AMC 10 Preparation: 19. Counting - Permutations and
Combinations

BASIC KNOWLEDGE

1. Permutations

A permutation 1s an arrangement or a listing of objects in which the order 1s
important. For example, 1f Alex, Bob, and Cathy are seated in a row of three seats,
the number of different ways of arrangements 1s 6: ABC, ACB, BAC, BCA, CAB,
and CBA. Another example 1s that we have three numbers 1, 5, 9, we are able to
form six 3-digit number: 159, 195, 519, 591, 915, and 951 if each digit can only
be used once in any such 3-digit number.

(1). We have n different elements, and we would like to arrange r of these
elements with no repetition, where 1 < r <n.

n!

The number of such permutations is  P(n,7) = (19.1)

(n—r)!

(2). We have n different elements, and we would like to arrange all » of these
elements with no repetition.

We let r =n1n (1) to get P(n, n) = n! (19.2)

These n distinct objects can be permutated in »! permutations.

The symbol ! (factorial) 1s defined as follows: 0! =1 (19.3)
and for mtegersn > 1, n!'=n-(n—-1) ---- 1 (19.4)
1=

21=2-1=2

31=3-2-1=6

M=4-3-2-1=24

51=5-4-3-1-1=120

6!=6-5-4-3-2-1=720

(3) Circular Permutations
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The number of circular permutations (arrangements 1n a circle) of » distinct
objects 1s (n — 1)! (19.5)

We can think of this as » people being seated at a round table. Since a rotation of
the table does not change an arrangement, we can put person 4 in one fixed place
and then consider the number of ways to seat all the others. Person B can be
treated as the first person to seat and M the last person to seat. The number of
ways to arrange persons 4 to M 1s the same as the number of ways to arrange
persons B to M in a row. So the number of ways 1s (n — 1)!.

A B C D E F M
= Dj t i i i F-——-

2. Combinations

Definition:
A combination 1s an arrangement or a listing of things in which order 1s not
important.

. n
Let n,  be non-negative integers such that 0 < < »n. The symbol [ J(read “n
p

choose 77) 1s defined and denoted by

(f?] _ P(n,r) _ 7! (19.6)
r) P(rr) rl(n-r)

Since n — (n—r) =r, we have (}?J=[ " J (19.7)

[f we have n different elements, and it doesn’t matter which order we arrange the
elements, the number of combinations to arrange m elements where 1 <m < n, 1s

L)
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3. Grouping Theorems

(a). Let the number of different objects be n. Divide » into » groups Ay, 4,, ..., A,
such that there are n; objects in group 4,, n, objects in group 4, ..., n, objects in
the group A4,, where n; + n, + - - - + n,= n. The number of ways to do so 1s

n!

N=—— (19.8)

!
n!n,)--n!

(b). Let there be r types of objects: n; of type 1, n, of type 2; etc. The number of
ways 1n which these n; + n, + - - - + n, = n objects can be rearranged 1s

|
L (19.9)

.t !
n!n,\--n!

4. Fundamental Counting Principle

When a task consists of &k separate steps, 1f the first step can be done in n; ways,
the second step can be done in n, ways, and so on through the K0 step, which can
be done 1n n ways, then the total number of possible results for completing the
task 1s given by the product:

N=nxnxnx.xn (19.10)

EXAMPLES

1. Counting Using the Fundamental Counting Principle

Example 1. (2004 AMC 10 B) How many two-digit positive itegers have at least
one 7 as a digit?
(A) 10 (B) 18 (C) 19 (D) 20 (E) 30

Example 2. (2003 AMC 10 B) A restaurant offers three desserts, and exactly
twice as many appetizers as main courses. A dinner consists of an appetizer, a
main course, and a dessert. What 1s the least number of main courses that the
restaurant can offer so that a customer could have a different dinner each night in
the year 2003?

(A)4 B)5 (C)6 (D)7 (E)8

2. Counting Using Permutations and Combinations
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from a menu of courses consisting of English, Algebra, Geometry, History, Art,
and Latin. This program must contain English and at least one mathematics
course. In how many ways can this program be chosen?

(A)6 (B) 8 ()9 (D) 12 (E) 16

Example 11. (1990 AMC) At one of George Washington’s parties, each man
shook hands with everyone except his spouse, and no handshakes took place
between women. If 13 married couples attended, how many handshakes were
there among these 26 people?

(A) 78 (B) 185 (C) 234 (D) 321 (E) 325

Example 13. (1994 AMC) Nine chairs in a row are to be occupied by six students
and Professors Alpha, Beta and Gamma. These three professors arrive before the
six students and decide to choose their chairs so that each professor will be
between two students. In how many ways can Professors Alpha, Beta and Gamma
choose their chairs?

(A)12  (B) 36 (C) 60 (D) 84 (E) 630

Example 15. A gardener plants eight trees out of three maple trees, two oak trees,
and four birch trees in a row. How many ways are there?

(A)1260 (B)1240  (C)1360 (D) 1480 (E) 1630

Solution: (A).
Case I: With two maple trees, two oak trees, and four birch trees, we have

!
8 =420 ways.
212141

Case II: With three maple trees, one oak tree, and four birch trees, there are

[
S = 280 ways.
34!

Case I1I: With three maple trees, two oak trees, and three birch trees, there are

!
8 =560 ways.
31213

The total number of ways to plant the trees 1s 420 + 280 + 560 = 1260.
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Example 21. (2008 AMC 10 B Problem 21) Ten chairs are evenly spaced arouﬁ%‘@%

a round table and numbered clockwise from 1 through 10. Five married couples
are to sit i the chairs with men and women alternating, and no one 1s to sit either
next to or directly across from his or her spouse. How many seating arrangements
are possible?

(A) 240 (B) 360 (C) 480 (D) 540 (E) 720

PROBLEMS

Problem 22. (2008 AMC 10 Problem 22) Three red beads, two white beads, and

one blue bead are placed in a line in random order. What 1s the probability that no
two neighboring beads are the same color?

(A) 1/12 (B) 1/10 (C) 1/6 (D) 1/3 (E) 172

Solutions

Example 1. (2004 AMC 10 B)

Solution: (B).

Method 1 (official solution):

There are 10 two-digit numbers with a 7 as their 10's digit, and 9 two-digit
numbers with 7 as their units digit. Because 77 satisties both of these properties,
the answer1s 10+9 — 1 =18.

Method 2 (our solution):

We use the indirect way to solve this problem. Suppose we only have the digits 0,
1,2.3,4,5.6.8, 9.

We can form 8 x 9 = 72 2-digit positive integers without the digit 7.
There are 9 x 10 =90 2-digit positive integers total.
So the answer 1s 90 — 72 = 18.

Example 2. (2003 AMC 10 B)
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Solution: (E).

Method 1 (official solution):

Let m denote the number of main courses needed to meet the requirement.
Then the number of dinners available is 3 - m - 2m = 6m”. Thus m” must be at
least 365/6 ~ 61. Since 7° =49 < 61 < 64 = 8. 8 main courses is enough, but
7 1s not.

Method 2 (our solution):

Let m denote the number of main courses.

By the Fundamental Counting Principle, the number of dinners a customer could
have 1s 3 x m x 2m which should be greater than 365. We try m = 8 and we get 3

x 8 x (2 x 8) = 384 which is big enough. Then we try m =7 and we get 3 x 7 x (2
x 7) =294 which 1s not big enough. So the answer 1s (E).

Example 9. (2013 AMC 10 A)

Solution: (C).

Method 1 (official solution):

Because English 1s required, the student must choose 3 of the remaining 5
courses. If the student takes both math courses, there are 3 possible choices for the
final course. If the student chooses only one of the 2 possible math courses, then
the student must omit one of the 3 remaining courses, for a total of 2 x 3 =6
programs. Hence there are 3 + 6 =9 programs.

Method 2 (official solution):
Because English is required, there are 5 remaining courses from which a student

must choose 3. Of those (3) possibilities, one does not include a math course.

S
Thus the number of possible programs 1s [2) =il=9

Method 3 (our solution):
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We list the courses as follows:

English (must choose)

Algebra, Geometry (choose at least one)
History, Art, and Latin (choose 2 or 1).

We have two cases:

| v,
Case 1: one English, one Math, two others: [l] X (l )x

HE
I8

| 2
Case 2: one English, two Math, one other: (l]x [2] X (

The answer1s 6 +3=9. (C).

Example 11. (1990 AMC)

Solution: (C).

Method 1 (official solution, the indirect way):

If Alex shakes hand with Bob or Bob shakes hand with Alex, their interaction
only counts as one time, so the order does not matter and we may use
combinations to solve this problem.

We have 26 people, so at most we can have (2 J handshakes. Among these

handshakes, there are (2~ J handshakes between women, and 13 handshakes

~

26 1
between spouses. Therefore the final answer 1s (2 ] — [2 J - 13 =234.

Method 2 (our solution, the direct way):

13
There are (2 } = 78 handshakes between men.

There are 13x12 =156 handshakes between men and women.
The answer 1s 78 + 156 = 234.

Example 13. (1994 AMC)
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Solution: (C).

Method 1 (official solution):
The two end chairs must be occupied by students, so the professors have seven
middle chairs from which to choose, with no two adjacent. If these chairs are
numbered from 2 to 8, the three chairs can be:
(2,4,6),(2,4,7),(12,4,8),(2,5,7), (2,5, 8)

(2,6,8),1(3, 5, 7), (3,5, 8), (3,6, 8),(4, 6, 8).

Within each triple, the professors can arrange themselves in 3! ways, so the total
number 1s 10 x 6 = 60.

Method 2 (official solution):

Imagine the six students standing in a row before they are seated. There are 5
spaces between them, each of which may be occupied by at most one of the 3
professors. Therefore, there are P(5, 3) = 5x4x3 = 60 ways the three professors
can select their places.

Method 3 (our solution):
We sit the students first. Once the students are seated, there are five spaces for

three professors to choose { J (two spaces at the ends do not count because each

professor needs to sit between two students) and there are 3! ways for them to
rearrange themselves.

Ot Bt i Rt

A B C

5
By the product rule, the answer 1s [J x 3! =60.

Example 21. (2008 AMC 10 B Problem 21)

43X Counting - Permutations and Combinations fY58 8 T8



Solution: (C).

Method 1 (official solution):
Let the women be seated first. The first woman may sit in any of the 10 chairs.
Because men and women must alternate, the number of choices for the remaining
women 1s 4, 3, 2, and 1. Thus the number of possible seating arrangements for the
women 1s 10 x 4! =240. Without loss of generality, suppose that a woman sits in
chair 1. Then this woman's spouse must sit in chair 4 or chair 8. If he sits in chair
4 then the women sitting in chairs 7, 3, 9, and 5 must have their spouses sitting in
chairs 10, 6, 2, and 8, respectively. If he sits in chair 8 then the women sitting in
chairs 5, 9, 3, and 7 must have their spouses sitting in chairs 2, 6, 10, and 4,
respectively. So for each possible seating arrangement for the women there are
two arrangements for the men. Hence, there are 2 x 240 = 480 possible seating
arrangements.

Method 2 (our solution):

Let the men be seated first.

The first man (/21) may sit in any of the 10 chairs. After he 1s seated, other four
men have (5 — 1)! =4! =24 ways to be seated.

Now woman 1 (wl) has two ways to be seated.

If she 1s seated between 42 and /43 as shown, woman 2 (w2) can sit between /1
and /5. Then we are not able to follow the rule to sit them.

hi
hi

hS

hd h3
hd

If woman 2 (w2) sits between /43 and h4, we have two cases and one case 1s
working as shown. The number of ways to do so is 24 x 10 = 240.
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hi hi
h2

28

hd h3 hd

If woman 1 (wl) 1s seated between /74 and A5 as shown, woman 2 (w2) can sit
between /3 and 44 (not working) or between /1 and 45 (working). The number of

ways to do so 1s 24 x 10 = 240.

hl G“>
h2 hS k2
il ot X
O (w1)
hd h3
h2
—s P
)\ @x

The answer will be 240 + 240 = 480.

Problem 22. Solution: (C).
Method 1 (official solution):
There are 6!/(3!2!1!) = 60 distinguishable orders of the beads on the line. To meet

the required condition, the red beads must be placed in one of four configurations:
positions 1, 3, and 5, positions 2, 4, and 6, positions 1, 3, and 6, or positions 1, 4,
and 6. In the first two cases, the blue bead can be placed in any of the three
remaining positions. In the last two cases, the blue bead can be placed in either of
the two adjacent remaining positions. In each case, the placement of the white
beads 1s then determined. Hence there are 2 x 3 + 2 x 2 = 10 orders that meet the
required condition, and the requested probability 1s 10/60 = 1/6.
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Method 2 (our solution):

!
By grouping rule, we have % = 60 ways to place 3 red beads, 2 white beads, and

1 blue bead are placed in a line.

We obtain the number of ways that no two neighboring beads are the same color
by listing.

From left to right we list 5 ways,
RBWRWR
RWBRWR
RWRBWR
RWRWBR
RWRWRB

From right to left we get another 5 ways.

The probability 1s (5 + 5)/60 = 1/6.
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