AMC 10 Preparation: 14. Quadratic Equations

BASIC KNOWLEDGE

uadratic Formula And Discriminate:

~ . . . . . )
The following equation is called quadratic equation: ax” + bx + ¢ =10 (1)
where a, b, and ¢ are real numbers with a # 0.

We will derive the quadratic formula below. The method is called “the
substitution method”.

: b
Since a # 0, we let x=y——.
2a

Equation (1) can be written as: a(_r—zi): +b(y —;—7) +c=0 >
a

a\':—£+c=0 N J.:___b‘—éfac - -"zi\/b‘—étaczi\/b'—%lc.
’ 4a 4a- da- 2a
b Vb? —4dac -b |b*-4ac
xb—=t"" " o xo=——d T
2a 2a “ 2a da-
—b++b* —4ac

Two roots are: x,, =
2a

Note that in order for the roots to be rational numbers, the discriminant, A, must
be a square number so that the square root of A is an integer.

In order for the roots to be integers, the discriminant, A, must be a square number
so that the square root of A 1s an integer, and —b ++/A must be divisible by 2a.

1.2. Discriminate:

A =h* —4ac is called the discriminant.

Discriminant The quadratic equation has

A=0 Two equal real solutions (double roots)
A>0 Two unequal real solutions

A<0 No real solutions

The quadratic equation has Discriminant
Two equal real solutions (double roots) A=0

Two unequal real solutions A>0

No real solutions A<0
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1.3. Vieta’s Theorem

If x; and x; are two roots of a quadratic equation ax’ +bx+c=0, (a#0),

b c
Then x+x,=—— and x,-x,=—
a a .

1.3.1. A Different Form of Vieta Theorem

Vb —4ac _ Vb? —4dac _ JA
a a

(a>0).

X, _-"1‘ =

,and x, —x,
o

1.3.2. Useful Forms of Vieta’s Theorem

XX =(x +x,) - 22X,
XX = (0 + )[4+ x,)7 =33 ]
(x,—x,)" =(x, +x,)° —4xx,

I 1 x+x, a

— =
XX, XX,

PROBLEMS SOLVING

1. Quadratic Equations

Example 1. (2002 AMC 10 A) Compute the sum of all the roots of (2x + 3)(x — 4)
+Q2x+3)(x—6)=0.
(A)7/2 (B) 4 (©)5 (D)7 (E) 13

2. Vieta’s Theorem

Example 10. (2002 AMC 10 B) Suppose that @ and b are nonzero real numbers,
and that the equation x* + ax + b = 0 has solutions ¢ and b. What is the pair (a, b)?
(A) (-2, 1) B2 ©O0.-2 OE-1) BAG9H

Example 11. (2003 AMC 10A) Let d and e denote the solutions of 2x*+3x—5=
0. What 1s the value of (d — 1)(e — 1)?

(A)-5/2 (B)0 (C)3 (D)5 (E)6

Example 12. (2005 10 B) The quadratic equation x* + mx + n = 0 has roots that

. ~ 2 ~ . .
are twice those of x~ + px + m =0, and none of m, n, and p 1s zero. What 1s the

value of n/p?
(A) 1 (B)2 (C) 4 (D)8 (E) 16
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Example 13. (2006 AM 10B) Let a and b be the roots of the equation x* — mx + 2
= (. Suppose that a + (1/b) and b + (1/a) are the roots of the equation x* — px + ¢
=0. Whati1s ¢ ?

(A) 5/2 (B)7/2 ()4 (D)92 (E)8

3. The Discriminant

Example 21. (2007 AMC 12 A 24) How many pairs of positive integers (a, b)

a 14b . .
are there such that GCD(a, b) =1 and ;’+9— 1s an integer?
a

(A)4 B)6 ()9 (D)12 (E)infinitely many
PROBLEMS

Problem 10. (AMC) Consider x* + px + ¢ =0, where p and ¢ are positive
numbers. If the roots of this equation differ by 1, then p equals

(A) J4g+1 (B) g-1 (C) —y4g+1 (D) g+1 (E) 4q -1

Problem 11. (2003 AMC 10 A) What is the sum of the reciprocals of the roots of

003 .\‘+l+l=0‘?
X

(A) —2004/2003 (B)-1 (C)2003/2004 (D)1 (E)2004/2003

the equation

Problem 12. (2005 AMC 10 A) There are two values of a for which the equation
4x? + ax + 8x + 9 = 0 has only one solution for x. What is the sum of those values
of a?

(A)—16 (B) -8 (C)0 (D)8 (E) 20

Problem 13. Let ¢ and b be the roots of the equation x*— mx + 2 = 0. Suppose that
a+ (1/b) and b + (1/a) are the roots of the equation x> — px + ¢ =0. What is p ?
(A) Sm/2 (B) 7m/2 (C) 3m/2 (D) 9m/2 (E) 8m

Problem 17. (2002 AMC 10 A) Both roots of the quadratic equation x> — 63x + k
= ( are prime numbers. What is the number of possible values of &?
(A)O (B) 1 (Cy2 (D)4 (E) more than four

Problem 22. (2004 China Middle School Math Competition) Find the number of

integer values of n such that x> —6x —4n” —32n = 0 has two integer roots.
(A)3 (B)2 (©)5 (D) 4 (E)O

Solutions

Example 1. (2002 AMC 10 A)
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Solution: (A).

Method 1 (official solution):

Factor to get (2x + 3)(2x — 10) =0, so the two roots are —3/2 and 5, which sum to
7/2.

Method 2 (our solution):

If 2x + 3 =0, then x = — 3/2.

If 2x + 3 # 0, we divided each term of the equation by 2x + 3 to get: x —4 +x— 6
=0,or2x=10and x =5.

The sumi1s —3/2+5=7/2.

Example 10. (2002 AMC 10 B)

Solution: (C).

Method 1 (official solution):

The given conditions imply that
Y+ax+b=(x—-a)x—b)=x’—abx+ab,soa+b=—aandab = b.

Since b # 0, the second equation implies that a = 1. The first equation gives b =
-2,s0 (a, b)=(1, -2).

Method 2 (our solution):

By Vieta’s Theorem, the sum and product of the two roots of the quadratic equals

a+b=-L=_4 (1)

ab=—=5h (2)

Since b 1s a nonzero real number, we divide both sides ofab =5 by b to get: a=1
Substituting @ =1 nto (1): b=-2,so0 (a, b) = (1, —2).
Example 11. (2003 AMC 10A)

Solution: (B).
Method 1 (official solution):

Since 0=2x*+3x-5= (2x +5)(x— 1), we have d = -% ande=1.

So (d—1)(e—1)=0.

Method 2 (official solution):
If x = d and x = e are the roots of the quadratic equation ax™ + bx — ¢ = 0, then

de=< and a’+e=—2.
a a
For our equation this implies that (d—1)(e—1)=de—(d +e)+ 1=

5 3
—2 —(-2)+1=0.
2 T
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Method 3 (our solution):

B —dac  —3%437 —4x2x(=5)

By the Quadratic Formula, x, , = > =
a

-327
o

So d:—% ande=1.(d—1)(e—1)=0.

Example 12. (2005‘ 10 B)

Solution: (D).
Method 1 (official solution):
Let 7, and 7 be the roots of x* + px + m=0. Then

2x2

0=x*+px +n= x—r)x—r)=0,som=rmand p=—(r+r).
P p

. ~ bl
Since the roots of x~ + mx + n =0 are 2r; and 2r», we also have
ol
O=x"+mx+n=x-2r)Kx-2r),s0 n=4ryand m=— (r; + r).

l 4
Thus n =4m, p=—m and B a8

2 p lm
5

Method 2 (our solution):
Let - and s be the roots of x™ + px + m = 0.

By Vieta’s Theorem,

r+s :—-}liz—p

m
and rs = T =m

Let 27 and 2s be the roots of x* + mx + n = 0.
By Vieta’s Theorem,

(2]‘)+(2S)=—ﬂ:—n; = I'+S=—ﬂ
1 2
and (2r)(2s) = L n =5 P8 = s
1 4
From (1) and (3), we have — p =—%’ = p =%

From (2) and (4), we have m =% = n=4m

I

6)+(5): L="2=38.
p m
2

Example 13. (2006 AM 10B)
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Solution: (D).

Method 1 (official SOllltiOHlZ

Since a and b are roots of x”— mx + 2 =0, we have

x'—mx+2=(x—a)x—b)and ab=2.

In a similar manner, the constant term of x* — px + ¢ is the product of a + (1/b)
9

and b + (1/a), so q=(a+l)(b+l)=ab+l+l+i=—.
b a ab 2
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Method 2 (our solution):
For the equation x° — mx + 2 = 0, by Vieta’s Theorem,

axb:%:2 = ab=?2 (1)
For the equation x* — px + ¢ = 0, by Vieta’s Theorem,

@+bHp+ly=4 -, = ab+l+li—=g ()
b a | a

Substituting (1) into (2): g = 2+l+1+%: %

Example 21. (2007 AMC 12 A 24)

Solution: (A).
Method 1 (official solution):
Let # = a/b. Then the problem is equivalent to finding all positive rational

14 . :
numbers # such that u + - =k for some integer k.
u

This equation is equivalent to 9u” —9uk +14 =0, whose solutions are

=9ki\/81k3—504 k lm

==t

8 2 6
Hence u is rational if and only if v/94* —56 is rational, which is true if and only
if 9k — 56 is a perfect square. Suppose that 9k* — 56 = s for some positive
integer s. Then (3k — s)(3k + 5) = 56. The only factors of 56 are 1, 2, 4, 7,
8, 14, 28, and 56, so (3k — s, 3k + s) 1s one of the ordered pairs (1, 56), (2, 28),
(4, 14), or (7, 8). The cases (1, 56) and (7, 8) yield no integer solutions. The
cases (2, 28) and (4, 14) yield k=5 and k = 3, respectively. If k =5, then
u=1/3 oru=14/3.1f k=3, then u = 2/3 or u=7/3. Therefore there
are four pairs (a, b) that satisfy the given conditions, namely (1, 3), (2, 3), (7, 3),
and (14, 3).

U

Method 2 (our solution)

Let x = % The problem becomes equivalent to finding all the positive rational

14 . o
numbers x such that x+9— =n for some positive integer 7.
v

This equation can be rewritten into the quadratic equation 9x* —9x77+14 =0 |

whose discriminant must be a square number in order for the root x to be a
rational number.

A=) —4x9Ix14=m" = In"—4xld=m’ = I’ —m> =2°x7
= Bn—-m)@n+m)=2"x7
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We know that 3# — m and 3n + m have the same parity, so both either be even or
odd, and since their product 1s even, both should be even. We also know that 3n —
m < 3n + m. So we have

3n—m 3n+m
2 22 %7
2 2x7

This gives us two pairs of » and m: (5, 13) and (3, 5). Plugging them into the
original quadratic 9x* —9x1+14 =0 and solving for x gives us

9x* —9an +14 =0 = Ox? —45x+14=0 = .\‘=% or x=%.

9x* —9xn+14 =0 = Ox* —27x+14 =0 = _\‘:%01‘ x=%.

Therefore there are four pairs (a, b) that satisty the given conditions, namely (1,
3),(2,3),(7,3), and (14, 3).

Problem 10. Solution: (A).
Method 1 (official solution):
Call the roots r and » + 1. Their sum 1s — p = 2r + 1 and their product 1s

g=r(r+1). Thus

rz_p_l, r+1=_p+1,
2 2
and
q=”r+nz(fp—0kp+4)=p‘—k

2-2 4
p=4g+1 and p=,/4g+1.

Method 2 (our solution):
Let zand S be the two roots of the equation.

By Vieta’s Theorem:

a+p=-p (1)
aff=q (2)
|l - A =1 3)

Squaring both sides of (3):

k-A'=1 = &-2ap+f=1 = (a+p)-4af=1 (4)
Substituting (1) and (2) into (4): (=p)* —4g =1 = pi=4g+1.
Since p is positive, p = W .

Method 3 (our solution):

=Vb-_4“'c=‘/z — lz_\M:pf_g,q:]
a

a 1
Since p 1s positive, p=/4g+1 .

X, — X,
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Problem 11. Solution: (B).

Method 1 (official solution):
Let a =2003/2004. The given equation 1s equivalent to ax™ +x+ 1 = 0.
I the roots of this equation are denoted  and s, then

1 1 r+s

| |
rs=—and r+s=——,80 —+—= =-1.
a a ros rs

Method 2 (official solution):
If x 1s replaced by 1 = y, then the roots of the resulting equation are the reciprocals

of the roots of the original equation. The new equation 1s 2003/(2004y) + 1 +y =
0 which is equivalent to y* + y + 2003/2004 = 0.

The sum of the roots of this equation is the opposite of the y-coincident, which
ig=1.

Method 3 (our solution):

: : 3
We multiply both sides of 200 X +l+l =0 by 2004x to get
2004 X
2003x” +2004x +2004 =0 .
By Vieta’s Theorem,
2004
B i 1
TR T 003 )
2004
X = )
275003 )
2004
| I x,+x, 2003
The answeris —+—="1—== = =—].
Y % xy, 2004
2003

Problem 12. Solution: (A).

Method 1 (official solution):

—(a+8)++/(a+8)° —4-4-9
2-4 ‘
The equation has only one solution precisely when the value of the discriminant

The quadratic formula yields x, =

is zero, that is, when (¢ +8)* —144=0

2

This implies that a+8==+12. So a =—20 or a =4, and the sum is —16.

43X Quadratic Equations Y58 9 71




Method 2 (our solution):
Let  be the double roots of 4x* + ax + 8x + 9 =0.

By Vieta’s Theorem,

r+r=—a+8 = 7 =—ﬁ—l (D)
8

¢ 3

and r><r=2 — r=t— 2)
4 2
3 3 a

When »=—, (1) becomes —=——-1 = a=-20
2 2 8

3 3 '
When r=-—, (1) becomes ST, [ a=4.
2 2 8

The sum 1s —16.

Problem 17. Solution: (B).

Method 1 (official solution):
Let p and ¢ be two primes that are roots of x> — 63x + k= 0. Then

X =6 Hk=(x-pl =X~ rgxtp - q,

sop+tg=63andp - g = k. Since 63 1s odd, one of the primes must be

2 and the other 61. Thus, there 1s exactly one possible value for &, namely

k=p - qg=2+ 61=122.

Method 2 (our solution):

Since both roots of the quadratic equation are prime numbers, we know the the
discriminant is a square number. So we have

A=m’ or (- 63)2 —dk=m = 63> —m* =4k = (63 —m)(63 + m)=4k
We know that (63 —m) and (63 + m) have the same parity. So both must be even.
We have

63—-m=2
63+m=2k }
k=62.

Solving for x we get x = 62 and x = | (not prime numbers).
63—-m=4

63+m=k }

k=122.

Solving for x we get x = 61 and x = 2 (both are prime numbers).
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Problem 22. Solution: (D).

Method 1:

Since the roots of the quadratic equation with respect to x are integers, the
discriminant

A= (=6)* —4(—4n> —32n) =27 (4n" +321n+9) must be a square number, or
4n° +32n+9 must be a square number.

Let 417° +32n+9=m", where m > 0.

Factoring gives us

RCn+8+m)(2n+8—m)=>55.

Since 55=1x55=5x11=(=1)*x(=55)=(-=5) x (=11), the values of n are
n =10,n, =0,n, =—18,n, =-8.

It is important to check all four values of n because — 6+~/A must be divisible by
2 so that the two roots are integers.

When 1 =10, x> —6x—4n> =321 =0 becomes x* —6x— 720 =0 . The two roots

—6+4/3 -
are 6+v36+4x720 _ 6_54:24’_30‘
2 2
Similarly, for n, =0, n, =—18, n, =8, the roots are also integers.

There are 4 values of n.

Method 2:
Since the equation’s roots are integers, the discriminant of the quadratic A =

(—6)* —4(—4n* —32n) = 2°(4n° +32n+9) must be a square number, or
4n* + 321 +9 must be a square number.

Let 47> +32n+9=m", where m >0 = A’ +32n+9—m* =0

Since » is an integer, the discriminant of 4n° +321n+9—m" =0 with respect to »
must be a square number:
A=32"—4x4x(9—m’)=4>(m" +55)

Or m’ + 55 must be a square number.

Let m® +55=s", where s > 0.

This equation can be rewritten as

sT=m? =55 = (s—=m)(s+m)=1x55=5x11=(=1)(=55)=(=5)(-11).

So m has 4 values: 3, — 7,27, —27. Since m > 0, we can rule out — 7 and — 27,
leaving m =27 or m = 3.

When m =3,
An* +32n+9-3"=0= 47" +32n=0 = 4n(n+8)=0
n=0orn=-8.

When m =27,

A +32n+9-27"=0 = 4n° +32n-720=0 = 4n(n+8)=0
n=10orn=-18.

There are 4 values of n.
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