AMC 10 Preparation: 7. Triangle Area and Area Method

BASIC KNOWLEDGE

1. FORMULAS

| 1 |
(l) SA Zzahdzibhb: EC’hC (1)

(2). Let h, =bsin C, h, = csin 4, and A =asm B. Equation (1)

becomes:

S, = lbc sin 4 = lac sinB = lab sinCC (2)
2 2 2

(3). Heron's formula (sometimes called Hero's formula):

S, =+s(s—a)(s—b)(s—c) (3)

1
=_(a+h+0).
S 2(0 c)

(4). The ratio of the areas of two similar triangles ABC and A1B1C1 1s:

) = (f)ﬁ 4)

- Hen Mog T8
== (=) =) =(
Sasze, 4 h,

a and a, are the length of any corresponding sides.

h and h, are the lengths of the corresponding altitudes.
m and m, are the lengths of the corresponding medians.

e and e, are the lengths of the corresponding angle bisectors.
& c

m

1 1

2. THEOREMS

Theorem 1: The ratio of the areas of any two triangles 1s:

1
—xABx H : C,
Sasc _ 2 _ABxH ¢
SAA[BICI % X AIBI X HI AIBI K Hl AA H
A B A, ) B,
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Theorem 2: If two triangles have the same base, the ratio of the areas 1s the ratio K
of the heights.

D
SMBD H C e
e (6) A
‘SMBC h /‘/K i H
A S C

Theorem 3: If two triangles have the same height, the ratio of the areas 1s the
ratio of the bases.

Suipc _ 4B Sype _AB . Sype _AD

4 ] % - » - (7)
Sype AD S, DB S, DB
Theorem 4(a): If AB/CD, then S, ., =S e .
D C
E
{ B
4!b! If Sauep = Sagec, then AB/CD.
Theorem 5: Lsf-‘“ﬂ A0 (8)
Sz DB
Theorem 6: Sae _ AD (9)
ABEC DB
Theorem 7: S,A;CB Ly (10)
o A
c
A D B
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Theorem 8: SMi S (11)

ABCE BD

A 1
B B

C E D E D
Theorem 9: S,MCE _AD (12)

Siacr DB

Ev B
D

4 C

Example 5. (1984 AIME) A point P is chosen in the interior of AABC so that

when lines are drawn through P parallel to the sides of c

AABC, the resulting smaller triangles, #1, #> and #; in the
figure, have areas 4, 9 and 49, respectively. Find the area of
i NN

P

t3

Example 8. (2005 AMC 10A Problem 25) In AABC we have AB =25, BC = 39,
and AC =42 Points D and E are on AB and AC respectively, with 4D = 19 and
AE = 14. What 1s the ratio of the area of triangle ADE to the area of the
quadrilateral BCED?

(A)266/1521 (B)19/75 (C)1/3 (D)19/56 ()1

Example 11. (1984 AMC) In the obtuse triangle ABC, AM = MB, MD | BC, EC
1 BC. If the area of A4BC( 1s 24, tind the area of ABED.

(A)9 B)12 (C)15 (D) I8 (E) not uniquely determined
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Example 12. (1983 AMC Problem 28) Triangle ABC in the figure has area 10.
Points D, E, and F, all distinct from A, B, and C, are on sides
AB, BC and CA respectively, and AD =2, DB = 3. If triangle
ABE and quadrilateral DBEF have equal areas, find that area.

5\/_

(A)4 (B)5(C)6(D)3—— (E) not uniquely determined

C

A 2 D 3 B

Example 13. (2005 AMC 10 B) Equilateral AABC has side length 2, M 1s the
midpoint of AC, and C 1s the midpoint of BD. What 1s the area of ACDM?

(A)% (B)% (0% D1 )2

B C D

Example 15 (AMC) In triangle ABC, ZCBA = 72°, E 1s the midpoint of side AC,
and D 1s a point on side BC such that 2BD = DC; AD and 4

BE mtersect at F. The ratio of the area of ABDF to the area

of quadrilateral FDCE 1s

1 1 1 2 .
(A) - (B) = (©) 5 (D) % (E) none of these

Example 17. (2004 AMC 10 B) In right triangle AACE, we have AC =12, CE =
16, and F4 = 20. Points B, D, and [ are located on AC,
CE, and EA, respectively, so that AB =3, CD =4, and EF
= 5. What 1s the ratio of the area of ABDF to that of
AACE?

7

1 9 3 11
(A) q (B) 55 (©) 3 (D) 5% (E) 16

Example 18. (2004 AMC 10B Problem 20) In AABC points D and E lie on BC
and AC, respectively. Suppose that AD and BE ntersect at T so that A7/DI' =3
and BT/ET = 4. What 1s the value of CD/BD?
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1 2 3 4 5
(A) 3 (B) 5 (©) 0 (D) F (E) T

B

A E C

Example 19. (2006 AMC 10 B Problem 23) A triangle 1s partitioned into three
triangles and a quadrilateral by drawing two lines from
vertices to their opposite sides. The areas of the three
triangles are 3, 7, and 7, as shown. What 1s the area of the

shaded quadrilateral?
(A) 15 (B) 17 (C) 35/2 (D) 18 (E) 55/3

Example 20. (AIME) As shown in the figure on the right, A ABC 1s divided nto
six smaller triangles by lines drawn from the vertices

through a common interior point. The areas of four of

these triangles are as indicated. Find the area of A ABC.

C

Problem 6. (2010 Mathcounts State Sprint Problem 30) Point D lies on side AC
of equilateral triangle ABC such that the measure of angle DBC 1s 45 degrees.
What is the ratio of the area of triangle ADB to the area of triangle CDB? Express
your answer as a common fraction in simplest radical form.

A

B

Problem 8. (2009 National Sprint Problem 25) The three side lengths of a
particular triangle are 2, 5 and x units, and the area of the triangle 1s x square
units. What is the value of x? Express your answer in simplest radical form.
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Problem 11. (1995 China Hope Cup Math Contest) As shown in the figure, the
area of triangle ABC 1s 18. Points D, £, and F are on sides
AB, BC and AC respectively, and AD =4, DB = 5. Find the
area of triangle ABE 1f triangles ABE and quadrilateral
DBEF have the same areas.

(A) 10 B)5 (©)9/5 (D)2 (E)6

C

Problem 14. (AMC) I[f ABCD 1s a 2 x 2 square, E 1s the midpoint of AB , F is the

midpomt of BC, AF and DE intersect at , and BD and 4 b
AF intersect at H, then the area of quadrilateral BEIH is
| 2 7 8 3 4
A= (B) = C) — D) — E) = E
()3 ()5 ()15 ()15 ()5 .
B F C
Solutions

Example 5. (1984 AIME)

Solution: 144.
Method 1:

Let R and T be the two points that the lines drawn parallel
through P intersect with 4B, with R being the point closer to
A.

The ratio of the corresponding sides of areas #,, £, and #3 15s:
PM:PN:RT=~4:9:449=2:3:7.

OrAR :RT : BT =2:3:7.

AB :RT=12:7.

8 e 8 =(AB i R =12"37" -
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Therefore: § 5 = % x49 =144 .

Method 2 (our solution):
Let the area of AABC be S. We know that 1, 1>, 75 are all similar to AABC and we
label each side of the triangles as shown 1n the figure.

We use the triangle #, (APNQ) n our calculation (7, or 3
can also be used):

0 [ 3y Jl 0 [1]2 1
— = — — =] = P
5\ 12 s \4) 16

= S=9x16=144.

Example 8. (2005 AMC 10A Problem 25)

Solution: (D).

Method 1 (official solution):

We have Area( ADE) = AD :2 and

Area(ABE) AB 25

Area(ABE) _ AE :ﬂzl - Area(ABC) :éj :E’ -
Area(ABC) AC 42 3 Area(ADE) 19 1 19
Area(BCDE) _ Area(ABC)— Area( ADE) 3 75 i 56

Area( ADE) Area( ADE) 19 19
Area(ADE) 19

Area(BCDE) ~ 56

2

Thus

Method 2 (our solution):

By formula 2: §, = %bc sm A = %ac smbB = %ab sinC’

B
] 1 0
~—x25x42sin ZA—=x19x14sin /A D 2
- _ S e = i _2 2 19
S aape S ave ° siioadistn 2d c
5 e A7 E 8
1 .
—x25x42sm LA
_2 _1223x42 75 1 _3% Thus S‘i“ﬂzﬁ.
| 19%x14 19 19 Speep 6

5><19><1451’114A

Example 11. (1984 AMC)
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Solution: (B).
Connect MC (Figure 1).

Since MD and EC are parallel, the colored areas in Figure 2 are the same. The
area of ABED is the same as the area of ABMC (Figure 3), which is half of the
area of AABC (Figure 4). The answer is 24/2 = 12.

B D C

Figure 1 Figure 2 Figure 3 Figure 4

Example 12. (1983 AMC Problem 28)

Solution: (C).
Method 1 (official solution):
Draw 1n line DE. Since Area ABE = Area ADE + Area DBE,
And Area DBEF = Area FDE + Area DBE, 1t follows that Area ADE = Area
FDE. Since these two triangles have a common base DE, the altitudes on this base
must be equal. That 1s, 4 and F' are equidistant from line DE, so AF'// DE. Then,
. - . 3
using similar triangles ABC and DBE, £ = a5 =—.
CB AB 5
Thus Area ABE = (3/5)Area ABC = 6.
Method 2 (our solution):
We know that Sxspr = Spper = Sause — Sapse = Sprer— Sapse
= SaspE= SADEF
Thus Sasp6 = Sazre
By Theorem 4(b), AF//DE.
So AABC 1s similar to ADBE.

AD_DB 2 3 2 CE 2 Sy

CE BE CE  BE 1 BE -
3

8w =

ma TR

Example 13. (2005 AMC 10 B)
Solution: (C).
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Method 1 (official solution):
Drop MQ perpendicular to BC. Then AMQOC 1s a 30-60-90° triangle, so

1. 3. -3

MQ = ﬁ and the area of ACDM1s —(2x—)=—
2 2 2 2

Method 2 (official solution):
Triangles ABC and CDM have equal bases. Because M 1s the midpomt of AC,
the ratio of the altitudes from M and from A4 is 1=2. So the area of 4CDM 1s

V3

half of the area of 44BC. Since Area (AABC) = 73(2)2 =3 , we have Area

(ACDM) = ?

Method 3 (our solution):
Connect AD.
Since M 1s the midpomt of AC, S, ,,,, =S

ACDM -
Since C'1s the midpoint of BD,

SABAC = SADA(‘ = 2SA("DM .

5

~ . 3 )
The area of AABC is 7(2)' = 3.

1 V3

So the area of ACDM 1s E(SABAC) =g

Example 15 (AMC)
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Solution: (A).

(our first solution)

Connect CF.

We know that £ 1s the midpoint of AC, so AE = EC.
Sane = Sagee A Sype =S -

We also know that 2BD = DC, so 28,0 =S sprc -

Now, we are ready to label each area as shown in the figure to the right with a, 5,
and c.
We have: 2(b+a)=2a+2c = b=c

b+c=a+2a+c = c¢=3a

Therefore the ratio of the area of ABDF to the area of quadrilateral FDCE 1s
a a 1

SABDF_ a .«
2a+c¢ 2a+3a S5a 5

S

IDCE

Example 17. (2004 AMC 10 B)

Solution: (E).

Method 1 (official solution):

Note that each of AABF, ABCD, and ADEF has a base-altitude pair where the
base and altitude are, respectively, 3/4 and 1/4 that of a corresponding base and
altitude for AACE. Hence Area of ABDF/Area of AACE=

1 —3(1/4)(3/4) =7/16. 3
Method 2 (official solution):

The area of AACE 1s (1/2)(12)(16) = 96. Draw FQ1CE.
By similar triangles, QO =3 and OF =4. The area of N
trapezoid BCOF is (1/2)(3 +9)(12) = 72. Since ABCD T 'Q —
and AFDQ have areas 18 and 12, respectively, the area of

ABDF 1s 72 — 18 — 12 =42. The desired ratio 1s 42/96 = 7/16.

Method 3 (our solution):

The area of AACE 1s (1/2)(12)(16) = 96. Draw F'G//CE.
Triangle AGF 1s a 9-12-15 right triangle. So GF = 12 and GC
= 3. The area of triangle ABF'1s (1/2)(3)(12) = 18. The area
of triangle DEF 1s (1/2)(12)(3) = 18 as well. The area of
triangle BCD 1s (1/2)(4)(9) = 18. The area of ABDF 1s 96 —

18 x 3 =42. The desired ratio 1s 42/96 = 7/16.

Example 18. (2004 AMC 10B Problem 20)
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Solution: (D).
Method 1 (official solution):

Let s = Area (AABC). Then Area (ATBC) Z%s and Area (AATC) = %s , SO

Area (AATB) = Area (AABC) — Area (ATBC) — Area (AA1C) = %3.

Hence
CD/BD = Area (AADC)/Area (AABD) = Area (AATC)/ Area (AATB) =
(s/5)/(11s/20)=4/11.

Method 2 (our solution):
Connect C'7T. Label the area of each region as shown.

Sacor _b _CD

8wy @ BD’

a+b:£:ﬂ = a+b=4c

c TE 1

= a=4c —b (D)

dic _AT 3 o 4ic=3
b D 1

2 S =  e-4d

d TE 1

e AT 3

e e = 6’:20

a Ji3 1

Sodd =3a = d:%a (3)
_ : 3

Substituting (3) into (2): Za +c=3b (4)

(4) x4: 3a+4c=12b (5)

S+ (1): da+4c=4c—-b+12b = 4a=1b = 2=i

Example 19. (2006 AMC 10 B Problem 23)
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Solution: (D).

Method 1 (official solution):

Partition the quadrilateral into two triangles and let the areas
of the triangles be R and S as shown. Then the required area
isT=R+S.

Let a and b, respectively, be the bases of the triangles with
areas R and 3, as indicated. If two triangles have the same altitude, then the ratio
of their areas 1s the same as the ratio of their bases.

a_R_R+S5+7 SOE_TJJ

Thus — = : —_—
b 3 3+7 3 10
- S S+R+3 S T+3
Similarly, = = ———  s0 —=——.
v T+7 ) 14
This T= Rt B = Ly T
10 14

From this we obtain 107'=3(T+ 7) + 5(I'+ 3) = 81"+ 36, and 1t follows that I'=
18.

¢
n):
ADZSMED N 3+x+y _ x ()
) DC S, 7+7  v+7
@ 40 -
SA(‘BO _ co _ S‘ACDO s Z _ Z — y=3
Samo OF  Symo 3y
o ; 3 3 :
Substituting y value into (1): LR A == x=15
14 3+7

The answer is x+y=15+3=18.

Example 20. (AIME)
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Solution: 315.
Method 1 (Official Solution):
Let the areas of two unknown triangles be x and y.

By Theorem 9:
40 _40+y+84 (1)
30 30+35+x
35 _35+30+40
X x+84+y
84 _ 84+ x+35
== 3)
y  y+40+30

Solving we get: x =70, y = 56.
The area 1s then 30 +35 + 70 + 84 + 56 + 40 = 315.

Method 2 (our solution):
We label the points D and £ as shown in the figure.

Looking at triangles ADC and BDC, by the Theorem 35, we c
have

84+m 40

== (1)

n+35 30
Looking at triangles ADB and DEB, by the Theorem 3, we )‘ﬁ
have i d0 30N\ 5
AD 40+30 5

DE 35 7

Looking at triangles ADC and DEC, by the Theorem 3, we have

B 2D 5 s gASm=0n )
n DE
Substituting (2) into (1), we get: 225 =% = 6m=4n+140 = n=70.
n+: :

Substituting #» = 70 into (2), we get m = 56.
Therefore the area of AABC 1s 84 +40+ 30+ 35+ 126 =315.
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Problem 6. Solution:

Draw BE L AC at E. We get that ZDBE = 15°. Let the
areas of three regions as S, S5, and S;_ Let the length of

3

the side of the triangle be 1. Then we have BE = % :

k.. g2 o 23 V3
i_EJBEXBD><S,11r115 _BE_?_«/? 7
. ;ABxBstinISO =
From (1) we have §, = @ (2)
We know that §;+ S, =5, (3)
Substituting 2) into (3): S, + \6283 =3, = S5.(1 +§) =8 =5 % = +§ 4)

(1) + (4): 2t =1+§+§=\/§+1.

SJ

=
3

The answer 1s P = : = (\5_1) :\/5_1.
S+8, B3+l B+DHE3-1) 2

Problem 8. Solution: /21 .
By Heron’s formula, the area of a triangle with three sides of a, b and c 1s:

A= \/.S‘(S —a)(s —b)(s —c), where s = %(a +b+c).

1 Vi ; 2 ; ;
In our case, s = 5(2 +54¢x)= g We can write the following equation:

d+x T+E T+x T+x
x= =, 5 _x
\\/(2)(2 W%
Squaring both sides and simplifying: x* = (7 -2|—x)(7 ; e 2)(7 ;—x - 5)(7 ;—x —X)

Multiplying both sides by 16 yields:

(7+x)(x+3)(x=3)7-x)=16x> = (49 —x* ) (x* =9)=16x"

Letx” =y, we have:

(49—-y)(y—-9)=16y = 49y —-4909)—y(»)+9y =16y =
V' =Ry +49x9=0 = (y—21)°>=0

p=21lof =21 = x=+/21 (Note that x= —\/21 does not work.)
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Problem 11. Solution: (A).
Connect DE, and DC.
We know that S, z.r =Suizz- SO Sypr = Sazor

By Theorem 4 (b), DE //AC. So S, ,r =S.cnr

Sz = SABDC‘_

A
Since AD=4 and DB=5, S, = %Sm. =10 cm’. D 4

S0 8, g =10 cm’.

Problem 14. Solution: (C).
We know that AADH ~ AFBH and AD = 2BF, so DH = 2HB. Connect Bl. Let the

arca of ABEI be x and the area of ABHI be y. We label each region as follows:

. A D
Therefore iy
N6
x+3y=1 E
2x+225y=1 F s
[ s
Solving for x and y: x=1/5 and y = 4/15. B 5 ¢

The area of quadrilateral BEIH 1s x + y = 7/15.

Note: The AMC gives three solutions for this problem. The solution presented
above 1s the fourth solution given by us.
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