AMC 10 Preparation: 10. Divisibility

1. BASIC KNOWLEDGE

"Divisible by" means "when you divide one number by another number, the result
is @ whole number." "Divisible by" and "can be evenly divided by" mean the same
thing.

The expressions abc, abc, and abc are the same. abc=abc=100a +10b+c . They

represent a three-digit number such as 234=234=234.

The number of positive integers from 1 to » inclusive that are divisible by d is
n
7l

The number of positive integers less than » that are divisible by d 1s V; lJ.

| x| is called the floor function. Whenever we see this notation, we take the
greatest integer value that does not exceed x.

Examples: L3. 14J =3, L2.7J =2 and L9.9J =9.

The Union Formula for Two Events
The union of sets 4 and B, written as 4| B, 1s the set of all

A
elements belonging to A, or B. .
n(AUB)= n(A)+n(B)—n(AB)
The Union Formula for Three Events C
The union of sets 4, B, and C, written as AU BUC, is the
set of all elements belonging to 4, or B, or C. A %

n(AUBU )= n(A)+n(B)+n(C)
—n(ANB)—n(BNC)—n(CNA+n(ANBNC)
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Divisibility Rules

Divisibility rule for 2, 4, 8, and 16:

A number is divisible by 2 if the last digit of the number is divisible by 2 (21).

A number is divisible by 4 if the last two digits of the number are divisible by 4
(2°).

A number is divisible by 8 if the last three digits of the number are divisible by §
2°).

A number is divisible by 16 if the last four digits of the number are divisible by 16
(2.

Divisibility rule for 5, 25, 125, and 225:

A number is divisible by 5 if the last digit of the number is divisible by 5 (5Y).

A number is divisible by 235 if the last two digits of the number form a number that
is divisible by 25 (5%).

A number is divisible by ] 25 if the last three digits of the number form a number
that is divisible by 125 (5°).

A number is divisible by 6235 if the last four digits of the number form a number
that is divisible by 625 (5%).

Divisibility rule for 3 and 9

A number is divisible by 3 if the sum of the digits of the number is divisible by 3.
A number is divisible by 9 if the sum of the digits of the number is divisible by 9.

Divisibility rule for 7, 11, and 13:

(1) If you double the last digit and subtract it from the rest of the number and the
answer is divisible by 7, the number is divisible by 7. You can apply this rule to
that answer again if necessary.

(2) To find out if a number is divisible by 11, add every other digit, and call that
sum "x." Add together the remaining digits, and call that sum "y." Take the
positive difference of x and y. If the difference is zero or a mu/np]e of eleven, then

the original number is a multiple of eleven.

(3) Delete the last digit from the number, and then subtract 9 times the deleted
digit from the remaining number. If what is left is divisible by 13, then so is the
original number. Repeat the rule if necessary.

(4) If the positive difference of the last three digits and the rest of the digits is
divisible by 7, 11, or 13, then the number is divisibly by 7, 11, or 13, respectively.
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Divistbility rule for 6, 10, 12, 14, 15, 18, 24, and 36:

A number is divisible by 6 if the number is divisible by both 2 and 3.

A number is divisible by 10 if the number is divisible by both 2 and 5.
A number is divisible by 12 if the number is divisible by both 3 and 4.
A number is divisible by 14 if the number is divisible by both 2 and 7.
A number is divisible by 15 if the number is divisible by both 3 and 5.
A number is divisible by 18 if the number is divisible by both 2 and 9.
A number is divisible by 24 if the number is divisible by both 3 and 8.
A number is divisible by 36 if the number is divisible by both 4 and 9.

NOTE: If a number is divisible by two numbers that are relatively prime, then it
1s divisible by the product of those two numbers. "Relatively prime" means two
numbers have no common factor other than 1. For example, 3 and 4 are relatively
prime.

2. PROBLEM SOLVING SKILLS

(1). Divisibility with Rules

Example 12. (2010 AMC 10 B) Positive integers a, b, and ¢ are randomly and

independently selected with replacement from the set {1, 2, 3, ..., 2010}. What
1s the probability that abc + ab + a 1s divisible by 3?
(A)1/3 (B) 29/81 (C)31/81 (D) 11/27 (E) 13/27

(2). Divisibilitv With the Venn Diagram

Example 19. (2005 AMC 10B) How many numbers between 1 and 2005 are
integer multiples of 3 or 4 but not 127
(A) 501 (B) 668 (C) 835 (D) 1002 (E) 1169

Example 20. (2001 AMC 10B Problem 25) How many positive integers not
exceeding 2001 are multiples of 3 or 4 but not 5?

(A) 768 (B) 801 (C) 934 (D) 1067  (F) 1167

Example 23. (2003 AMC 10A) What is the probability that an integer in the set
{1, 2,3,...., 100} 1s divisible by 2 and not divisible by 3?
(A) 1/6 (B) 33/100  (C) 17/50 (D) 1/2 (E) 18/25

Solutions
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Example 12. (2010 AMC 10 B)

Solution 1
First we factor abc + ab + a as a(be + b + 1), so in order for the number to be divisible by 3, either « is divisible by 3, or be + b + 1lis
divisible by 3.
1
We see that a is divisible by 3 with probability 3 We only need to calculate the probability that bc + b + 1 is divisible by 3.

Weneedbc+ b+ 1 =0 (mod 3)orb(c+ 1) = 2 (mod 3). Using some modular arithmetic, b = 2 (mod 3)andc =0 (mod 3)or
1 1 1
b=1 (mod 3)andc =1 (mod 3). The both cases happen with probability 3%3= g% the total probability is 9

1 2 2 13
Then the answer is 3 + - 9 = ﬁcr.

Solution: (E).
Method 1 (official solution):
Let N=abc +ab +a = a(bc + b+ 1). If a 1s divisible by 3, then N is divisible by
3. Note that 2010 1s divisible by 3, so the probability that a 1s divisible by 3 1s 1/3.
If a 1s not divisible by 3 then NV is divisible by 3 if b¢c + b + 1 1s divisible by 3.
Define by and by so that b = 3hy + by 1s an integer and b, is equal to 0, 1, or 2.
Note that each possible value of b, 1s equally likely. Similarly define ¢y and ¢;.
Then
be+b+1=3bg+ bl)3co+ cl)+3by+ bl +1

= 3(31)0(‘0 + coby + c1bg + bo) +bic; + by + 1.

Hence bc + b + 1 1s divisible by 3 ifand only it by =1 and ¢; = 1, or by =2 and

c1 = 0. The probability of this occurrence 1s 2L +l = = E :
33 33 9
< —_— 3
Therefore the requested probability is i + £, = L ;
3 99 27

Method 2 (our solution):

abc+ ab+a = a(bc + b+ 1). We see that if a 1s divisible by 3, then N 1s divisible
by 3. Note that 2010 1s divisible by 3, so the probability that a 1s divisible by 3 1s
1/3.

If a 1s not divisible by 3 then abc + ab + a 1s divisible by 3 if be + b+ 1 18
divisible by 3.

be +b+1=0mod3 = bc +b=2mod 3 = b(c+1)=2mod 3
We have two cases:

Case 1:
b=2mod3
c=3mod3

The number of values for b 1s m and 2010 =2+ (m—1) x 3 = m=670.
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The probability to get such values 1s 670/2010 = 1/3.
The number of values for ¢ 1s n and 2010=3+ (n—-1) x 3 = m=670.
The probability to get such values is 670/2010 = 1/3.

So for case 1, we have the probability %% = % :
Case 2:

b=1mod3

¢=1mod 3

The number of values for b1s s and 2010=1+(s=1)x3 = s=670.

The probability to get such values i1s 670/2010 =1/3.

The number of values for cis rand 2010 =1+ (z—1) x 3 = t=670.
The probability to get such values 1s 670/2010 = 1/3.

So for case 2, we have the probability %% = 1 ;

9
o e R
So the probability that bc + b + 1 1s divisible by 3 1s 5 +§ =g

We have the following situations:

(1) a 1s divisible by 3, and be + b + 1 is not divisible by 3;
(2) a 1s not divisible by 3, and bc + b + 1 1s divisible by 3;
(3) a 1s divisible by 3, and bc + b + 1 is also divisible by 3.

The final answer will be %x%+%xg+lxg = 13

9 3 9 97

Example 19. (2005 AMC 10B)

Solution: (C).
Method 1 (official solution):
2005

Between 1 and 2005, there are L J = 668 multiples of 3, Lg‘?SJ =501

multiples of 4, and L%J = 167 multiples of 12. So there are (668 — 167) + (501

— 167) = 835 numbers between 1 and 2005 that are integer multiples of 3 or of 4
but not of 12.
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Method 2(our method):

Let A be the number of integers of multiple of 3. 4 i B P
Let B be the number of integers of multiple of 4.

Let C be the number of integers of multiple of 12.

The answer will be #n(4AUJBUC)—n(C) :

n(AUBUC)—n(C) = n(A4)+n(B)+n(C)
—n(ANB)—-n(BNC)—n(CNA)+n(ANBNC)-n(C)

_| 2005|2005 ] | 2005 2005 2005 2005
__ J L J \‘ J Lcm(BA)J_Lcm(B,IZ)J_Lcm(ﬁl,IZ)J
.| 2005 J LoosJ
| lem(3,4,12)
:{2005J+L2005J{2005J{2005J_LzoosJ_LzoosJ{zoosJ_foosJ
3 4 12 12 12 12 12 12

_ LzoosJ{zoosJ_z{_z?gSJ _ 668+501—2x167 = 835.

3 4

Example 20. (2001 AMC 10B Problem 25)

Solution: (B).

Method 1 (official solution):

For integers not exceeding 2001, there are [ 2001/3 ] = 667 multiples of 3 and

[ 2001/4] = 500 multiples of 4. These 667 + 500 = 1167 numbers includes the
[2001/12] = 166 multiples of 12 twice, so there are in total 1167 — 166 = 1001
multiples of 3 or 4. We also have to subtract the number of multiples of 5, so from
this group of numbers, we subtract the | 2001/15] = 133 multiples of 15 and the

[ 2001/20] =100 multiples of 20, since these are all multiples of 5 and 3, as well as
multiples of 5 and 4. However, in this subtraction segment, we have subtracted

[ 2001/60. = 33 multiples of 60 two times, so we must re-include these. The
number of integers satisfying the conditions 1s 1001 —133 — 100 + 33 = 801.
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Method 2 (our solution):

Our job 1s to find the shaded area in the figure below.
To find the shaded area, we find the union of sets 4, B and C, and
then subtract that from the set B to get the final result.

L2001J+L2001J+{2001J_L2001J_LzoolJ_LzoolJ
3 4 5 3x4 | | 3x5] | 4x5

2001 2001
_3x4x5__{ 5

2001J+ 2001J_ 2001J_L2001J_L2001J_{ 2001 J
| 3 4 | 3x4 35S 4%x5 3x4x5

=667+500-11-133-100+33 =801.

Let circle 4 represent the set of numbers divisible by 3, circle B v /\&/’ﬁ 5
/
represent the set of numbers divisible by 5, and circle C represent ( /@
the set of numbers divisible by 4. \\\L/ \‘s/
\\w%

+

Example 23. (2003 AMC 10A)

Solution: (C).
Method 1 (official solution):

Of the 100/ 2 = 50 mtegers that are divisible by 2, there are {%J =16 that are

divisible by both 2 and 3. So there are 50 — 16 = 34 that are divisible by 2 and not
by 3, and 34/100 = 17/50.

Method 2 (our solution):

The denominator of our fraction will obviously be 100, the total number of
mtegers i our set. To determine the numerator, we must find how many mtegers
from 1 to 100 are divisible by 2 and not divisible by 3.
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Let A4 be the integers from 1 to 100 divisible by 2 and B be the set of integers from
1 to 100 divisible by 3.

Our job 1s to find the shaded area of the figure below:

A B

To find the shaded area, first we calculate the union of AB

#(AU B) = n(A) + n(B) — n(AN B) {moJ{looJ{ 100 J — 504 38316 =67
2 3 553

Next, we subtract the set B: 67 — L@J =07/—33=34.

So there are 34 integers that are divisible by 2 and not divisible by 3.

The final solution 1s thenﬁ = E

100 50
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