AMC 10 Preparation: 9. Word Problems — Distance and
Speed

1. BASIC KNOWLEDGE

1.1. Basic Formulas related to distance, rate. and time

d =7t L
d stands for distance (given in units such as miles, feet, kilometers, meters, etc.), ¢
stands for time (hours, minutes, seconds, etc.), and r stands for the (uniform,
fixed, steady, constant, or average) rate of speed.

d |
r= (1.2)
- (13)

&

In the following figure, we add d, and d, to get the total distance d: d =d,| + d>,
and we add 7, and 1, to get the total time 7: 1 =1, + 15.

However, we do not add 1 and 72 r £ 1 + 2.

d
| 1 | iy |
| —— = & |
A B o
A—-B r1 X h = dy
- -
B —( 9 x b = d>
A =i r X { = d

_i_dl—l—d2 _dytdy  npldiid;)

r = = 121
t  t+t, d _I_ﬁ dr, +d,n ( )
B
di=d, 7= rnd +d)  2dny  2np (12.2)

d i, A dif, +H) #+a
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1.2. Two people walking in the same direction:

Denote Alex's speed as 4 and Bob's speed as 7 with r4 > rp. Let the distance
between them be d.

In order to simplify this problem, one may think that Bob 1s not moving, and that
Alex walks m a relative speed of (74 — rp) to cover a distance of d n time 7.

d=(r,—rt (1.4)
Therefore, the time needed for Alex to catch Bob is: 7 = {1.5)
B~
4 Fp
1

B
]
1

d

1.3. Two people walking in the opposite directions (towards each other)

Alex's speed is 74 and Bob's speed 1s 7, and distance between them 1s d.
This time, one may think that Bob is not moving and Alex walks 1n a relative
speed of (74 + rp) to cover a distance of d with time 7.

d=,+1y)t (1.6)
The time needed for Alex to meet Bob 1s: 7 = (1.7
Tyt
rA
A

Fy
— —

B

]

|

1.4. Boat going with the current of a river

The engine of the boat produces a speed 7 for the boat in still water. The current's
speed of the water 1s 7, and the distance travelled in time 7 1s d.
In order to solve these kinds of problems, one may think that the boat 1s moving at
a relative speed of (rg + r¢) to cover a distance of d with time 7.
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d =lrfni

. . . d
The time needed for the boat to travel a distance d 1s: t =
b4
r
E
= ¥ C
Boat Current
l m— |
| d |

1.5. Boat going against the current

The engine of the boat produces a speed r¢ for the boat in still water. The speed of
the river current 1s r¢, and the distance travelled 1n time 7 1s d.

One may think that the boat 1s moving in a relative speed of (7z — r¢) to cover a
distance of d.

d =(ry =) (1.10)
The time needed for the boat to travel a distance d 1s: t = (110
Fy, — B
LI
Boat L'erim
| - :

1.6. Walking after meeting

Alex walks from A4 to B and Betsy walks from B to 4 at the same time. After ¢
hours, they will meet each other, and then they will continue walking. It takes
Alex t, hours to reach B, and 1, hours for Betsy to reach 4. Assume that Alex and
Betsy keep their speeds constant. The following relationship is true between ¢ and
o

{ =t %1, (1.12)

2. TYPICAL PROBLEMS

Example 5. (AMC 12) John 1s walking east at a speed of 3 miles per hour. Bob i1s
also walking east, but at a speed of 5 miles per hour. If Bob 1s now 1 mile west of

John, how many minutes will it take for Bob to catch up to John?
(A) 30 (B) 50 (C) 60 (D) 90 (E) 120
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Example 6. (2007 AMC 10A) Yan 1s somewhere between his home and the
stadium. To get to the stadium he can walk directly to the stadium, or else he can
walk home and then ride his bicycle to the stadium. He rides 7 times as fast as he
walks, and both choices require the same amount of time. What 1s the ratio of
Yan’s distance from his home to his distance from the stadium?

(A) 2/3 (B) 3/4 (C) 4/5 (D) 5/6 (E) 6/7

Example 7. (2002 AMC 10A) Mr. Earl E. Bird leaves his house for work at
exactly 8:00 A.M. every morming. When he averages 40 miles per hour, he arrives
at his workplace three minutes late. When he averages 60 miles per hour, he
arrives three minutes early. At what average speed, in miles per hour, should Mr.
Bird drive to arrive at his workplace precisely on time?

(A) 45 (B) 48 (C) 50 (D) 55 (E) 58
Example 8. (AMC 12) Sunny runs at a steady rate, and Moonbeam runs m times
as fast, where m 1s a number greater than 1. If Moonbeam gives Sunny a head
start of 7 meters, how many meters must Moonbeam run to overtake Sunny?

h (©) h D) hm ©®) h+m

A)h B
Ly ( )h+11? m—1 m—1 m—1

Example 9. (AMC 12) In an ~-meter race, Sunny 1s exactly d meters ahead of
Windy when Sunny finishes the race. The next time they race, Sunny sportingly
starts d meters behind Windy, who 1s at the starting line. Both runners run at the

same constant speed as they did in the first race. How many meters ahead is
Sunny when Sunny finishes the second race?

d d? h’ d’
(A) 7 (B)0 (©) N (D) v (E) Py

Example 15. (AMC 12) Two swimmers, at opposite ends of a 90-foot pool, start
to swim the length of the pool, one at the rate of 3 feet per second, the other at 2
feet per second. They swim back and forth for 12 minutes. Allowing no loss of
time at the turns, find the numbers of times they pass each other.

(A) 24 (B) 21 (C) 20 (D) 19 (E) 18
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Problem 7. (AMC 12) A can run around a circular track i 40 seconds. B, running N
in the opposite direction, meets 4 every 15 seconds. What 1s B’s time to run
around the track, expressed in seconds ?

(A) 12% (B) 24 (C) 25 D) 27% ([) 55

Problem 15. (AMC 10A) 15. Odell and Kershaw run for 30 minutes on a circular
track. Odell runs clockwise at 250 m/min and uses the mner lane with a radius of
50 meters. Kershaw runs counterclockwise at 300 m/min and uses the outer lane
with a radius of 60 meters, starting on the same radial line as Odell. How many
times after the start do they pass each other?

(A) 29 (B) 42 (C) 45 (D) 47 (E) 50

Problem 16. (AMC 12) A man walked a certain distance at a constant rate. If he

| . . .
had gone = mile per hour faster, he would have walked the distance in four-fifths

: - [
of the time; 1f he had gone 3 mile per hour slower, he would have been 2i
hours longer on the road. The distance in miles he walked was

(A) 13% B)15 (O 17% D) 20 (€) 25

Solutions

Example 5. (AMC 12)

Solution: (A).

Method 1 (official solution):

In order to catch up to John, Bob must walk 1 mile farther in the same amount of
time. Because Bob’s speed exceeds John’s speed by 5 — 3 = 2 miles per hour, the
time required for Bob to catch up to John 1s 2 hour, or 30 minutes.

Method 2 (our solution):
Bob walks 1n a relative speed of (75 — 77y to cover a distance of 1 mile in time 7.

1 .
By (1.4), d=@,—nr)t= I=5-3¢t = = 5 hours = 30 minutes.
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Example 6. (2007 AMC 10A)

Solution: (B).

Method 1 (official solution):

Let w be Yan’s walking speed, and let x and y be the distances from Yan to his
home and to the stadium, respectively. The time required for Yan to walk to the
stadium is y = w, and the time required for him to walk home 1s x = w. Because he
rides his bicycle at a speed of 7w, the time required for him to ride his bicycle
from his home to the stadium 1s . (x +y)/(7w). Thus

y x x+y 8x+y

w o w  Tw Tw
As a consequence, 7y = 8x + p, so 8x = 6y. The required ratio is x/y = 6/8 = 3/4.

Method 2 (our solution):

Let v be Yan’s walking speed, and let x and y be the distances from Yan to his
home and to the stadium, respectively.

We draw the following diagrams:

h
®
X
&
(a)

For figure (a), we can write
X=% (1)
x+y=Tvt, = (x +)/7=vt (2)
For figure (b), we have y = v(t; + £,) = vt; + vi» (3)

Substituting (1) and (2) into (3):
y=x+@x+y)7 = Ty=Tx+(x+y) = 6y=8x=x/y=06/8=3/4.

Example 7. (2002 AMC 10A)
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Solution: (B).

Method 1 (official solution):

Let 7 be the number of hours Mr. Bird must travel to arrive precisely on time.
Since three minutes is the same as 0.05 hours, 40(z + 0.05) = 60(¢ — 0.05). Thus
40t +2=60t—3,so0t=0.25.

The distance from his home to work 1s 40(0.25 + 0.05) = 12 miles. Therefore,
his average speed should be 12/0.25 = 48 miles per hour.

Method 2 (official solution):

Let d be the distance from Mr. Bird’s house to work, and let s be the desired

average speed. Then the desired driving time is d/s. Since d/60 1s three minutes

too short and d/40 1s three minutes too long, the desired time must be the average,
d 1 1 5 1

so—=—(i+i).Thus—=1(L+L)=—=—,sos=48.
s 260 40 s 260 40 240 48

Method 3 (our solution):
Let d be the distance from Mr. Bird’s house to work, and let 7 be the number of
hours Mr. Bird must travel to arrive precisely on time. We change three minutes

to L hours.
20

When he averages 40 miles per hour, he arrives at his workplace three minutes

late. So we have i:J‘+L (1)
40 20

When he averages 60 miles per hour, he arrives three minutes early.

So we have izi—L (2)
60 20

M +@): Ly L 92 _4
60 40 -0

Example 8. (AMC 12)
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Solution: (D).

Method 1 (official solution):
Let x be the number of meters that Moonbeam runs to overtake Sunny, and let »
and mr be the rates of Sunny and Moonbeam, respectively. Because Sunny runs x
— h meters in the same time that Moonbeam runs x meters, it follows that x — h/r =

x/mr. Solving for x, we get x = hm/m — 1.

Method 2 (our solution):

Let V,, and V; be the speeds of Moonbeam and Sunndy, respectively. Let 7 be the
time needed for Moonbeam to overtake Sunny. Let d be the distance Moonbeam
must run to overtake Sunny.

V=Vt =h (1)

ey, @

m

We know that V,, =mT =

Substituting (2) into (1): (¥}, —&)r =h= V,(1- i)f = h=
m m

i == h _ hm |
i 1— 1 m-1
m

Example 9. (AMC 12)

Solution: (C).

Method 1 (official solution): Let » be Sunny’s rate. Thus //r and (7 + d)/r are the
times 1t takes Sunny to cover 4 meters and / + d meters, respectively. Because
Windy covers only # — d meters while Sunny covers 4 meters, it follows that
Windy’s rate 1s (4 — d)r/h. Therefore, while Sunny runs /# + d meters, the number
of meters Windy runs is (h — d)r/h - (h + d)/r = (W —d*h=h-dh. Sunny’s
victory margin over Windy is d*/A.

Method 2: Assume that 2= 100, d = 10, and the first race ends 1n 10 seconds.
Then Sunny runs 10 m/s and Windy runs 9 m/s. In the second 100-meter race,
Sunny runs 110 meters i 11 seconds. Windy covers only 11(9) = 99 meters in
this time, so Sunny finishes 1 meter ahead. Plugging the values for /# and d into
the answer choices, only answer C yields a result of 1.

Example 15. (AMC 12)
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Solution: (C).
Method 1 (official solution):
We graph the position of each swimmer with

A
respect to time [this graph ends with 7= 3 S ls0

(minutes)]. At the end of 3 minutes they are back i

to their original positions, so that in 12 minutes :l[zJ

this cycle 1s repeated four times. Since there are o \

five meetings in this cycle, the total number of Qo %6 90 10150150 ’[:;:;Ed,]

meetings 1s 4 - 5 = 20.

The problem may be viewed as one in periodic phenomena; the period for the
faster swimmer 1s 60 seconds, while the period for the slower swimmer 1s 90
seconds (the period is the time-interval necessary for the swimmer to return to his
starting point). The common period 1s 180 seconds or 3 minutes.

Method 2 (our solution):

As shown 1 the figure, it takes the swimmers 7 seconds to get back to the ends
where they start: 1 =
(3+2)t=90x2 =180 = =36 seconds. - o

B A

This means that for every 36 seconds, they meet once.

12 minutes can be converted mto 12 x 60 = 720
seconds, so within 720 seconds, the swimmers meet

720 = 36 = 20 times.

Problem 7. Solution: (B).
Method 1 (official solution):
Let x denote B's time 1n seconds. Letting / represent the length of the track, we

) [
have — (15 +—(15) =1. 2 2=24
40 X
Method 2:
Let 7 be the time needed to run around the track. Then we have 1> = L1 )
40-15 40

Solving for 7 gives us 7= 24 seconds.
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Method 3:
Let d be the length of the path.
Since A can complete a circular path i 40 seconds, we have

d=ri=40, (1)
Since they meet every 15 seconds, we have
d=(r,+r)t=15(r,+1r3) (2)
Solving (1) and (2), we get:

3 5 40 1
=y — v, =—F, X—=— d =24%
B=ga 2T 49 24 ’

So it takes 24 seconds for B to complete the circular path.

Problem 15. Solution: (D).

Method 1 (official solution):

Since Odell’s rate 1s 5/6 that of Kershaw, but Kershaw’s lap distance 1s 6/5 that of
Odell, they each run a lap in the same time. Hence they pass twice each time they
circle the track. Odell runs

(30 min) 250y (— 1S _ 75 1~ 23,87 laps

mmn 1007 m T

as does Kershaw. Because 23.5 < 23.87 < 24, they pass each other 2(23.5) = 47
times.

Method 2 (our solution):

Suppose Odell does not move and Kershaw moves at a relative speed of 250 +
300 =550
In 30 minutes, Kershaw moves 550 x 30 = 16500.

16500 16500 150
B 50+60

2

~47.7. So they meet 47 times.

2m 27T X
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Problem 16. Solution: (B).
Method 1 (official solution):

Let R and T denote the first rate and corresponding time. The distance that the
man walked can be denoted as the following expressions:

1 4 | 5
RT(R+=)=T,(R—=XT+-).
R+ T(R-XT+3)
Since all three walking rates and corresponding times yield the same distance,

1 4 1 5
Rl =(R+—)—T =(R——XT+—)
( 2)5 ( 2)( 2)
: . : 4 1
The first equality 1s equivalent to Rzg(R+5), so R=2, and RT'=2T.

. : | 5
Substituting in these values into R7' =(R —5)(T +5)_, we get

1 5 1. RIT 5 3R 15
RIT=(R——XT+)T=Q——)—+—=-)=——+—,
( 2)( 2) ( 2)( 2 2) 4 4
and solving for R7, we have — =£, or R7T'= 15 miles.

Method 2 (our solution):
Let V7 and T denote the regular rate and corresponding time and d the distance.

1.4

(V+5)§T=d (1)
1 5

v —5)(T +5) =d (2)

VT=d (3)

Solving the system of equations, V=2 and 7= 15/2. Thusd = VT = 15.
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