AMC 10 Preparation: 15. Arithmetic and Geometric
Sequences

BASIC KNOWLEDGE

Arithmetic sequence

If any two consecutive terms in a sequence ay, da, ds, ..., d,,..., have the same
difference, the sequence 1s called an arithmetic sequence (or arithmetic
progression).

Geometric sequence
[f any two consecutive terms 1n a sequence a,, a,, ds, ..., d,,..., have the same
ratio, the sequence is called a geometric sequence (or geometric progression).

Terms

An element of an arithmetic or geometric sequence 1s called a term of the
sequence, written as ay, a, as, ...,.

ay 1s called the first term.

a, 1s called the general term or - term.

The same difference 1s called the common difference (d).

The same ratio 1s called the common ratio (¢ or r).

The sum of the first n terms is expressed as S,. For example, S;> means the sum
of the first twelve terms.

th

Properties of Arithmetic Sequence:

(1). The common difference (d)

d:au—l_an (151)
d="n"" (15.2)
m-—n
Sm _ Su
i = 7; n (15.3)
2 m-—n
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(2). The nth term
The nth term 1s expressed as a, = a, + (n—1)d

Other forms:

a =a, +(n—m)d (15.5)
a, =(a, —a)n+2a,—a,) (15.6)
a,=S,—S,, (nis positive integer and n > 1) (15.7)

If m+n = p+ g where m, n, p, and ¢q are positive integers, then

a,+a,=a,+a, (15.8)
Itm+n=2q then a,+a,=2a, (15.9)
Ifa =p,a =q.then a, =22~ "9 (15.10)

m-n
a, =S, (15.11)

(3). The sum of n terms in the sequence:
(a,+a,)n

S =
2 (15.12)
S =na, + (n—bd n
(15.13)
Other forms:
S,,.,=(m+ J?)M (15.14)
m-—-n

In an arithmetic sequence a,, the sum of first » terms 1s S, .

If the number of terms 1s 27 — 1, then Sodad — Seven = a» (15.15)
If the number of terms 1s 2n. then Seven — Soda = nd (15.16)

(4). Important relationship between a, and S,

If a, 1s an arithmetic sequence, then S,, | =(2n—1)a, (15.17)
or a, _ Sua (15.18)
2n—1

43X Arithmetic and Geometric Sequences BJ58 2 TR



3. Properties Of Geometric Sequence

(1). The common ratio (¢ or r).

04=q (g#0, n=>2) (15.19)
n-1

(2). The nth term
a,=a,-q"" (a1,q#0) (15.20)
a,=a,-q"" (ar,q#0) (15.21)
a’=a,,-a,, (n = k) (15.22)
It m+n=p+q,a,a,=a,-a, (15.23)
If m+n=2t, a,-a =a’ (15.24)

(3). The sum of the first n terms

S, =%_;) q#1 (15.25)
S, _4-a9 (15.26)
I-¢

Theorem: {a } 1s a geometric sequence. If S, = a, S», = b (ab # 0), then

a’—ab+b’

5 = | (15.27)
) a

An equivalent expression: S, + S

2n

= SUS * SIIS3H

2n

: If{a. } 1s a gec 1Gs ce., g 18 & rat1o ¢ 18
Theorem: If {a } is a geometric sequence, ¢ 1s the common ratio and S, 1s the

sum of first n terms, then S, . =S +¢"S, (15.28)
Whenm=1, §,  , =a,+qS§, (15.29)
Whenm =n, §,,=S,+4"S, (15.30)

43X Arithmetic and Geometric Sequences BJ58 3 TR



(4). The sum of n terms in the infinite geometric sequence:
a,(1-q")
I-¢
decreases in size and becomes zero, and the sum S, approaches the following

specific value:

S =

In the equation S = ,1f n increases while =1 <¢ <1, thatis |¢| < 1, ¢"

a,

(gl <D (15.31)
I-q

If ¢ > 1 then as n increases, ¢" increases in size without bound.

If ¢ < -1 then as n increases ¢" oscillates between positive and negative values but
again increases in size without bound.

In either situation, as » increases, S, does not approach a specific value, so we can
say that the sum of the infinite geometric series does not exist.

EXAMPLES

1. Arithmetic Sequences

Example 1. (1987 AMC) The first four terms of an arithmetic sequence are a, x,
b, 2x. The ratio of a to b 1s

1 | 1 2
(A) 2 (B) 3 (©) 5 (D) 3 (E)2

Example 2. (2004 AMC 10 B) A grocer makes a display of cans in which the top
row has one can and each lower row has two more cans than the row above it.
Suppose the display contains 100 cans. How many rows does it contain?

(A) S (B) 8 (C)9 (D) 10 (E) 11

Example 4. (2006 AMC 10 A) How many non-similar triangles have angles
whose degree measures are distinct positive integers in arithmetic progression?
(A)O (B) 1 (C) 59 (D) 89 (E) 178

Example 6. (1993 AMC) Let ay, as, . . ., a; be a finite arithmetic sequence with a,
+a;t+ ajp= 17 and astastagta;+ragtagtaypgtaytapntasztanu= 77.1If
ar =13,thenk =

(A) 16 (B) 18 (C) 20 (D) 22 (E) 24
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100 terms ot a given arithmetic progression are 100 and 10, respectlvely then the ®
sum of the first 110 terms 1s
(A) 90 (B)-90 (C) 110 (D)-110 (E)—100

Example 9. (1965 AMC) For every n the sum S, of » terms of an arithmetic
progression is 2n + 3n°. The ™ term is:
(A)3”F  B)3F+2r  (O)6r—-1 (D)5r+5 (E)6r+2

Example 10. (1969 AMC) Let S, and 7, be the respective sums of the first »
terms of two arithmetic series. It S : 7 =(7n+1):(4n+27) for all n, the ratio of

the eleventh term of the first series to the eleventh term of the second series i1s:
(A)4:3 (B)3:2 O 7:4 (D) 78 : 71 (E) undetermined

Example 11. (2003 AMC 10 B Problem 24) The first four terms in an arithmetic
sequence are x + y, x — ¥, xy, and x/y, in that order. What is the fifth term?
(A)—15/8 (B) —6/5 (©)0 (D) 27/20 (E) 123/40

Example 13. (AMC) By adding the same constant to each of 20, 50, 100 a
geometric progression results. The common ratio is

5 4 3 | |
(A) 3 (B) 3 (©) 5 (D) > (E) 3

2. Geometric Sequence

Example 12. (2003 AMC 10 B) The second and fourth terms of a geometric
sequence are 2 and 6. Which of the following is a possible first term?

(A)—~+3 (B)——‘/- (C)—g (D) /3 (E) 3

Example 13. (AMC) By adding the same constant to each of 20, 50, 100 a
geometric progression results. The common ratio 1s

5 4 3 | |
(A) 3 (B) 3 (©) 5 (D) 5 (E) 3
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between 3 and 9 such that the first three are in geometric progression while the
last three are in arithmetic progression. The sum of those two positive numbers is

I I 1 I
g L Sl b
(4) 132 (B) 11 (C) 105 (D) 10 () 95

Example 16. (2004 AMC 10 A) A sequence of three real numbers forms an
arithmetic progression with a first term of 9. If 2 1s added to the second term and
20 1s added to the third term, the three resulting numbers form a geometric
progression. What 1s the smallest possible value for the third term of the
geometric progression?

(A) 1 (B) 4 (C) 36 (D) 49 (E) 81

3. Infinite Geometric Sequence

1 1 1 1

Example 17. Simplify: x2 -x *-x8.x 16 .
A)x B Jx  (©) Vx (D) x° (E) Vx

PROBLEMS

Problem 5. (2002 AMC 10 B) Suppose that {a,} 1s an arithmetic sequence with
a,+a,+--+a,,=100and a,,,+a,,,+--+a,,, =200. What 1s the value of a, —

Gl?
(A)0.0001  (B)0.001  (C)0.01 (D) 0.1 (E) 1
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of an arithmetic sequence 1s 40, and the sum of the first ten terms of the sequence |
1s 155. What is the sum of the first fifteen terms of the sequence?
(A) 195 (B) 230 (C) 345 (D) 390 (E) 780

Problem 9. (1966 AMC) Let s, be the sum of the first » terms of the arithmetic
sequence 8, 12, . . . and let s, be the sum of the first » terms of the arithmetic

sequence 17, 19, . . .. Assume n # 0. Then s, = s, for:
(A) no value of n (B) one value of n (C) two values of n
(D) four values of n (E) more than four values of »

Problem 10. (ARML) In a certain arithmetic progression, the ratio of the sum of
the first  terms to the sum of the first s terms is equal to the ratio of 7 to s°.
Compute the ratio of the 8" term to the 23" term.

Problem 11. (1997 China High School Math Contest) The sum of » terms of an
. . . . 9 .~ ~

arithmetic progression is 97, and the common difference and first term are all

nonnegative integers with » > 2. How many such arithmetic progressions are

there?

Problem 16. (AMC) In a geometric sequence of real numbers, the sum of the first
two terms 1s 7, and the sum of the first six terms 1s 91. The sum of the first four
terms 1s

(A) 28 (B) 32 (©) 35 (D) 49 (E) 84

Problem 18 (NC Math League) Give the base ten common fraction for the
number 0.5;qe .

Problem 19. (2013 Alabama Algebra II) Find the sum of the following infinite

. 2 ¥ .2 3 .2 3
RS L ey e e
o W
5 i 11 13 3
Ay (B) — C)i== o) = By
Qs G O (D) 75 (B

Problem 20. (NC Math League) Give the base ten, common fraction
representation for 0.123 gy,
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Problem 22. (1997 NC Math Contest) The basketball teams 4 and B are not &i}
evenly matched. Whenver they play, Team 4 wins with a probability 0.6 and team
B wins with a probability 0.4. Supose that teams A4 and B play a “win — by — two”
series, 1. €., the two teams play each other repeatedly until one team has won two
more games than the other. Find p if p is the probability that Team 4 will win the
series.

Problem 23. (2002 AMC 10 B problem 23) Let {a;} be a sequence of integers
such that a; = 1 and a,,+, = a,, + a, + mn, for all positive integers m and n. Then
apn 1S

(A) 45 (B) 56 () 67 (D) 78 (E) 89

Solutions

Example 1. (1987 AMC)

Solution: (B).
Method 1 (official solution):
The difference between the second and fourth terms 1s x; thus the difference

X
: .X . X 3x a » 1
between successive terms 18 —. Thereforea= —. b= — and — = 2
2 2 2 b 3x 3

2

Method 2 (our solution):
By the formula a, = (a, —a,)n+ (2a, —a,), we have a, = (a, —a,)x4+2a, —a,)

= 2x=(x—a)x4+2a—x)= 2x=(x—a)x4+2a—x)
= x=2a (1)

a, =(a, —a))x3+(2a, —a,)
= b=(x—a)x3+2a—x)= b=2x—a (2)

Substituting (1) into (2): b=2x2a—a = b=3a =

>
W | —

Example 2. (2004 AMC 10 B)
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Solution: (D).

Method 1 (official solution):

If there are » rows 1n the display, the bottom row contains 2» — 1 cans.
The total number of cans 1s therefore the sum of the arithmetic series

[ +3+5+-+(2n— 1), which is ’—2"[(2”—1)+1] — 5

Thus »#* = 100, so n = 10.

Method 2 (our solution):
The number of cans in each row form an arithmetic sequence with the first term 1,
the sum of the terms 100 and the common difference 2.

(n—1)d 2(n-1)

By the formula § =na, + n,we have 100 =nx1+ n =

100=n+n"—n = 100 = »#*. Thus n = 10.

Example 4. (2006 AMC 10 A)

Solution: (C).
Method 1 (official solution):

Letn —d, n, and n + d be the angles in the triangle. Then
180=n—d+n+n+d=3n, son=060.

Because the sum of the degree measures of two angles of a triangle 1s less
than 180, we have 180 > n + (n + d) = 120 + d, which implies that 0 < d < 60.
There are 59 triangles with this property.

Method 2 (our solution):

Let positive integers a, b, and ¢ be the angles in the triangle witha < b < ¢
a+b+c=180 (1)
a+c=2b (2)
Substituting (2) into (10: 26 + b = 180 =3h =180 = b =060.
Since a 1s a positive integer and a < b, a can be 1 to 59.

There are 59 triangles with this property.

Example 6. (1993 AMC)
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Solution: (B).
Method 1 (official solution):

Since ay +a; +a;0=17, a, =£.
Similarly, a, :7—7: T
Il

; 2
Since ao—a7=2d, d :?

. 5
Since a, =a,+6d , q i

" 5 2

Therefore ar=a, + (k- 1)d = = +(k-1) == 13 = k=18.

Method 2 (our solution):
By the formula a, = (a, —a,)n+ (2a, —a,) , we have

17

a, =7(a,—a)+(2q, —az)=T

a, =9a,—a)+Q2a,—a,)=7
a,=(a,—a)n+2a,—a,)=13

(1) (2): (az—ao%

B)—2): 13-7=(a,—a)@n—9)

(D)

2)
A3)

)
)

Substituting(4)into(S):6=%(n—9) => 3:%(11—9) = 9=n-9 =

n=18.

Example 7. (1980 AMC)
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Solution: (D).
Method 1 (official solution):
The formula for the sum S, of n terms of an arithmetic progression, whose first
term 1s ¢ and whose common difference 1s d, 1s 25, = n(2a + (n — 1)d). Therefore,

200 =10(2a + 9d),

20=1002a + 99d),

25110 = 110(2(1 & lO9a’)
Subtracting the first equation from the second and dividing by 90 yields
2a +109d =-2. Hence 2 S110=110 (- 2), so S110=-110.

Method 2 (our solution):

Using formula S, =(m +17)L.
m-—n
-S 10-100
100+10 S0 =50 O0x(——)=-110.
tooio = "Too—10 MM To0-10~ (9)

Example 9. (1965 AMC)

Solution: (C).
Method 1:
By the formula ¢, =S, -, ,, we know that the ™

We have S, =2r+37%,and S, =2(r—D)+3(r—1)> =3r" —4r+1.
Substituting them into (1), we get: a, =6r—1.

term equals a, =5, -S| (1)

Method 2:
Let the " term be a, and let the first term be a;

By formula ¢, =S,, wehavea; =85, =2-1+3-1°=5,

By formula § —M , we have S =%(arl +a)=2r+ 377, ata =4+
6r

=4+6r-5=06r-1.
Method 3:

6.

=5,=5, §,=16. .‘.a.3=SE—Sl=ll,buta.3=al+d; cod
,'—a-l-(r—l)d—5+(r—l)(6)=6r—l.

Example 10. (1969 AMC)
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Solution: (A).
Method 1 (official solution):

Let a; a> denote the first terms, d; and d> the common differences of the
arithmetic series with nth sums S, and 7,, respectively.

Then S, =n[aq, +%dl] ) 1, =nla, +%d3] , and

S, _2a+m-Nd, _ Tn+l

il

T, 2a,+(n—-ld, 4n+27

i

for all n.

The eleventh terms of these series are 11, = a; + 10d; and v = a>» + 10d5,
respectively, and their ratio 1s
uy, a,+10d, _ 2a,+20d,

v, a,+10d, 2a,+20d,

. . S .
We note that the last expression 1s precisely == for n =21, so that

n

w, 72D+l 148 4
v, 42D+27 111 3’

Method 2 (our solution):
Let a, denote the nth term of the first series and b, denote the nth term of the
second series.

. S
By the formulaa, = —2= we have

2n—1
S"ill S"l
q, =—2dkl 2 ]
oax11-1 20 ()
_ ]j?xll—l _‘T.:Zl

)

bll_ . -
2x11-1 20

We also have o1 _ 7X21+_1 _4 3)
T, 4x21+1 3

21 _

oa, S

(1) = (2) " 3

o

1

Example 11. (2003 AMC 10 B Problem 24)
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Solution: (E).

Method 1 (official solution):
The difference of the first two terms is — 2y, so the third and fourth terms of the
sequence must be x — 3y and x — 5y. Thus x — 3y =xy and x — Sy =x/, soxy —

5)’2 =X.

Combining these equations we obtain (x — 3y) — 5)° = x and, therefore, — 3y —1

517 =0.

Because y cannot be 0, we have y = —3/5, and it follows that x =—9/8.
The fifth term in the sequence is x — 7y = 123/40.

Method 2 (our solution):
By a,+a,=a,+a, withm +n=p +q,

a +a,=a,+a; = (x+_1')+£= x=—y+xy = £ 2y =xy (1)
J.‘ Jy
— 3’ ) — ,‘ — )

By a,, =221 o o 202N gy o2y @)

m-—n i 3-2 )
By a, =(a, —ag)n+ (2a, —a,) = a,=5(a,—a,)+2a,—a,)
=5x—y—-x—y)+2x+2y—x+y)=x-Ty (3)
2)=03): 3xy—-2x+2y=x-Ty = XP=x=3y 4)
Substituting (4) into (1): & +2y=x-3y = x+2y*=xy-3y)° (5)

“)

Substituting (4) into (5): x+2y° =x-3y-3y" = 57" +3y=0.
Because y cannot be 0, we have y = —3/5, and it follows that x =—-9/8.
The fifth term in the sequence 1s x — 7y = 123/40.
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Method 3 (our solution):

X—-y—-(xty)=x-x-y) = xy —x+3y=0 = V=

So we can express all terms n terms of x:

-

X X X°
, X — , L X+3.
x+3 x+3 x+3

Then we have

X+

-

X X X
X —x+ =x+3 - = X=——.
x+3 x+3 x+3 8
Let the fifth term be z.
Ax+3)= e hz = z=2(x43)- =L T
x+3 x+3 y+3
’ 4 9 9 123
=2."+‘3 - .'_3 — =2__+3 _ ___3 . _ -
(x ) —(x ) y+3 (8 )—( 3 ) _2+2 20
gt

Example 12. (2003 AMC 10 B)

Solution: (B).
Method 1 (official solution):
Let the sequence be denoted a, ar, ar’, ar’ .-+, with ar =2 and a7’ = 6. Then 1* =

23 2.3
‘%

and r = ﬁ orr= —'\/5. Theretore ¢ =—— or a =———.

Method 2 (our solution):

n—im

By the formula @, =a, -¢" ", wehave a, =a, -¢*? = 6=2.¢° = g=1/3.

a, 2 2.3

By the formula a, =a,-¢""', wehave a, =a,-¢ = a =—3%= =+
.. 2+/3 :
We do not have the choice for a, = ——. So the answer 1s (B).

Example 13. (AMC)
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Solution: (A).
Method 1 (official solution):

Let a denote the constant that 1s added to 20, 50, and 100.
20+a 3 50+a

50+a 100+a
coa=25.

. 5
The common ratio isr = 3

Method 2 (our solution):
[et a denote the constant that is added to 20, 50, and 100 and » be the common
ratio.

~_50+a 100+a 50 5

7= = =—=—,
20+a 50+a 30 3

Example 14. (1972 AMC)

Solution: (B).
Method 1 (official solution):

Let the positive numbers be denoted by x and y with the first three 3, x, y and the
Xy . :
last three x, y, 9. Then —==—and y —x =9 -y, because the first three are in
X
geometric and the last three in arithmetic progression. Eliminating y from these
two equations, we get

2x* —3x-27=0 or 2x-9)(x+3)=0, x=% or —3.
: : : . 2 - 27
Since x 1s required to be positive, we use x = - to find y = 71’ and hence the

required sum is x+ y = P 1 ll.
4 4
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Method 2 (our solution):
We know that the first three are in geometric progression, so we let the two

3 3 . 3 3
numbers be — and — . The four terms are now 3, —, —, 9.
q q q9 49
We know that the last three are i arithmetic progression. So we have
3
; (—+9)
= ‘12 = 3¢ +q-2=0 =  (3¢=-2)g+1)=0.
q’

. 2 : : 3 i
Solving we get ¢ = 3 or ¢ =—1 (ignored since — must be positive.
- q

33 ¢ 33
The two numbers are ‘—:“—:2 and —=— :Z.The sum 18
q 2 2 q (2)3 4
3 3
9 27 45 1
—t+—=—=11-.
2 4 4 4

Example 16. (2004 AMC 10 A)

Solution: (A).
Method 1 (official solution):
The terms of the arithmetic progression are 9, 9 +d, and 9 + 2d for some real

number d. The terms of the geometric progression are 9, 11 + d, and 29 + 24.
Therefore (11 + d)* = 9(29 + 2d) so d* + 4d — 140 = 0.

Thus d =10 or d = —14. The geometric progression when d = 101s 9, 21, 49 and
the geometric progression when d =-14 1s 9, =3, 1. Hence the smallest possible
value for the third term of the geometric progression is 1.

Method 2 (our solution):

The terms of the arithmetic progression are 9, a, and b.

The terms of the geometric progression are 9, 2 + a, and 20 + .

Therefore 2a = 9,,+ b = a=92+hb/2 (1)
and (2+a)”=9(20 + b) (2)
Substituting (1) into (2) and solving for b: b =29 or — 19.
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When b =29, the third term of the geometric progression 1s 20 + b =
49.

When b = - 19. the third term of the geometric progressionis 20 +h=20 - 19 =
1.

Since we want the smallest possible value, the answer 1s 1.

Example 17.
Solution: (C).

x2ox textox 6. =x
| |
= PO | r 1 1 1
infinite geometric series with sum 2 = % = 3’ SO x2-x 4.x¥.x 16 =
I-(-) = -
2 2

1
3 =3x.
Problem 5. Solution: (C).

Method 1 (official solution):
Letd = a; —a,. Then a, ,,, =a, +100d, and

Ayoy + s+ F Ay = (@, +100d) + (a, +100d) +-- -+ (a,,, +100d)

= a,+a,+---+a,,,+10000d .

Thus 200=100+10000d and d = 100 =0.01.
10000
Method 2 (our solution):
S>00 = 100 + 200 = 300.
S, S, 300100
By the formula d = __n 4% =@ _200 100 _ | .
2 m-—n 2 200-100 200
, —a, :Lx2=L=O 01
- 200 100

43X Arithmetic and Geometric Sequences BI58 17 TR



Problem 8. Solution: (C).
The sum of the first n terms of an arithmetic sequence is S, = n[2a + (n —1)d]/2
where a 1s the first term and d 1s the common difference. Thus, 40 = S5 = 5a + 10d
and 155 = Sj0=10a+45d. Solving this system, we get a =2 and d = 3. Therefore,
S 15— 345.

Problem 9. Solution: (B).
Method 1 (official solution):
The formula for the sum s of the first » terms may be written as

S = g[Za +(n=1)d]
In our cases, we have: S, = ’—2?(12 +4n)=2n" +6n and

S, = %(32 +2n)=n"+16n.

Since S, =S,. 2n° + 6n=n> + 16n.
Or n*—10n=0.
Sincen#0,n—10=0 = n=10.

Method 2 (our solution):
We know the formula S, |, =Q2n-1a,.

Let2n—1=m = n= m;—l )
. +1 +1
Since §) =8, (2x=~1)a,, =(2xZ——1)b, , = a,,=b,,
m+1 m+1

= 4+ 4x

=15+2x > = m = 10.
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Problem 10. Solution: %

2y
Method 1 (Official Solution):
Applying the formula for the sum of terms of an arithmetic progression,

&
5[2('+(’ —1d] B r’ " 2a+(r-d _r

. 2a+ (s —1)d s

%[251 +(s=Dd] §

Cross multiplying and simplifying leads to 2a = d. Now the ratio of
8th term a+7d 15a 1

Srdteri  a+90d 452 3

Method 2 (our solution):

. S,
By the formulaa, = —2-L we have

2n—1
Spet _ S
= =X = = 1
“T8—1 15 )
a,, = S:>-<23—l — 545 (2)
7 2x23-1 45
We also have Sis _ (E)3 _1 3)
S,s 45 9
a Ay |
D+(2): L=3x()=3x—=—
(D# Q) 2=3x(g =3
Method 3 (our solution):
Since —’=z—2 Sis = 15" _ 1.

S, s°7S,. 459

15
7(“1 +a5) 45

2a;,  a,+ay; 45 ‘ 1
15 1 9

Uyy 20y ap+ays f(al_;_a“)
2 -
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Problem 11. Solution: 4.
Let d be the common difference and a be the first term.

nn-—1) J =972

a +

Or[2a+ (n— Ddn=2 x 97* (1)
Since n > 2, n can only be one of the factors of 2 x 97%:97. 2 %91 9P. I % 9T~

Case I: If d > 0, n can only be 97 because 2 x 97 > n(n—1)d > n(n-1).

Therefore (1) becomes a +48d =97 (2)
=97 n=97.
There are two sets of solutions for (2): <d =1, and {d =2,
a=49, a=1.
Case II: If d= 0, (1) becomes a, = 977, (3)
n=97, n=97%
(3) also has two sets of solutions: <d =0, and <d =0,
a=9T7; a=1.

Therefore there are 4 such progressions.

Problem 16. Solution: (A).

Method 1 (official solution):

Let a and 7 be the first term and the common ratio of successive terms 1n the
geometric sequence, respectively. Then

atar=17,
a(r® =1) _9]
r—1 '

The result of dividing the second equation by the first 1s
A
a(r’=1) N 2 _13
(r=Da(r+1) 7

7 =Dt +r* +1) 5 2

. =rt+r7 +1,
r-—1

The left member reduces to

So P+t =12=0,
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which factors into:
7 +4)(* -3) =0.
Thus #* =3 and a+ar+ar* +ar’ = (a+ar)(1+r)=7(4) = 28.

Method 2 (our solution):

By formulaS . =S5 +¢"S, , we have

S,..=S,+q°S, =5 91=7+4q"S, = §—4=q2 (1)
4

S,.2=8,+4°S, = S,=7+17¢° (2)

Substituting (1) into (2): S, =7+ 7 x84

S’ -18,-588=0=
4

(S,—28)(S, +2)=0= S, =28.

4

Problem 18. Solution: %

5

= + 7— +--- . This number 1s the sum of an infinite

- . 5
0.55een can be written as — +

: : . , 19 . :
geometric series whose first term 1s 7 and whose ratio 1s —. Thus the number is

2
Vi
1 —

01'2
1%
7

Problem 19. Solution: (C).
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2 3 2 3 2 3 2 2 2 33 3

Tt Tt Tt Tt st st T T T e

7777 7T 7 7 77 7777
2 3

7 77 14 3 11

R T T T

Problem 20. Solution: 3/7.

- 3 3 :
0123 four = i-i— 2 +f+i+%+F+---, which equals

4 4 4 4
12 3
4 . 16 ., 64 _16 8 3 3

64 64 64

L 17 1 6 6 63 7

Problem 22. Solution: 9/13.

The probability that 4 wins in only 2 games is 0.6" = 0.36. If 4 does not win in
only 2 games, that means that the series will end in a tie after two games. The
probability that the series ends 1n a tie after two games 1s 0.6 x0.4 x2=0.48. If
the series ends 1n a tie after two games, the probability that 4 wins the entire
series 15 (0.48) - (0.36). This could continue infinitely, giving the probability to
equal the sum of a geometric sequence: (0.36)(1 + 0.48 + 0.48° + 0.48° + ---). The
| 036 9

sum of this infinite geometric series is 0.36- = m—
1-048 0.52 13

Problem 23. Solution: (D).
Method 1 (official solution):

By setting » = | in the given recursive equation, we obtain a,,+; = a,, + a; + m,
for all positive integers m. So a,,+; — a,, =a; + mforeachm=1,2,3, .. ..
Hence,

(112_011:12,011_010:11 ..... 03‘(11=2.
Summing these equalities yields ajp—a; =12+ 11+---+2.So
_12(12+1)

a;=12+11++-+41 =78.
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Method 2 (our solution):
Ayysny = Ay T a, + mn

ap+ =ap +a;p+ 11 x1
ap+1 = ayp +ap +10x 1
dg+] = do ta; +9 x 1
ag+]:ag+al+8><l
a?+1:a~;+al+7xl
dg+1 = ag +a; +6x1
as+) — ds +G‘.1+5X1
aseg —ag +ay +4x 1
as« =as +a; +3x1
ar-1 =a> t+a; +2x1

a1 =ay +a; + 1 x1

By adding these equations we get:

C12(12+1)

ap=12a; + (11 +10+-+2+1)= 12+11+---+1 =78.
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