AMC 10 Preparation : Percentages

BASIC KNOWLEDGE

Terms

A percent is a ratio that compares a number to 100. It also means hundredths, or
per hundred. The symbol for percent 1s %.

Note: The word “percent” consists of two parts: per and cent. Per means "divide
by" and cent means "hundred."

Percent 1s a special form of decimals and a more special form of fractions. For

example, 50% =% =if).5.

All the operation rules of decimals and fractions will apply to percent.

Percent of change: A number is changed from the value of a to the value of b,

b-a 100%.

if b > a, the percent of change (increase) is

a=b 100

if b < a, the percent of change (decrease) 1s
a

PERCENTAGES INVOLVED MONEY

Example 6. (2005 AMC 10B) Brianna is using part of the money she earned on
her weekend job to buy several equally-priced CDs. She used one fifth of her
money to buy one third of the CDs. What fraction of her money will she have left
after she buys all the CDs?

(A) 1/5 (By /3 (©) 2/5 (D) 2/3 (E) 4/5

Solution: (C).

Method 1 (official solution):

The number of CDs that Brianna will finally buy 1s three times the number she
has already bought. The fraction of her money that will be required for all the
purchases 1s (3)(1/5) = 3/5. The fraction she will have left is 1—-3/5 = 2/5.
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Method 2 (our solution):

Assume that Brianna has $100 (divisible by 5) and she bought 30 CD’s (divisible
by 3).

She used one fifth of her money to buy one third of the CDs. So she used

%x'100=$20 to buy %X30=10CD’S.

30 CD’s would cost $60. So the fraction she will have left is (100 — 60)/100 =
40/100 = 2/5.

Example 9. (2009 AMC 10 B) In a certain year the price of gasoline rose by 20%
during January, fell by 20% during February, rose by 25% during March, and fell
by x% during April. The price of gasoline at the end of April was the same as it
had been at the beginning of January. To the nearest integer, what is x ?

(A) 12 (B) 17 (C) 20 (D) 25 (E) 35

Solution: (B).

Method 1 (official solution):

Let p denote the price at the beginning of January. The price at the end of March
was (1.2)(0.8)(1.25)p = 1.2p. Because the price at the end of April was p, the
price decreased by 0.2p during April, and the percent decrease was

x =100 - (0.2p)/(1.2p) = 100/6 ~ 16.7.

To the nearest mteger, x 1s 17.

Method 2 (our solution):

Let p denote the price at the beginning of January.

The price of gasoline at the end of April was 1.2p x 0.8 x 1.25 x (1 —x)=p =
12(1-x)=1=12¢=0.2 =x=02/12=0.16.

To the nearest integer, x 1s 17%.

Example 10. (2012 AMC 10 B) Anna enjoys dinner at a restaurant in
Washington, D.C., where the sales tax on meals 1s 10%. She leaves a 15% tip on
the price of her meal before the sales tax 1s added, and the tax is calculated on the
pre-tip amount. She spends a total of $27.50 for dinner. What 1s the cost of her
dinner without tax or tip?

(A) $18 (B) $20 (C) $21 (D) $22 (F) $24
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Solution: (D).

Method 1 (official solution):
Tax 1s 10% and tip 1s 15%, so her total cost 1s 100% + 10% + 15% = 125% of her
meal. Thus her meal costs $27.50/1.25 = $22.

Method 2 (our solution):

Let p denote the cost of her dinner without tax or tip.
The tip 1s 0.15p.

The tax 1s 0.1p.

The costis p+0.15p + 0.1p = $27.50.
Solving for p: p=27.50 + (1 +0.15+ 0.1) =22.

SCORES AND POINTS

Example 11. (2005 AMC 10B) On a certain math exam, 10% of the students got
70 points, 25% got 80 points, 20% got 85 points, 15% got 90 points, and the rest
got 95 points. What 1s the difference between the mean and the median score on

this exam?

(A) 0 B) 1 (©) 2 (D) 4 (E) 5

Solution: (B).
Method 1 (official solution):
The percentage of students getting 95 points 1s

100 — 10 — 25 =20 - 15 =30, so the mean score on the exam 1s
0.10 (70) + 0.25 (80) + 0.20 (85) + 0.15 (90) + 0.30 (95) = 86.

Since fewer than half of the scores were less than 85, and fewer than half of the
scores were greater than 85, the median score 1s 85. The difference between the

mean and the median score on this exam 1s 86 — 85 = 1.

Method 2 (our solution):

Let 100 be the total number of students.

Number of students 10 25 20 )y 30

Scores 70 80 85 90 95

The total score 1s 10 x 70 +25 x 80 + 20 x 85+ 15 x 90 + 30 x 95 = 8600.
The mean score on the exam 1s 8600/100 = 86 and the median 1s 85.

So the answer 18 86 — 85 = 1.
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70 points, 35% scored 80 points, 30% scored 90 points, and the rest scored 100
points. What 1s the difference between the mean and the median of the students’
scores on this quiz?

(A)1 (B) 2 (€)3 (D) 4 (E) S

Solution: (C).

Because over 50% of the students scored 90 or lower, and over 50% of the
students scored 90 or higher, the median score 1s 90. The mean score 1s

il 70+£-80+£-90+%x100=87 for a difference of 90 — 87 = 3.

100 100 100

Method 2 (our solution):

Let 100 be the total number of students.

Number of students 10 35 30 25 (100 - 10-35-30)
Scores 70 80 90 100

The total score 1s 10 x 70 + 35 x 80 + 30 x 90 + 25 x 100 = 8700.

The mean score on the exam 1s 8700/100 = 87.

Because over 50% of the students scored 90 or lower, and over 50% of the
students scored 90 or higher, the median score 1s 90.

So the answer 1s 90 — 87 = 3.

Example 13. (2007 AMC 10B) A teacher gave a test to a class in which 10% of
the students are juniors and 90% are seniors. The average score on the test was
84. The juniors all received the same score, and the average score of the seniors
was 83. What score did each of the juniors receive on the test?

(A) 85 (B) 88 (C) 93 (D) 94 (E) 98

Solution: (C).

Method 1 (official solution):

Let N be the number of students in the class. Then there are 0.1N juniors and 0.9N
seniors. et s be the score of each junior. The scores totaled 84N = 83(0.9N) +

s(0.1N), so s = BAN—830IN) _ o5

0.1N

Method 2 (our solution):
We assume that the class has 100 students with 10 juniors and 90 seniors.
Then90 x 83+ 10 xx=100 x 84 = x = (8400 — 7470) + 10 =93.
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play soccer, 30% of the children swim, and 40% of the soccer players swim. To
the nearest whole percent, what percent of the non-swimmers play soccer?
(A) 30% (B) 40% (C) 49% (D) 51% (E) 70%

Solution: (D).

Method 1 (official solution):

For every 100 children, 60 are soccer players and 40 are non-soccer players. Of
the 60 soccer players, 40% or 60 x 40/100 = 24 are also swimmers, so 36 are non-
swimmers. Of the 100 children, 30 are swimmers and 70 are non-swimmers. The

fraction of non-swimmers who play soccer 1s 36/70 ~ 0.51, or 51%.

Method 2 (our solution):

We assume that there are 100 campers. soccer players  swimmers

By Venn diagram, the number of campers who 60 30
did not do any of the two activities is x and

100-x=60+30-24=66 = x=34.

So the number of non-swimmers 1s 34 + 36 = 70. 14

The fraction of non-swimmers who play soccer
1s 36/70 ~ 0.51, or 51%.

Example 15. (2010 AMC 10 B) At the beginning of the school year, 50% of all
students in Mr. Wells” math class answered “Yes” to the question “Do you love
math”, and 50% answered “No.” At the end of the school year, 70% answered
“Yes” and 30% answered “No.” Altogether, x% of the students gave a different
answer at the beginning and end of the school year. What is the difference
between the maximum and the minimum possible values of x ?

(A)0  (B)20 (C)40  (D)60  (E)80

Solution: (D).

Method 1 (official solution):

Assume there are 100 students in Mr. Wells’ class. Then at least 70 — 50 =20
students answered “No” at the beginning of the school year and “Yes” at the
end, sox =>20. Because only 30 students answered “No” at the end of the school
year, at least 50 — 30 = 20 students who answered “Yes” at the beginning of the
year gave the same answer at the end, so x < 80. The difference between the
maximum and minimum possible values of x 1s 80 — 20 = 60. The minimum x =
20 1s achieved if exactly 20 students answered "No” at the beginning and "Yes”
at the end of the school year. The maximum x = 80 1s achieved if exactly 20
students answered ”Yes at the beginning and the end.
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Method 2 (our solution):

Beginning End
50Y 70Y
50N 30N

We see that the number of student who answered “Yes” increased by 20. So at
least 20 students changed their answers. This number 1s achieved if 20 students
answered “No” at the beginning answered “Yes” at the end of the school year.

We get 80, the maximum number using the following way:

We let all 50 students who answered “No” at the beginning answered “Yes” at the
end of the school year. Then we let 30 of the 50 students who answered “Yes”
before answered “No”.

0Y 70Y
>
50N 30N

The answer 1s (50 + 30) — 20 = 60.

Example 16. (2013 AMC A) In a recent basketball game, Shenille attempted only
three-point shots and two- point shots. She was successtul on 20% of her three-
point shots and 30% of her two-point shots. Shenille attempted 30 shots. How
many points did she score?

(A) 12 (B) 18 (C) 24 (D) 30 (E) 36

Solution: (B).

Method 1 (official solution):

If Shenille attempted x three-point shots and 30 - x two-point shots, then she
30

scored a total of ﬂ-S-er—Q (30 —x) =18 points.
100 100

Method 2 (our solution):

Let x be the number of three-point shots and y be the number of two-point shots.
x+y=30

o ; 3
The number of points she scored 1s 12—0 : 3x+—O 2y

100
= 0.6x+:0.6y=0.6(x+y)=06%30=18.
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OHTERS

Example 17. (2004 AMC 10B) A bag initially contains red marbles and blue
marbles only, with more blue than red. Red marbles are added to the bag until
only 1/3 of the marbles in the bag are blue. Then yellow marbles are added to the
bag until only 1/5 of the marbles in the bag are blue. Finally, the number of blue
marbles in the bag 1s doubled. What fraction of the marbles now in the bag are
blue?

(A) 1/5 (B) 1/4 (C) 1/3 (D) 2/5 (E) 1/2

Solution: (C).

Method 1 (official solution):

Suppose that there are mitially B blue marbles in the bag.

After red marbles are added the total number of marbles in the bag is 3B. Then
after the yellow marbles are added, the number of marbles in the bag 1s 5B.
Finally, adding B blue marbles to the bag gives 2B blue marbles out of 6B total
marbles. Thus 1/3 of the marbles are blue.

Method 2 (our solution):
Let r, b, y be the number of red, blue, or yellow marbles, respectively.
Let x be the number of red added.

3 =1 = =r+b+x = r+x=>25
r+b+x 3
% = = Sh=ptby+-%+y = r+x+y=4b
r+b+x+y 5
2b 26 2b 1

r+2b+x+y:2b+4b_@_3'

Example 18. (2013 AMC A) A flower bouquet contains pink roses, red roses,
pink camations, and red carnations. One third of the pink flowers are roses, three

fourths of the red flowers are carnations, and six tenths of the flowers are pink.
What percent of the flowers are carnations?
(A) 15 (B) 30 (C) 40 (D) 60 (E) 70
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Solution: (E).
Method 1 (official solution):
Because six tenths of the flowers are pink and two thirds of the pink flowers are
carnations, (6/10) x (2/3) = 2/5 of the flowers are pink carnations.

Because four tenths of the flowers are red and three fourths of the red flowers are
carnation. (4/10)(3/4) =3/10 of the flowers are red carnations. Therefore 2/5 +
3/10 =7/10 = 70% of the flowers are carnations.

Method 2 (our solution):
We need to find the sum of the pink carnations and red carnations.

Since LCM (3, 4, 10) = 60, we assume there are 60 flowers.

We know that six tenths of the flowers are pink. So the number of pink flowers 1s
60 x (6/10) = 36. Thus we have 60 — 36 =24 red flowers

We know that three fourths of the red flowers are carnations. So the number of
red carnation is 24 x (3/4) = 18.

We know that one third of the pink flowers are roses. So the number of roses 1s
36/3 = 12. And the number of pink carnation 1s then 36 — 12 = 24.

The answer 1s (18 + 24)/60 = 0.7 = 70%.

Problem 8. (2009 AMC 10 A) Three generations of the Wen family are going to
the movies, two from each generation. The two members of the youngest
generation receive a 50% discount as children. The two members of the oldest
generation receive a 25% discount as senior citizens. The two members of the
middle generation receive no discount. Grandfather Wen, whose senior ticket

costs $6.00, 1s paying for everyone. How many dollars must he pay?
(A) 34 (B) 36 (C) 42 (D) 46 (E) 48

Problem 8. Solution: (B).

Grandfather Wen's ticket costs $6, which is 3/4 of the full price, so each ticket at
full price costs (4/3) x 6 = 8 dollars, and each child's ticket costs (1/2) x 8 =4
dollars. The cost of all the tickets is 2($6 + $8 + $4) = $36.

Problem 17. (2009 AMC 10 B) On Monday, Millie puts a quart of seeds, 25% of
which are millet, into a bird feeder. On each successive day she adds another
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the birds eat only 25% of the millet in the feeder, but they eat all of the other
seeds. On which day, just after Millie has placed the seeds, will the birds find that
more than half the seeds in the feeder are mullet?

(A) Tuesday (B) Wednesday (C) Thursday (D) Friday  (E) Saturday

Problem 17. Solution: (D).
On Monday, day 1, the birds find 1 quart of millet in the feeder.

3 ;
On Tuesday they find i+ Z i quarts of millet. On Wednesday, day 3, they

find l+ji ia (é)2 2 quarts of millet. The number of quarts of millet they
4 4 4 4~ 4
| 3.,
. . 1. 51,3 3., 1 QUGN 4
findondaynis —+=-= + (2)?2-= + .+ ()y*t.- =4 < S T,
el T 9y P37 B @
4

The birds always find 3/4 quart of other seeds, so more than half the seeds are
millet if 1 — ( 3/4 )" > 3/4 , that is, when ( 3/4”" < 1/4 . Because (3/4)" = 81/256 >
1/4 and (3)° =243/1024 < 1/4, this will first occur on day 5 which is Friday.

Problem 21. (2009 AMC 10 B) Twenty percent less than 60 1s one-third more
than what number?

(A) 16 (B) 30 (C) 32 (D) 36 (E) 48

Problem 21. Solution: (D).

Twenty percent less than 60 1s (4/5) - 60 = 48. One-third more than a number # 1s
(4/3) n. Therefore (4/3) n =48, and the number 1s 36.
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