AMC 10 Preparation: Ratios and Proportions

1. RATIOS

Ratios are used to compare two or more numbers.

For any two numbers a and b (b # 0), the ratio 1s writtenas a:hb=a+b = % = a/b.

Properties of ratios:

The first term of a ratio can be any number. The second term can also be any
number except zero.

If the two terms are multiplied by the same number d, the ratio does not change.
a:b=(axd).(bxd)

If the total number of partsism = A + B,and A - B = a : b, then

a b
, and the fractional part of b 18 )
+b = a+b

the fractional part of a 1s

A=

xm and B =
a+b . a+b

XM .

If the total number of partsism =4+ B +C,and A : B . C= a :b: c, then

the fractional part of a 1s , the fractional part of h1s ———, and

a+b+c a+b+c
~ - ~ . C.

the fractional part of ¢ 1s .

a+b+c
a s
A= s B= xm and C = X m
a+b+c a+b+c | a+b+c

2. CONTINUED RATIO

The ratio of three or more quantities 1s called the continued ratio. For example,
a:b:c 1s a combinations of three separated ratios = a:b, a:c, and b:c.

(MBarb;e=2:3:4.then
a:b=2:3,b:¢c=3:4,andc:a=4:2.
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QUa:b=2:3,b:c=3:4,andc:a=4:2,then
grbh:eg=2:3:4,
a:b=2:3

b:c=3:4 T_"_*

B Ha:-b=2:3.andb.:c=5:4mote3=5),thena:b:e=2x5):(3%x5):
(B3x4)=10:15:12.

a:b=2:3
l | a:b:c= 10:1?:12
b:c=5:/4 h |

3. PROPORTIONS

A proportion is an equation of two ratios. For example, £ =<, We can find a if
b d

we know b, ¢, and d or we know b and the value of ¢/d.

Properties of Proportion:

Propertyv 1: % = gis equivalent to :

ad = be 3—2 i—i é_i
' o c d’ b a a ¢
g8 € a+b c+d a-b c—d
Property 2: If —=—, then = and = )
b d b d b d
a+b c+d
Property 3: If — = — then =
a—-b c—d
g a ¢ a+c
Propertv 4: If — Jheir—r=—=
—ope = b d b+d
In general: iff =2 o _% hen & B e . W

b +b, +b, +..+b b

1 2 3 n
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Application to jobs:

For one entire job, if ; people of the same rate »; can complete the job in a # unit
of time, and 7, people of the same rate », can complete the job in a 7, unit of time,
1 1
then =
rimt,  mmgls

For more than one job, if n; people of the same rate »; can complete w; jobs in #;
unit of time, and n, people of the same rate | can complete w, jobs mn # unit of
. w w,
time, then —— = —=
rit;  Bu

Example 3. (2006 AMC 10B) Joe and JoAnn each bought 12 ounces of coffee in
a 16-ounce cup. Joe drank 2 ounces of his coffee and then added 2 ounces of
cream. JoAnn added 2 ounces of cream, stirred the cotfee well, and then drank 2
ounces. What 1s the resulting ratio of the amount of cream in Joe’s coffee to that
i JoAnn’s coffee?

(A) 6/7 (B) 13/14 (L) (D) 14/13 (E) 7/6

Solution: (E).

Method 1 (official solution):

Joe has 2 ounces of cream in his cup. JoAnn has drunk 2 ounces of the 14 ounces
of coffee-cream mixture in her cup, so she has only 12/14 = 6/7 of her original 2
ounces of cream in her cup. Therefore the ratio of the amount of cream 1n Joe’s

7

coftfee to that in JoAnn’s coffee 1s # =—.
2-(6/7) 6

Method 2 (our solution):

When Joe added 2 ounces of cream, the fractional parts of cream 1n Joe’s cup 1s
2 __1
10+2 6
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When JoAnn added 2 ounces of cream, the fractional parts of cream in JoAnn’s
= —. Note that the fact that JoAnn drank 2 ounces of mixture does

cup 1s
P 12+2
not change the fractional parts of cream.

1

6 _71
I &

The ratio 1s
?
1s 1 : 6. What 1s the ratio of w to y?
(A)1:3 (B)16:3
Solution: (B).
Method 1 (official solution):
462 16

-
-
-
—_——  —

Method 2 (our solution):

w_4

X

|
© |

|
N
| — o |t £

T L S
|

w
X _
v

(D +(2):

Substituting (3) into (4): —-—=
.}?

Method 3 (our solution):

(C)20:3

%,
< |2

=

l\)lw‘w-l}-

(D) 27 : 4

U

o | co

I
W | co

< |3
o | —

Example 6. (1992 AMC) The ratio of wtox1s4:3,of ytoz1s 3 : 2 and of z to x
(E)12:1

(1)
(2)

)

w:ix=4:3, y:z=3:2, z:x=1:6 can be written as:

wix=4:3, x:2=6:1 z:y=2:3,0r

wi=16:12, ¥:2=12:2 z:3=2:3.

This i p=1613.
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Example 14. (2014 AMC 10A) Suppose that a cows gives b gallons of milk i ¢
days. At this rate, how many gallons of milk will 4 cows give in e days?

.. bde ac .. abde bede abc

(A) — (B) —- (©) (D) (E) —

ac bde C a de

Solution: (A).
Method 1 (official solution):
One cow gives b/a gallons in ¢ days, so one cow gives b/(ac) gallons in 1 day.

Thus d cows will give (bd)/(ac) gallons in 1 day. In e days d cows will give
(bde)/(ac) gallons of milk.

Method 2 (our solution):

The job i1s to give milk. i O

rlt R

Let w be the number of gallons of milk d cows give mn e days.

. 5 b bd
The tormula Wi = W2 becomes: — w = w=—e.

rant,  BRit; ac de ac

Example 15. (1956 AMC 12) An engineer said he could finish a highway section
1n 3 days with his present supply of a certain type of machine. However, with 3
more of these machines the job could be done in 2 days. If the machines all work
at the same rate, how many would it take to do the job with one machine?

(A) 6 (B) 12 (C) 15 (D) 18 (E) 36

Solution: (D).

Method 1 (official solution):

In 1 day, x machines can do 1/3 of the job and x + 3 machines can do %2 of the
job. So 3 machines can do 1/2 — 1/3 =1/6 of the job in 1 day, and 1 machine can

do 1/18 of the job in 1 day. Hence, 18 days are needed for 1 machine to complete
the job.

Method 2 (our solution):
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According to formula, we have l = l = 1 = : :
nit;  nls nx3 (n+3)x2
n=6and r=i= 1 =_i
nt, 6x3 18
One machine will need 7" days to complete the job. From formula (4):
Imyr=10Ix L =] = T =nt = 6x3=18 days.
nxt

Example 16. (1956 AMC 12).Two candles of the same height are lighted at the
same time. The first 1s consumed in 4 hours and the second in 3 hours. Assuming
that each candle burns at a constant rate, in how many hours after being lighted
was the first candle twice the height of the second?

(A)3/4hr.  (B)1%hr (C)2hr. (D)2 2/5hr. (F)2 %hr.

Solution: (D).
Method 1 (official solution):
Let the height in each case be 1. 1—%:‘ = 2(1—%1‘) o = 2% :

Method 2 (our solution):
Following formula (1), we have the burning rates of the two candles as:

| Lo
]’l = = }/‘2 e

r, 4 3
According to formula, in 7 hours after being lighted, the heights of burning
cancllesareltll:T><i:z H,,:Txizz

t, 4 - . 3

We are given that at this moment, the height of the first candle 1s twice the height
of the second candle, so we have:1-/1, =2(1-H,)= 1 —% =2(1- %)
= calS 22110111*3.

5 5
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Problem 16. (2008 Mathcounts State Team) One night two cylindrical wax
candles of different heights and different diameters were lit. One of the candles
was 20 cm taller than the other. They were both lit at the same time and each
burned at a steady rate. Five hours after they were lit they were both the same
height. The taller one burned all of its wax six hours after it was lit, and the
shorter one burned all of its wax 10 hours after 1t was lit. What was the ratio of
the original height of the shorter candle to the original height of the taller candle?
Express your answer as a common fraction.

Problem 16. Solution: %

Method 1 (official Solution):

We have two candles one of which 1s 20 cm taller than the other. They are both lit
at the same time. 5 hours later they were both at the same height. The taller one
burned all of 1ts wax in six hours while the shorter one burned all of 1ts wax in 10
hours. So what is the ratio of the original height of the shorter candle to the
original height of the taller candle?

Let x be the height of the smaller candle. Then x + 20 1s the height of the larger

x+20

candle. The taller one burns at the rate of per hour. The smaller one burns

x+20

at the rate of % per hour. After 5 hours there was of the larger candle left

and % = % of the smaller candle left. These two values, 1.e., the lengths of the

x+20=£

candles after 5 hours of burning, are equal. = 6x=2x+40

= 4x =40 =1 x=10.
Sox + 20 = 30.

short 10

1
longer 30 3
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Method 2 (our solution):

Let H; be the height of the taller candle and H be the height of the shorter candle
before they were lit:

We are given that the taller candle burned all of 1ts wax six hours after 1t was lit,
and the shorter candle burned all of its wax 10 hours after 1t was lit. That means at
5 hours, the taller candle still had 1/6 of its original length and the shorter candle
had 'z of this original length. The heights of two candles after being lit for 5 hours
are also shown below:

T Q T
1

Ee S He

—k— S | —

Since the two candles were both the same height after they were lit for 5 hours,

lHr:le = H":l_
§ 2 H, 3

t

Problem 17. (1970 AMC) Points P and Q are on line segment 45, and both
points are on the same side of the midpoint of 4B. Point P divides AB in the ratio
2:3, and Q divides AB in the ratio 3:4. If PO = 2, then the length of segment 4B 1s
(A) 12 (B) 28 (C)70 (D) 75 (E) 105

Problem 17. Solution: (C).

Method 1 (official solution):

Since points P and QO divide 4B in the ratios 2:3 and 3:4, respectively (see figure),
they are I and t of the way from A to B. So AP = (2/5)AB, and AQ = (3/7)AB.
Now PO = AQ — AP = (3/TYAB — (2/5)AB = AB/35.
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We are told that PO=2,s0 AB=2 x35=70.

Method 2 (our solution):

Let 4B =2a. L o
AP 2 )% 2 e ® —e o
We have —=— = e
PB 3 2a—p 3 A4 qP IQC B
=% 3p=4a-2p L b i . b J
4a
= = — 1
P= (1)
Wehaveﬂzi =5 1 :E =3 4q =6a —3q
OB 4 2a—q 4
6a
=5 = — 2
== (2)
6a 4a
We also know that g —p=2 = 2=7—? a=35

Therefore AB=2 x 35=70.
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