8, 8, 8, g, 11
4, 8, 8, 8, 8, 8, 8, 12
3, . 7, 8, 8, 8, 8, 13
0, 6, 6, 8, 8, 8, 8, 14

If we let a; be 7, as be 15, keep 8 as the unique mode, and keep a4+ as= 16, we
can get:
B T 7 8, 8, 8, 8, 15

The sum 1s 68 which 1s over 64, not possible. Therefore the largest integer that
can be 1n the set 1s 14.
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Solution

As the unique mode is &, there are at least two 8s.
As the range is 8 and one of the numbers is 8, the largest one can be at most 16.

If the largest one is 16, then the smallest one is 8, and thus the mean is strictly larger than 8, which is a
contradiction.

If the largest one is 15, then the smallest one is 7. This means that we already know four of the values: §, §,
7, 15. Since the mean of all the numbers is 8, their sum must be 64. Thus the sum of the missing four
numbersis 64 — 8 — 8 — 7 — 15 = 26. But if 7 is the smallest number, then the sum of the missing
numbers must be at least 4 - 7 = 28, which is again a contradiction.

If the largest number is 14, we can easily find the solution (6, 6, 6, 8, 8,8, 8, 14). Hence, our answer is
(D) 14|

Example 22. (2002 AMC 10 B Problem 25)

Solution: (A).

Method 1 (official solution):

Let n denote the number of integers in the original list, and let m denote the
original mean. Then the sum of the original numbers 1s mn. After 15 1s appended
to the list, we have the sum

(m+2)n+1)=mn+15 som+2n=13.

After 1 1s appended to the enlarged list, we have the sum
(m+1D(mn+2)=mn+16,s02m+n=14.

Solving m + 2n =13 and 2m+ n =14 gives m =5 and n = 4.
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Method 2 (our solution):
Let n denote the number of integers in the original list, and let m denote the

original mean. Let the numbers be a1, aa, - ,a,witha<ar £---<a,

We have 7% %4, _,, =% a,+a,+--+a, =mn (1)
n
+a,+:-+a,+15

QT l =m+2 (2)
n+1

@ +a, kebg, £15%1 i 3)
n+l1+1

- ; mn+15
Substituting (1) into (2): - =m+2 = m=13-2n (4)
n+

n(13-2n)+15+1
n+l1+1

Substituting (1) and (4) mnto (3): =13-2n+2-1 =

13n=2n+16
n+2
13n=2n" +16=14n-2n"+28—4n = 13n=10n+12= n=4.

=14-2n = 13n-2n*+16=(14-2n)(n+2) =

Example 23. (1995 AMC)

Solution: (B).

Method 1 (official solution):

Since the median and mode are both 8 and the range is 18, the list must take on
one of these two forms:

(D:a, b, 8,8, a+18 wherea<b<8<a+18

or (ID):c, 8,8, d c+18 wherec <8 <d<c+18.

The sum of the five integers must be 60, since their mean 1s 12.

In case (I), the requirement that 2a + b + 34 = 60 contradicts a, b < 8.

Incase (I1), 2¢ +d+34=60and ¢ <8 <d < c + 18 lead to these six pairs, (¢, d):
(8, 10), (7, 12), (6, 14), (5, 16), (4, 18), (3, 20).

Thus, the second largest entry in the list can be any of the six numbers

d=10, 12, 14, 16, 18, 20.
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Method 2 (our solution):

Let a be the smallest element, d the largest, and b, b, and ¢ the remaining
elements. Then b = 8.

a+2b+c+d=060 = atctd=44 (1)
andd —a=18 (2)
(1) = (2): a:l3—§ (3)
() +(Q2): d :31—% (4)

For a to be positive integer, from (3), we know that ¢ < 24.
Further, a < 8 implies a =13 —% <6 — &= 10

We also know that ¢ <d.
Thus ¢ must be one of the six integers 10, 12, 14, 16, 18, 20, 22, 24.
When ¢ =20, d =31—% =31-10=21.

When ¢ =22, d:31—%:31—11:20 < ¢ (not working).

Thus, the second largest entry in the list can be any of the six numbers
d=10, 12, 14, 16, 18, 20.
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