AMC 10 Preparation: 11. Character of Digits

BASE 10 NUMBER REPRESENTATIONS
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M =2345=2x10"+3x10° +4x10" +5x10° = 2000+ 300+ 40+5..

M =2345=10x234+5

M =2345=100x23+45

M =2345=1000x2 +345

DIGIT PROBLEMS — INTRODUCTION

Example 3. [.et #(x) denote the sum of the digits of the positive integer x. For
example, #(7) =7 and #(1234)=1+2+ 3 +4 =10. For how many two-digit
values of x 15 #(%(x)) =67

(A) 6 (B) 8 (C) 10 D) 12 (E) 14

Example 7. (2009 AMC 10 A) What is the sum of the digits of the square of
Va0 7
(A) 18 (B) 27 (C) 45 (D) 63 (E) 81

MORE COMPLICATED DIGIT PROBLEMS
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Example 16. (2005 AMC 10B Problem 24) Let x and y be two-digit integers
such that y is obtained by reversing the digits of x. The integers x and y satisfy x*
—y* = m" for some positive integer m. What is x + y + m?

(A) 88 (B) 112 (C) 116 (D) 144 (E) 154

Solutions
Example 3.

Solution: (C).
Let y = #(x). Since each digit of x 1s at most 9, we have y < 18. Thus if &(y) =6,
we have y =6, or y= 15. The 6 values of x for which #(x) = 6 are 60, 51, 15, 42,

24, and 33. The 4 values of x for which #(x) =15 are 96, 69, 87, and . Hence there
are 10 values 1n all.

Example 7. (2009 AMC 10 A)

Solution: (E).
Method 1 (official solution):
The square of 111,111,111 1s
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87654321

Hence the sum of the digits of the square of 111,111,111 1s 81.
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Method 2 (our solution):
(11L110111)° =A1L111,111x10+1)* =(11111,111x10)* +2x11,111111x10+1
The last two terms give the digit sum of 2 x 8 + 1.

The digit sum of the expansion of (11,111,111x10)" is the same as the digit sum of
the expansion of 1(1,111111)".
ALITLI1D)? =@ITL111x10+1)* = (1,11 L111x10)* +2x(1,111,111x10)+1

The last two terms give the digit sumof 2 x 7+ 1.

We see that the pattern to obtain the sum of the digits:
Cx8+1DN+2x7+D+..+2x0+1)=2x(0+8)x92+9=72+9=81.

Solution 2(Pattern)

Note that:

112{: 121
1112 = 12321
11117 = 1234321

We see a pattern and find that 111, 111, 111% = 12, 345, 678, 987, 654, 321 whose digit sum is 81 — .

Solution 4

We can also do something a little bit more clever rather than just adding up the digits though. Realize too that
1% =7

11* = 121

111% = 12521

1,111% = 1234321

We clearly see the pattern, the number of digits determines how high the number goes, as with 1117, it has 3 digits so it goes up to 1, 2, 3 then
decreases back down. If we start adding up the digits, we see that the first one is 1, the second is 2 + 1 + 1 = 4, the third one is

1+ 243+ 241 =29 andthe fourth one is 16. We instantly see a pattern and find that these are all square numbers. If the number you
square has 4 digits, you do 4° to see what the added digits of that particular square will be. In this case, we are dealing with 111, 111,111
which has 9 digits so 9 equals 81 —

Example 16. (2005 AMC 10B Problem 24)
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Solution: (E).

Method 1 (official solution):

By the given conditions, it follows that x > y.

Let x=10a + b and y = 10b + a, where a > b. Then

m* =x* —y*=(10a + b)* —(10b + a)* =994 —99b* = 99(a* — b?).

Since 99(a” —b7) must be a perfect square,

a* —b> = (a+ b)(a —b) = 11k* for some positive integer k.

Because a and b are distinct digits, we havea —h<9 —-1=8anda+bh <9+ 8=
17. It follows that a + b= 11, a —b = k>, and k is either 1 or 2.

If k=2, then (a, b) = (15/2, 7/2), which is impossible. Thus k=1 and (a, b) = (6,
5). This gives x =65,y =56, m=33,and x +y+m = 154.

Method 2 (our solution):

By the given conditions, it follows that x > y.

Letx=10a+ b and y = 10b + a, where a > b. Then

m? =x7 —3* = (10a + b)* —(10b + a)* = 994* —99b* = 99(a* — b?).

Since 99(a” —b?) must be a perfect square, for some positive integer 7, we have
a —b*=(a+b)a-b)=11n" (1)

Note that (¢ + b) and (a — b) have the same parity.
We have the following two cases:

Case I:
i+ bh=11]
a — b= } 2)
or
a+b=n } 3)
a—-b=11
Both systems give us a=11+n-.
. . o _ 11+#° ,
n 1s odd and a 1s the digit from 6 to 9. Thus 6 < =0 =5 1w £3

4>[X Character of Digits F58 4 TQ




The only value for » 1s 1, and so @ = 6. Plugging this value 1nto (2),
we get b=15. This results inx =65, y=56, m =33, and x + y + m = 154.

Case II:

a+b=n } (4)
a—-b=11n

or

atb=11n (5)
a—-b=n }

Both systems give us a = 6mn.
We know that a 1s a nonzero digit less than 9, and sorn =1 and a = 6.
Substituting this mto (5), we have h = 5.

This gives us x =65, y =56, m =33, and x + y + m = 154.
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