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1. PYTHAGOREAN THEOREM

(For right triangles only): a° + b = ¢* (1.1)

(a and b are two legs. ¢ 1s the hypotenuse). :

Proof: c
b

Method 1: (Chinese way):
Arrange four congruent right triangles to form a square as show o

in the figure. s =
(4
The area of the four triangles 1s éa xbx4=2ab (1) = b
The area of the smaller square is (b—a)* =b> —2ab+a” (2) q b L
The area of the large square is ¢’ (3) .
B) =D +@) -
& =%axb><4+(b—a)2: 2ab+b* —2ab+a’ = & =a" £
Method 2: (U.S. President Garfield’s way): p
Arrange two congruent right triangles as show in the figure.
Connect PQO. Quadrilateral ABQOP 1s a trapezoid. " Q
Since ZPRA +Z0RB =90°, so ZPR(Q = 90° and APRQ is a b .
right triangle.
A @ R b B

The two bases of the trapezoid are a and b.
The height is (a + b). The area of trapezoid ABOP 1s

a+b)yx(a+b
The sum of the areas of three right triangles
S= iab+la!b+ic2 (2)
2 2 2

We know that (1) = (2).

(a"'b)z(aer):iab—kiab+ic3 = a’ +2ab+b’=ab+ab+c’ =

c=a’+b
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Method 3 (the simplest way).
In right triangle ABC, draw CD L AB. We know that
AABC ~AACD ~ ACBD and:

AC? = ABx AD (D)
43 A D B

BC* = ABx BD (2)
(1) + (2): AC* +BC?* = ABx AD + AB x BD = AB(AD + BD) = ABx AB = AB’
Method 4:
In right triangle ABC, draw CD L AB. From the lecture 26, we know that AABC ~
AACD ~ ACBD. &
We also knowthat S0 305 = vae
— SACBD 3 SAACD =1

SAA.BC S/_\ABC

BC o) AC - i d - b 3 < B
= ‘=1l = () ()=l i D

(AB) (AB) (C) (C)
= a’+b*=¢

2. SOME THEOREMS

Theorem 1.

When we draw similar figures on the two legs and the hypotenuse of a right
triangle, the following formula 1s true:

S, =8,+5; (2.1)

Proof:

_(%T (1) e@

SURETN

S, +S.= "’c;zb_slz S..
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Theorem 2.
Draw semicircles along the sides of a right triangle, using the sides of the right
triangle as the diameters, the following relationship 1s true:

S, =8,+85, (2.2)
Proof:

Since triangle ABC 1s a right triangle, we have:

a*+b* = (1)

2
Multiplying every term of (1) by %ﬂ(%} ;

L4444
2 12 2 K2 % \Z

Subtract (84 + 55) 1n each side of (2):

lﬁ(ﬁ} —S4+l;r(éJ —5'-;:177(2] -5, -85, =5 S5+ 8;=8;.
2 \2 2 \2 s 2 A2 ) B )
Theorem 3.

In a 45° — 45° — 90° right triangle, or right isosceles triangle, the length of the
hypotenuse 1s V2 times of the length of each leg.

AB =2a (2.3)
Proof:
By Pythagorean Theorem, AC* + BC* = AB’ B
= AB* = AC* + BC*? = @* +a* = 24°
== AB =~2a* =2a o
45
V2a
a
45°
H 4
C d
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Theorem 4. For a right triangle, 1f £4 = 30°, then

BEC = %AB (2.4) B
AC = ?AB (2.5)

30° [
AB = ifi( (2.6) A ¢

Theorem 5. The length of the median to the hypotenuse of a right triangle equals
one-half the length of the hypotenuse.
AM = MB = MC

B

A C

Theorem 6. AAB(C is a right triangle (£C = 90°). D 1s any point on BC, and E 1s
any point on AC.

AD* + BE* = AB* + DE? (2.7)
Proof:

Applying Pythagorean Theorem to triangle ACD:

AC* +DC* = AD? (1)

Applying Pythagorean Theorem to triangle EBC:
EC?+CB®* = ED? (2)
(1) +(2): AD* +ED* = AC* +DC*+EC* +CB*

= (AC?*+BC*)+(EC* +DC*)= AB* + DE’
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Theorem 7. AABC 1s a right triangle. If D and £ are midpoints of BC and AC,
respectively, then

M AD* + BE*) =548 (2.8)

Proof:
In (2.7), substituting DE = %AB ;

5487
4

AD* + BE? :ABer(%AB)2 =
— 44D+ BE*)=54B".

3. PYTHAGOREAN TRIPLES

A Pythagorean triple 1s an ordered triple (a, b, ¢) of three positive integers such
that a® + b* = ¢*. If a, b, and ¢ are relatively prime, then the triple is called

primitive.

a b [ a b
3 4 3 3 12 13
8 15 17 J 24 25
20 2] 29 12 35 37
9 40 41 11 60 61
13 84 85 15 112 113

4. PROBLEM SOLVING SKILLS

4.1. Pythagorean Theorem and Areas

Example 1. How many of the following are true for right triangle ABC with two
legs a and b and hypotenuse ¢?

B
Latb>c LA+ /B=4C NLa +b*=¢

IV.d +b° < V. a+bh<2¢ ¢ a
(A) I, II only. (B) IL, IIT only. (C) L, 11, IIT only. 4 s
(D)L IL, IIL IV only  (E) All true. b«

PR FHX 1 HE 5T



Solution: (E).

[ is true by triangle inequality.
LA+ £ B=/ZC=90° Sollis true.
[T 1s true by Pythagorean Theorem.

¢ =cxc® =cla’ +b*)=ca’ +cb’ > aa’ +bb* =a’ +b°. So IV is also true.

_ (a+b)° _l_(a—b)2
2 2

2¢* > (a+b)y = a+b<2c

c=a’+b° =2 2¢” = (a+b)* +(a—b) =

Then V 1s also true. The answer 1s (E).

Example 2. The two tangent circles with the radu 3 and 1, respectively, have an
external common tangent as shown. Find the shaded area.

(A) 4\5—%: B.Q—%zr C. 4n D.5nE4\/§—%n’

Solution: (A).

We see that DF = DA -~ AF = DA -BC=3-1=2.
DC=3+1=4.

Thus triangle DCF 1s a 30° — 60° — 90° right triangle.

Example 3. The two circles as shown have the same center C. Chord 4D 1s
tangent to the inner circle at B. Find the shaded area if AB = 12.
A. 144n B. l4In C.160n D.578n E.200n

Solution: (A). "L
Connect BC. We know that CB L AD at B.
We know that triangle ABC 1s a right triangle. Applying

Pythagorean Theorem we get AC* — BC* = AB’ (1)

S, the shaded area = the area of the larger circle — the area of the

smaller circle:

S=7xAC* =7 xBC? = 71(AC?* — BC?) (2)
Substituting (1) mnto (2):

S=nxAB* =7x12* =144r .

P FOX 1B 6



Example 4. Find the perimeter of a right triangle whose hypotenuse 1s 2 and
whose area 1s 2.

(A) 243 B)2+2v3 (©4 D) 2432 B 1+243

Solution: (B).
By the Pythagorean Theorem, we have a* + b* = ¢ W
We are given that %a_b = 2 = 2ab=8 (2)

(D+Q):(a+b’=8+* = (a+bF=12 = a+b= 243
The perimeter 1s 2 + 243.

Example 6. Right triangle ABC with AC =2, AB + BC =6 . Find the area of

AABC.
(A) 1/2 (B) 3/4 (C) 3/5 (D) 3/8 () 1

Solution: (A). A
(x+}’)2:(\/6)2 = X +2xp+1" =6 5
X
By the Pythagorean Theorem: x° +1° =4
So2yp=2 =% w1 By €

2 2

Example 6. Right triangle ABC with AC =2, AB + BC =/6 . Find the area of

AABC.

(A) 172 (B) 3/4 (C)3/5 (D) 3/8 (E) 1
Solution: (A). A

(x+y)* = (Jg)z =5 #4359 =6 )

X

By the Pythagorean Theorem: x° +1° =4

So2xyy=2 = g:i_ B 3y &

) 2 2

Example 7. The perimeter of a right triangle 1s 2 +4/6 inches and the length of
the median to the hypotenuse 1s 1 inches. How many square inches are in the area
of the triangle?

(A) 3/2 (B) 1/2 (C) 4/5 (D) 3/4 (E) 1/3
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Solution: (B).
Let a, b, and ¢ be the three side lengths of the nght triangle.

By the Pythagorean Theorem, we have a* + b* = ¢ (1)
a+b+c=2++6 (2)
We know that ¢ = 2. So (2) becomes a+b= J6 (3)
Squaring both sides of (3): (a+5)* =6 = ab=1
axb 1
8 e S——=—,
AA4BC 2 2

Example 8. The perimeter of a right triangle 1s 120 inches and the length of the

altitude to the hypotenuse 1s 24 inches. How many square A

inches are in the area of the triangle?

(A) 150  (B)300 (C)500 (D)600  (E 1200 al 4, <
Solution: (D). ¢ b B

Let a, b, and ¢ be the three side lengths of the right triangle. According to the
problem, we have

a+b+c=120 (1)

a’+b* =¢’ (2)

a><b=24><c :>c=@ 3)
2 2 24

Method 1

(1) can be written as a+bh=120—c¢ (4)

Squaring both sides of (4): (a+b)* =(120—c¢) =
a’+2ab+b’ =(120—c)’ = 2ab+c’ =(120—¢)° =
2ab=(120-c)’ -c* = 2ab =14400-240c =

2ab =14400 - 240><%—14400 10ab= 12ab= 14400:%—600

Method 2.

Square both sides of (1) to get a” +b> +¢* +2ab+2bc+2ac =120
Substituting (2) and (3) into the above equation, we can obtain
2¢* +2x24c+2ch +2ca =120?
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=2¢” +2x24c+2c(b+a) =120
=2¢” +2x24c+2¢(120—c) =120

— 288¢ =120° = c=50
24xe

The area of the triangle equals =12e=600,

Example 9. The perimeter of triangle ABC 1s 24. M 1s the midpoint of AB such
that MC = MA = 5. How many square inches are in the area of

the triangle?
(A)48 (B)24 O)12 (D) 14 (E) 128 5

M
Solution: (B).

Since M 1s the midpoint of 48 and MA =5, MB =5.
So MA=MB=MC. Thus ZACB = 90°.

Sowehave AC+BC=14 (1)

and AC* + BC* = 10° 2)

Squaring both sides of (1): AC* + 24C x BC + BC* =14 =
24C x BC + 10° = 14° =  24CxBC=14"—10*=96.
= AC x BC=48.

The area of the triangle 1s S, ;. = —AC ; e = % =24..

Example 10. The lengths of three sides of a right triangle are all integers. One of
the legs has the length 13. What 1s the perimeter of the triangle?
(A) 85 (B) 170 (C) 84 (D) 182 (E) 180

Solution: (D).
Let the other leg be x. the length of the hypotenuse is /x* +13% .
Since the length of the hypotenuse is an integer, we let Vx> +13> =%
= x*+132 =? S b —x =13 = (k—x)k+x)=13>.
We know that k—x < k+x.

So we have:
k—x =1 (1)
k+x =13’ (2)

(D+@):2k=170 = k=85.
Thus x = 84. The perimeter 1s 85 + 84 + 13 = 182.
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4.2. Pvthagorean Theorem and Line Segments

Example 11. (2000 State Sprint) In the diagram BD =6 km, AB =3 km, and DFE
=5 km. What is the number of kilometers in AE?

(AY5 B)7 (©)8 (M2 E10 4
" ; B D
Solution: (E). c
Looking at the figure to the right and applying the
Pythagorean Theorem to right triangle AFE gives us:
2l 2 A )
AE* = AF* + FE* s \
—  AE=VAF*+FE’ =8 +6> =10. Pl = WA,
Lo
5! ]
|
| SR S
F 6 &
Example 12. In quadnlateral ABCD, £A = 60°. £ZB = £D n
=90°. AB =4, and AD = 5. What is BC/CD?
(A)1 B)2 (CO)V3 [D)54 (E)1/2 C
Solution: (B). ;
Extend AD and BC to meet at E. ZE = 30°. -
SoAE =2AB =8and DE=8-5=3. A " 3

Applying the Pythagorean Theorem to AABE produces

BE =) AB® —~ AB* =413

In right triangle CDE, EC = 2CD.

Applying the Pythagorean Theorem to ACDE produces
EC*=DE’+DC* = (2CDYy* =DE* +DC* =

3CD* = DE* = 3CD*=3"= CD=43.
So EC=2+/3 and BC=BE—EC =4/3-2/3=2./3 .
BC 23 _,

Thus =
Ch <3
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Example 13. Triangle ABC has sides AC, BC and AB measuring 18, 24 and 30
units, respectively. If D 1s the midpoint of segment 45, what is

the length of segment C'D? D
(A)15 (B)20 ©)24 (D)12 (E) 18 2 24

Solution: (A).

Note that three sides of the triangle 1s a Pythagorean triple. B
By Theorem S,CD:AD:DB:%AB:B. 30D
24
1 18 c

Example 14. (2002 AMC 10B Problem 22). Let AXOY be a right triangle with
£X0Y =90°. Let M and N be the midpoints of legs OX and OY | respectively.
Suppose that XN =19 and YM = 22. What 1s XY ?

(A) 24 (B) 26 (C) 28 (D) 30 (E) 32

Solution: (B).
Method 1 (official solution):
Let OM = g and ON = b. Then 19° = (2a)* +5* and 22° =a’ + (2b)°

X X
Y
: I\ y R
a
O b N Yy o 2b Y

Hence 5(a” +5°) =19 +22° =845

It follows that MN =~/a> +b*> =169 =13
Because AXOY 1s similar to AMON and XO =2- MO, we have XY =2- MN = 26.
X
a
M

a

O » N bh Y
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Method 2 (our solution):

By Theorem 2.8, XY* =%()(N3 +NY?) = ?[(19)2 +(22)*] :§(845) =676
XY =+/676 =26.

Example 15. (2004 AMC 10A Problem 22) Square ABCD has side length 2. A
semicircle with diameter 4B is constructed inside the square, and the tangent to
the semicircle from C intersects side AD at E. What 1s the length of CE?

@A) - +2‘/§ ® V5 © V6 D2 ®5-5
Solution: (D). B ¢
Method 1 (official solution):

Let F be the point at which CE 1s tangent to the semicircle,

and let G be the midpoint of AB. Because CF and CB are E

both tangents to the semicircle,

CF = CB=2. Similarly, EA = EF. Let x = AE. A B

The Pythagorean Theorem applied to ACDE gives
Q2 -x)+22=Q2+x)"~
It follows that x = 1/2 and CE =2 + x = 5/2.

(;1
Method 2 (our solution): . ’
Connect GF. G 1s the center of the circle. =X /
Quadrilaterals BCFG and FGAE are similar. s X F 2
SowehaveB—C:E:E:l: x:l. | N
FG FEF 1 = 2 A G B
CE=2+x=5/2.
D 2 C
Method 3 (our solution): - 2
The three sides of the triangle CDE are 1n the :
proportions of 3:4:5. Since DC = 2, DE must be 3/2 E 7T
- i b4
and CE must be 5/2 (with x = E). A B
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Example 16. The sides of a right triangle have lengths x — y, x, and x + y where x
>y > (). Find the ratio of x to y.
(A)3:2 B)2:1 (C)3:1 (D)4:1 (E)4:3

Solution: (D).
Since x > y >0, x + y 1s the longest side.

Sowehave (x+71) =x"+(x—y)’ (1)
Dividing both sides of (1) by 1™ (£ +1)° = (E)2 + (E ~1)° (2)
v v v
Let m=-— (2) becomes: (m+1)Y =m’ +(m—-1)° = m’=4m = m=4.
1%

—=m=

x4
y I

Example 17. A triangle has sides of lengths 14, 11, and 7. Find the length of the
altitude of the triangle drawn to the longest side.

14410 125 31 12410 1210

A)—— B)—— O —-0O)—— B —/—
7 7 7 ¥ 49
Solution: (D).
Method 1:
We draw the figure. Applying the Pythagorean Theorem to AACD:
AC? —AD* =CD* = T —x =D (D c
Applying the Pythagorean Theorem to ABCD:
BC*-DB*=CD* = 11 =(14-x=CD* (2) ; N
2 7 ) 7 31 X ¢

H-Q): 7" =-x"=1I"-(14-x)" = x=7. 4 F & B "
Substituting x = % into (1): 7° —(%)2 =CD’ = Ch = @

Method 2:
The semi perimeter of the triangle 1s (7 + 11 + 14)/2 = 16.
By the Heron Formula, the area of the triangle 1s

J16(16=7)16 —11)(16—14) =124/10 .

Also the area can be calculated by %x 14x CD.

12410

So%xléGCD:lZ\/ﬁ = D= —
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Example 18. Given a right triangle ABC with £A4 = 90°, AD 1s the altitude from

to BC. Find AB/AC it BD/DC = 1/4. Express your answer y
as a common fraction.
(A) 3/2 B2/l (€)y1/2 (D) 1/3 (E) 3/5
Solution: (C). - 2
Method 1: b
We know that BD/DC = 1/4. Let BD=1. Then DC =4.
We also know that AD* =BDxDC=1x4=4.So AD=2.
The Pythagorean Theorem applied to AABD gives
AR =BDP + ADP =22+ 1%2=5 (1)
The Pythagorean Theorem applied to AADC gives
ACP=DC*+AD*=4*+2>=20 (2)
AB -
D+Q2)y —=,—==.
(= AC 20 2
Method 2:
We know that AABC ~ AACD ~ AABD and:
AC* =BCxDC (1)
AB* = BCxBD (2)
AB* BCxBD BD 1 AB I |
(2) = (1): = = =— o —_—= ===
AC- BCxDC DC 4 AC 4 2
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Example 19. In the right triangle ABC shown, £ and D are the trisection points of 2
the hypotenuse AB. If CD =7 and CE = 6, what is the length of hypotenuse AB5? K

(A) /17 B) 317 () @ D)5 (F)4 £

Solution: (B).

Draw DG // BC, EF' /! AC as shown.
Since AD = EB, ZADG = A EBF, . GAD= A~ FEB, AADG ¢ B
1s congruent to A EBF.

Let AG =EF =xand GD = BF =y.
CG =2x and CF = 2y.

Applying Pythagorean Theorem to right triangle CDG :
2x) +y* =7 (1

Applyimng Pythagorean Theorem to right triangle CFE:
(2y) +x* =6’ 2)

() +(2): 5x2 4512 =746 =85 = x*+y* =17

Thus BE = /x> + y* =417

Example 22. (2002 AMC 10A Problem 23) Points 4, B, C, and D lie on a line, in
that order, with AB = CD and BC = 12. Point E 1s not on the line, and BE = CE =
10. The perimeter of AAED 1s twice the perimeter of ABEC. Find AB.

15 . 17 , 19
(A) 5 (B) 8 © e D) 9 (E) 5
7
) 10
A B 12 C D
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Solution: (D).

Method 1 (official solution):

Let H be the midpoint of BC. Then EH 1s the perpendicular bisector of AD, and
AAED 1s 1sosceles. Segment £H 1s the common altitude of the two 1sosceles

triangles AAED and ABEC, and EH = 10" - 6> =8.

Let AB =CD =xand AE = ED =y. Then 2x + 2y + 12 = 2(32), so y = 26—x.
Thus, 8+ (x + 6)°=)"= (26 —x) and x = 9.
E
y V
10 10

A X B6 H6C X D

Method 2 (our solution):
Let AB = CD =xand AE = ED =y. Then 2x + 2y + 12 = 2(32).

Sox +y =26 (1)
Applying Pythagorean Theorem to triangle AEH:
Thus, y* — (x + 6)*= & =  (y—x—6)y+x+6)=64

== (y+x—2x—-6)(y+x+6)=064 (2)

Substituting (1) into (2): (26 — 2x — 6)(26 + 6)=64 = (20— 2x)(32)= 64
= (20-2v)=2 = 10-x=1= x=10-1=09.

Example 23. (2004 AMC 10 A Problem 20) Points E and F are located on square
ABCD so thatABEF 1s equilateral. What is the ratio of the area of ADEF to that of
AABE?

(A) 1 (B) % (C) V3 (D) 2 E) 143

3
Solution: (D). “ —
Method 1 (official solution):
First, assume that AB = 1, and let ED = DF = x. By the
Pythagorean Theorem x* + x* = EF? = EB* = 1" + (1 — x)*, so g

¥ = 2(1 —x). Hence the desired ratio of the areas 1s 4 B

)

Area(ADEF)  x~
Area(AABE) 1-—x
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Example 24. In AABC, we have AC = BC =61 and AB = 22. Suppose that D 1s a

point on line AB such that B lies between 4 and D and CD = C

100. What is BD?

(A)22 (B)42 )52 (D)69 (E) 64

Solution: (D). 6l 6l W

Let CH be an altitude of AABC. Applying the Pythagorean

Theorem to ACHB and to ACHD produces

1002 —(x+ 112 =CH2 =612 =112 =60, s0 (x + 11)* = "

100°-60°=6400 =  x+11=80 c
I
I
|
|
|
|
\

B D

Thus BD=x=80-11=69.

Note that 11-60-61 and 60-80-100 are all Pythagorean
Triples.

h
A7 T 1IB X D

Example 25. Let P be a point inside the square ABCD. Find the area of the square
if PA=5,PB=8, and PC=13.

(A)I153 (B)126 (C)128 (D) 130 (E) 132 A - B
q

Solution: (A). C P
Draw PE 1 AB, PF 1 BC, as shown 1n the figure. Let the
side length be a, PE = x, and PF = y. 13
Applying the Pythagorean Theorem on AAEP, ACPF, and D c
ABPF, we have
x*+(a-y) =25 (1) A AL - B
(a—x)* +12 =169 ) -
¥ +y =64 (3) a b
(1)=3): a* —2ay =-39=4a’y’ =(a’ +39)° 4)

D ¢

(2)-(3): a® =2ax=105=4a’x" =(a* —-105)" (3)
@+ (5): 4a° (x> +y)=(a® +39)° +(a* =105 (6)
Substituting (3) into (6): 4a’ x64 = (a’ +39)* +(a” —105)’
= a*—-194a* -6273=0.

So a* =41 or 153.

Since PC < AC. or 13 < +2a. 2a* >169 . Thus a*> =153 .
So the area 1s 153.
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