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1.

(a)
(b)

ANSWER: a =5
Since (a, a) lies on the line 3z — y = 10, then 3a — a = 10 or 2a = 10 or a = 5.

ANSWER: (6,2)
Solution 1
To get from A to B, we move 2 units to the right and 1 unit up.

y

B(2.0)
A(O,—1)</

Since C lies on the same straight line as A and B, then to get from B to C' we move 2
units to the right and 1 unit up twice, or 4 units to the right and 2 units up.
Thus, the coordinates of C' are (6, 2).

Solution 2
Label the origin as O and drop a perpendicular from C' to P on the z-axis.

y

C
0]
X
/B(2, 0) 2
A(0,—1),

Then AAOB is similar to ACPB since both are right-angled and they have equal angles
at B.

Since BC = 2AB, then CP = 2A0 = 2(1) =2 and BP =2B0O = 2(2) = 4.

Therefore, the coordinates of C' are (24 4,0 + 2) = (6, 2).

By the Pythagorean Theorem, AO? = AB? — OB? = 50° — 40% = 900, so AO = 30.
Therefore, the coordinates of A are (0, 30).

By the Pythagorean Theorem, CD? = CB? — BD? = 50% — 482 = 196, so CD = 14.
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Therefore, the coordinates of C' are (40 4 48, 14) = (88, 14).
Since M is the midpoint of AC, then the coordinates of M are

G(o +88), (30 + 14)> — (44,22)

ANSWER: © = —2

Solution 1

Since y = 2z + 3, then 4y = 4(2x + 3) = 8z + 12.

Since 4y = 8x + 12 and 4y = 5x + 6, then 8x + 12 =5x + 6 or 3z = —6 or x = —2.

Solution 2
Since 4y = bx + 6, thenyz%x—i—%z%x—l—%.
Since y = 2z + 3 andy:%x+%,then2x+3:%x+%or %x:—% or r = —2.

Solution 3

Since the second equation contains a “5x”, we multiply the first equation by g to obtain
a b5z term, and obtain gy = dr + 12—5

Subtracting this from 4y = 5z + 6, we obtain %y = —% ory = —1.

Since y = —1, then —1 =2x+ 3 or 2 = —4 or z = —2.

ANSWER: a =6

Solution 1

Adding the three equations together, we obtain a —3b+b+2b+7c—2c—5¢c = —104+3+13
or a = 6.

Solution 2
Multiplying the second equation by 3, we obtain 3b — 6¢ = 9.
Adding this new equation to the first equation, we obtain ¢ = —1.

Substituting this back into the original second equation, we obtain b = 3 4+ 2¢ = 1.
Substituting into the third equation, a = —2b+5¢c+ 13 = -2 -5+ 13 = 6.

Solution 1

Let J be John’s score and M be Mary’s score.

Since two times John’s score was 60 more than Mary’s score, then 2J = M + 60.
Since two times Mary’s score was 90 more than John’s score, then 2M = J + 90.

Adding these two equations, we obtain 2J +2M = M + J 4+ 150 or J + M = 150 or
J+ M
= 75.

Therefore, the average of their two scores was 75.
(Note that we didn’t have to solve for their individual scores.)
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Solution 2

Let J be John’s score and M be Mary’s score.
Since two times John’s score was 60 more than Mary’s score, then 2J = M + 60, so
M =2J —60.

Since two times Mary’s score was 90 more than John’s score, then 2M = J + 90.
Substituting the first equation into the second, we obtain

2(2J —60) = J+90

4J —120 = J+90
3J = 210
J = 70

Substituting into M = 2J — 60 gives M = 80.
Therefore, the average of their scores (ie. the average of 70 and 80) is 75.

ANSWER: z = 50
Simplifying using exponent rules,

2(1612) 4 2(816) — 2<<24)12) 4 2((23>16) — 2<248> 4 2(248) — 4(248> — 22<248) — 250

Therefore, since 2 = 2(16'2) + 2(8'%) = 2°Y then z = 50.

Solution 1
We factor the given equation (f(z))” — 3f(z) +2 =0 as (f(z) — 1)(f(z) —2) = 0.
Therefore, f(z) =1 or f(z) = 2.

If f(x)=1,then2z—1=1or2x=2o0rz=1.

If f(x) =2,then2zx —1=2o0r2x =3 orz =

Therefore, the values of x are x =1 or x = %

[N [eV]

Solution 2
Since f(z) =2z —1 and (f(z))* — 3f(z) + 2 = 0, then

2z -1 =32z —-1)+2 = 0
4o —4dx+1—-62+3+2 = 0
42* — 10z +6 = 0

202 —5x+3 = 0
(x—1)2z—-3) = 0

3

Therfore, z =1 or x = 3.

14

ANSWER: T

Solution 1

The possible pairs of numbers on the tickets are (listed as ordered pairs): (1,2), (1,3),
(1,4), (1,5), (1,6), (2,3), (2,4), (2,5), (2,6), (3,4), (3,5), (3,6), (4,5), (4,6), and (5,6).
There are fifteen such pairs. (We treat the pair of tickets numbered 2 and 4 as being the
same as the pair numbered 4 and 2.)

The pairs for which the smaller of the two numbers is less than or equal to 4 are (1,2),
(1,3), (1,4), (1,5), (1,6), (2,3), (2,4), (2,5), (2,6), (3,4), (3,5), (3,6), (4,5), and (4, 6).
There are fourteen such pairs.

Therefore, the probability of selecting such a pair of tickets is 12

15°
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Solution 2
We find the probability that the smaller number on the two tickets is NOT less than or
equal to 4.

Therefore, the smaller number on the two tickets is at least 5.

Thus, the pair of numbers must be 5 and 6, since two distinct numbers less than or equal
to 6 are being chosen.

As in Solution 1, we can determine that there are fifteen possible pairs that we can se-
lected.

Therefore, the probability that the smaller number on the two tickets is NOT less than or
equal to 4 is -, so the probability that the smaller number on the two tickets IS less than

15°
: L1
or equal to 4is 1 — 1z = .

Solution 1

Since ZHLP = 60° and Z/BLP = 30°, then /ZHLB = /ZHLP — Z/BLP = 30°.
Also, since ZHLP = 60° and ZHPL = 90°, then ZLHP = 180° — 90° — 60° = 30°.

H
30°
400
B
30°
30°
P L

Therefore, AHBL is isosceles and BL = HB = 400 m.
In ABLP, BL = 400 m and ZBLP = 30°, so LP = BLcos(30°) = 400 (\/73) — 200V/3

m.
Therefore, the distance between L and P is 200v/3 m.

Solution 2

Since ZHLP = 60° and ZBLP = 30°, then /HLB = /HLP — ZBLP = 30°.
Also, since ZHLP = 60° and ZHPL = 90°, then ZLHP = 180° — 90° — 60° = 30°.
Also, ZLBP = 60°.

Let LP = z.
H
30°
400
B
60° 30°
30°
P X L

Since ABLP is 30°-60°-90°, then BP : LP =1:+/3,s0 BP = -LP =

1
V3 3l
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Since AHLP is 30°-60°-90°, then HP : LP = /3 : 1, so HP = /3LP = /3x.
But HP = HB + BP so

1
V3z = 400+ —z

V3
3r = 400V3 +x
2¢ = 400V3
r = 200V3

Therefore, the distance from L to P is 2004/3 m.

ANSWER: (6,5)

After 2 moves, the goat has travelled 1 + 2 = 3 units.

After 3 moves, the goat has travelled 1 + 2 + 3 = 6 units.

Similarly, after n moves, the goat has travelled a total of 1 +2 + 3 4 --- + n units.

For what value of nis 1 +2 4 3 4+ --- 4+ n equal to 557

The fastest way to determine the value of n is by adding the first few integers until we
obtain a sum of 55. This will be n = 10.

(We could also do this by remembering that 1 +2+3+--- 4+ n = in(n+ 1) and solving
for n this way.)

So we must determine the coordinates of the goat after 10 moves.

We consider first the x-coordinate.

Since starting at (0, 0) the goat has moved 2 units in the positive = direction, 4 units in the
negative x direction, 6 units in the positive x direction, 8 units in the negative x direction
and 10 units in the positive x direction, so its  coordinate should be 2—44+6—-8+10 = 6.
Similarly, its y-coordinate should be 1 —3+5—7+9 =5.

Therefore, after having travelled a distance of 55 units, the goat is at the point (6,5).

Solution 1
Since the sequence 4, 4r, 472 is also arithmetic, then the difference between 4% and 4r
equals the difference between 4r and 4, or

Ar* —4r = 4r—4
47 —8r+4 = 0
P —2r+1 = 0
(r—12% = 0

Therefore, the only value of r is r = 1.

Solution 2
Since the sequence 4, 4r, 4r? is also arithmetic, then we can write 4r = 4 + d and
4r? = 4 + 2d for some real number d. (Here, d is the common difference in this arithmetic
sequence.)

Then d = 4r — 4 and 2d = 4r?> —4 or d = 2r? — 2.

Therefore, equating the two expressions for d, we obtain 2r? —2 = 4r—4 or 2r> —4r+2 =0
orr?—=2r+1=0or (r—1)?=0.

Therefore, the only value of r is r = 1.

ANSWER: 47
First, we notice that whenever an equilateral triangle of side length 3 is placed inside a
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circle of radius 3 with two of its vertices on the circle, then the third vertex will be at the )
centre of the circle. ®
This is because if we place AXY Z with Y and Z on the circle and connect Y and Z to

the centre O, then OY = OZ = 3, so AOY Z is equilateral (since all three sides have

length 3). Thus AXY Z and AOY Z must be the same, so X is at the same point as O.

e

Y

Thus, in the starting position, A is at the centre of the circle.

As the triangle is rotated about C', the point B traces out an arc of a circle of radius 3.
What fraction of the circle is traced out?

When point A reaches point A; on the circle, we have AC' = 3 and CA; = 3. Since A is at
the centre of the circle, then AA; = 3 as well, so AAA;C' is equilateral, and ZA;CA = 60°,
so the triangle has rotated through 60°.

a

B

Therefore, B has traced out 3660(;0 = % of a circle of radius 3.

Notice that A has also traced out an arc of the same length. When A reaches the circle,
we have A and C' on the circle, so B must be at the centre of the circle.

Thus, on the next rotation, B again rotates through % of a circle of radius 3 as it moves
to the circle.

On the third rotation, the triangle rotates about B, so B does not move. After three
rotations, the triangle will have A at the centre and B and C' on the circle, with the net
result that the triangle has rotated 180° about the centre of the circle.

Thus, to return to its original position, the triangle must undergo three more of these
rotations, and B will behave in the same way as it did for the first three rotations.

Thus, in total, B moves four times along an arc equal to é of a circle of radius 3.
Therefore, the distance travelled by B is 4(3)(27(3)) = 4.

In order to determine C'D, we must determine one of the angles (or at least some infor-
mation about one of the angles) in ABCD.
To do this, we look at ZA use the fact that ZA+ ZC = 180°.
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(b)

Using the cosine law in AABD, we obtain

7 = 52 +6%—2(5)(6)cos(£LA)
49 = 61 —60cos(ZLA)
1
LA) = -

cos(ZLA) z
Since cos(ZA) =+ and LA+ ZC = 180°, then cos(£C) = — cos(180° — LA) = —1+.
(We could have calculated the actual size of ZA using cos(ZA) = 1 and then used this
to calculate the size of ZC', but we would introduce the possibility of rounding error by
doing this.)
Then, using the cosine law in ABC'D, we obtain

7 = 44+ CD*-2(4)(CD)cos(£C)
1

49 = 16+ CD*—-8(CD) (‘g)

= 5CD?+8CD — 165
= (5CD +33)(CD —5)

So CD = —% or CD = 5. (We could have also determined these roots using the quadratic
formula.)
Since C'D is a length, it must be positive, so C'D = 5.

(We could have also proceeded by using the sine law in ABCD to determine ZBDC
and then found the size of ZDBC', which would have allowed us to calculate C'D using
the sine law. However, this would again introduce the potential of rounding error.)

ANSWER: Maximum = 5, Minimum = 1

We rewrite by completing the square as f(z) = sin®z — 2sinz +2 = (sinx — 1)2 + 1.
Therefore, since (sinz — 1)? > 0, then f(z) > 1, and in fact f(z) = 1 when sinz = 1
(which occurs for instance when x = 90°).

Thus, the minimum value of f(z) is 1.

To maximize f(z), we must maximize (sinxz — 1)2.

Since —1 < sinz < 1, then (sinx — 1)? is maximized when sinz = —1 (for instance, when
x = 270°). In this case, (sinz — 1)> =4, so f(z) = 5.

Thus, the maximum value of f(z) is 5.

From the diagram, the x-intercepts of the parabola are + = —k and z = 3k.
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(0,3k)

(—k,0) (3k,0)

Since we are given that y = —1(z — r)(z — s), then the a-intercepts are 7 and s, so 7 and
s equal —k and 3k in some order.

Therefore, we can rewrite the parabola as y = —1(z — (—k))(z — 3k).

Since the point (0,3k) lies on the parabola, then 3k = —1(0 + k)(0 — 3k) or 12k = 3k or
k*—4k =0or k(k—4) = 0.

Thus, k =0 or k = 4.

Since the two roots are distinct, then we cannot have k = 0 (otherwise both z-intercepts
would be 0).

Thus, k = 4.

This tells us that the equation of the parabola is y = —4(z +4)(x — 12) or y = —12? +
2z + 12.

We still have to determine the coordinates of the vertex, V.

Since the z-intercepts of the parabola are —4 and 12, then the x-coordinate of the vertex

is the average of these intercepts, or 4.
2

2(=3)
Therefore, the y-coordinate of the vertex is y = —1(42) + 2(4) + 12 = 16.
Thus, the coordinates of the vertex are (4, 16).

)

b
(We could have also used the fact that the z-coordinate is —oa =~

We look at the three pieces separately.

If v < —4, f(z) =450 g(z) = /25— [f(x)]2 =25 — 42 = /9 =3,

So g(z) is the horizontal line y = 3 when x < —4.

If £ > 5, f(z) = =550 g(x) = /25 — [f(2)]2 = /25 — (=5)2 = V0 = 0.
So g(x) is the horizontal line y = 0 when x > 5.

So far, our graph looks like this:
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—x 50 g(z) = /25 — [f(2)]2 = /25 — (—x)% = /25 — 22.

, f(2)

What is this shape?

If-4<z<5h

25.

25 — 2% or 2% + o2

25 — 22 or y?
Therefore, this shape is a section of the upper half (since y is a positive square-root) of

the circle 22 + y* = 25, ie. the circle with centre (0,0) and radius 5.

We must check the endpoints.

g(x), then we have y

If y

2 — (—4))% = 3.

When z = —4, we have g(—4) =
When x = 5, we have g(5) =

25 —52=0.

Therefore, the section of the circle connects up with the other two sections of our graph

already in place.

Thus, our final graph is:



2005 Euclid Contest Solutions
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(b) Solution 1
Let the centres of the two circles be O; and Os.
Join A and B to O; and B and C to O,.
Designate two points W and X on either side of A on one tangent line, and two points Y
and Z on either side of C' on the other tangent line.

Let ZXAB =96.

Since W X is tangent to the circle with centre O; at A, then O; A is perpendicular to WX,
so LZO1AB = 90° — 0.

Since O1A = O1B because both are radii, then AAOB is isosceles, so ZO1BA =
ZLO1AB =90° — 6.

Since the two circles are tangent at B, then the line segment joining O; and Oy passes
through B, ie. O1BOs is a straight line segment.

Thus, Z0;BC = Z0,BA = 90° — 0, by opposite angles.

Since Oy B = O5C, then similarly to above, Z0,CB = Z0,BC = 90° — 0.

Since Y Z is tangent to the circle with centre Oy at C, then OyC' is perpendicular to Y Z.
Thus, ZYCB =90° — ZO,CB = 4.

Since /XAB = ZYCB, then WX is parallel to Y Z, by alternate angles, as required.
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Solution 2

Let the centres of the two circles be O; and O,.
Join A and B to O; and B and C to O,.

Since AO; and BO; are radii of the same circle, AO; = BO; so AAO. B is isosceles, so
/0,AB = Z/0,BA.

Since BO, and CO4 are radii of the same circle, BOy = C'Oy so ABO,C' is isosceles, so
L0yBC = Z0,CB.

Since the two circles are tangent at B, then O; BOs is a line segment (ie. the line segment
joining O; and O, passes through the point of tangency of the two circles).

Since 01 B0, is straight, then ZO1BA = Z0,BC, by opposite angles.

Thus, Z0:AB = Z/0,BA = Z0,BC = Z0,CB.

This tells us that AAO; B is similar to ABOyC, so ZAO1B = ZB0OyC or LZAO105 =
ZC050;.

Therefore, AO; is parallel to CO,, by alternate angles.

But A and C are points of tangency, AO; is perpendicular to the tangent line at A and
C'O, is perpendicular to the tangent line at C.

Since AO; and C'O, are parallel, then the two tangent lines must be parallel.

Solution 1
We have (z — p)? +y* = r? and 22 + (y — p)? = r?, so at the points of intersection,

(z—p)P+y> = 2>+ (y—p)°
x® = 2pz +p* +y° 2’ +y° —2py +p°
—2pr = —2py

and so x = y (since we may assume that p # 0 otherwise the two circles would coincide).
Therefore, a and b are the two solutions of the equation (z — p)? + 2* = r? or 22% — 2px +
(p* —r?) =0 or 2 — pz + 1(p* — r?)=0.

Using the relationship between the sum and product of roots of a quadratic equation and
its coefficients, we obtain that a +b = p and ab = 1 (p* — 1?).

(We could have solved for a and b using the quadratic formula and calculated these di-
rectly.)

So we know that a + b = p.

Lastly, a* + b*> = (a + b)? — 2ab = p* — 2 (3(p* — 1%)) = r?, as required.

Solution 2

Since the circles are reflections of one another in the line y = x, then the two points
of intersection must both lie on the line y = z, ie. A has coordinates (a,a) and B has
coordinates (b, b).

Therefore, (a — p)? + a* = r? and (b — p)* + b? = r?, since these points lie on both circles.
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Subtracting the two equations, we get

(b—p)* = (a—p)*+b*—a
(b=p)=(a=p)((b—p)+(a—p))+(b—a)b+a) =
(b—a)(a+b—2p)+ (b—a)(b+a) =
(b—a)a+b—2p+b+a)

2(b—a)(a+b—p)

o O O o O

Since a # b, then we must have a + b = p, as required.
Since a + b = p, then a — p = —b, so substituting back into (a — p)? + a® = r? gives
(=b)* + a* =12, or a®> + b* = r?, as required.

(b) We first draw a diagram.

We know that C' has coordinates (p,0) and D has coordinates (0, p).

Thus, the slope of line segment C'D is —1.

Since the points A and B both lie on the line y = x, then the slope of line segment AB is
1.

Therefore, AB is perpendicular to C'D, so CADB is a kite, and so its area is equal to
L(AB)(CD).

(We could derive this by breaking quadrilateral CADB into AC AB and ADAB

Since C' has coordinates (p,0) and D has coordinates (0, p), then CD = /p? + (

2p2.

(We do not know if p is positive, so this is not necessarily equal to v/2p.)
We know that A has coordinates (a,a) and B has coordinates (b, b), so

AB = +/(a—b)2+ (a—b)?
= V242 — 4ab + 2b*
= /2(a2 +b2) — 4ab

_ ¢2r2_4(;<p2_r2>>

= 4r2 — 2p?

Therefore, the area of quadrilateral CADB is

1 1
FAB)(CD) = ov/dr? = 2p2/2p* = /2r%p? — p*
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10. (a)

To maximize this area, we must maximize 2r2p? — p* = 2r?(p?) — (p?)%.
Since r is fixed, we can consider this as a quadratic polynomial in p?. Since the coefficient
of (p?)? is negative, then this is a parabola opening downwards, so we find its maximum

value by finding its vertex.

2 2
The vertex of 2r%(p?) — (p?)? is at p? = —2(—T1> =7
So the maximum area of the quadrilateral occurs when p is chosen so that p? = r2.
Since p? = r?, then (a + b)? = p? = r? so a® + 2ab + b* = r2.
Since a? + b = r?, then 2ab = 0 so either a = 0 or b = 0, and so either A has coordinates
(0,0) or B has coordinates (0,0), ie. either A is the origin or B is the origin.

In (b), we calculated that AB = /472 — 2p% = \/2,/2r2 — p2.

Since r and p are integers (and we assume that neither r nor p is 0), then 2r? — p* # 0,
so the minimum possible non-negative value for 2r? — p? is 1, since 27?2 — p? must be an
integer.

Therefore, the minimum possible distance between A and B should be V2V1 =2,

Can we find positive integers p and r that give us this value?

Yes — if r =5 and p =7, then 2r2 —p?> = 1, so AB = /2.

(There are in fact an infinite number of positive integer solutions to the equation 2r? —p* =
1 or equivalently p* — 272 = —1. This type of equation is called Pell’'s Equation.)

We proceed directly.

On the first pass from left to right, Josephine closes all of the even numbered lockers,
leaving the odd ones open.

The second pass proceeds from right to left. Before the pass, the lockers which are open
are 1, 3, ..., 47, 49.

On the second pass, she shuts lockers 47, 43, 39, ..., 3.

The third pass proceeds from left to right. Before the pass, the lockers which are open are
1,5, ..., 45, 49.

On the third pass, she shuts lockers 5, 13, ..., 45.

This leaves lockers 1, 9, 17, 25, 33, 41, 49 open.

On the fourth pass, from right to left, lockers 41, 25 and 9 are shut, leaving 1, 17, 33, 49.
On the fifth pass, from left to right, lockers 17 and 49 are shut, leaving 1 and 33 open.
On the sixth pass, from right to left, locker 1 is shut, leaving 33 open.

Thus, f(50) = 33.

Solution 1

First, we note that if n = 2k is even, then f(n) = f(2k) = f(2k — 1) = f(n —1). See
Solution 2 for this justification.

Therefore, we only need to look for odd values of n in parts (b) and (c).

Suppose that there was an n so that f(n) = 2005, ie. 2005 is the last locker left open.
On the first pass, Josephine closes every other locker starting at the beginning, so she
closes all lockers numbered m with m =0 (mod 2).

This leaves only odd-numbered lockers open, ie. only lockers m with m =1 or 3 (mod 4).
On her second pass, she closes every other open locker, starting from the right-hand end.
Thus, she will close every fourth locker from the original row.

Since we want 2005 to be left open and 2005 =1 (mod 4), then she must close all lockers
numbered m with m =3 (mod 4).

This leaves open only the lockers m with m = 1 (mod 4), or equivalently lockers with
m=1or5 (mod 8).
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On her third pass, she closes every other open locker, starting from the left-hand end.
Thus, she will close every eighth locker from the original row.
Since locker 1 is still open, then she starts by closing locker 5, and so closes all lockers m
with m =5 (mod 8).

But since 2005 = 5 (mod 8), then she closes locker 2005 on this pass, a contradiction.
Therefore, there can be no integer n with f(n) = 2005.

Next, we show that there are infinitely many positive integers n such that f(n) = £(2005).
To do this, we first make a table of what happens when there are 2005 lockers in the row.
We record the pass #, the direction of the pass, the leftmost locker that is open, the
rightmost locker that is open, all open lockers before the pass, which lockers will be closed
on the pass, and which lockers will be left open after the pass:

Pass # Dir. L Open | R Open Open To close Leaves Open
1 LtoR 1 2005 All =0 (mod 2) =1 (mod 2)
2 RtoL 1 2005 =1,3 (mod 4) =3 (mod 4) =1 (mod 4)
3 LtoR 1 2005 = 1,5 (mod 8) =5 (mod 8) =1 (mod 8)
4 RtoL 1 2001 =1 9 (mod 16) =9 (mod 16) =1 (mod 16)
5 LtoR 1 2001 = 1,17 (mod 32) =17 (mod 32) =1 (mod 32)
6 RtoL 1 1985 = 1,33 (mod 64) = 33 (mod 64) =1 (mod 64)
7 LtoR 1 1985 =1 6 5 (mod 128) =65 (mod 128) =1 (mod 128)
8 RtoL 1 1921 = 1,129 (mod 256) =1 (mod 256) = 129 (mod 256)
9 |LtoR| 129 1921 | =129,385 (mod 512) | =385 (mod 512) | =129 (mod 512)
10 RtoL 129 1665 = 129,641 (mod 1024) | =129 (mod 1024) | =641 (mod 1024)
11 LtoR 641 1665 = 641,1665 (mod 2048) | = 1665 (mod 2048) | = 641 (mod 2048)

Since there is only one integer between 1 and 2005 congruent to 641 (mod 2048), then
there is only one locker left open: locker 641.

Notice also that on any pass s, the “class” of lockers which are closed depends on what the
number of the leftmost (on an odd-numbered pass) or rightmost (on an even-numbered
pass) open locker number is congruent to mod 2°.

Consider n = 2005 4 22, where 22¢ > 2005, ie. a > 6.

We show that f(n) = f(2005) = 641. (See Solution 2 for a justification of why we might
try these values of n.)

Suppose we were to try to make a table as above to calculate f(n).

Then the first 11 passes in the table would be identical to the table above, except for the
rightmost open number; this number in the new table would be the number above plus
22a,

What will happen after pass 117

After pass 11, the lockers which are open are lockers with numbers = 641 (mod 2048).
Thus, the leftmost open locker is 641 and the rightmost is 22¢ 4 641.

As the 12th pass starts, the lockers which are still open are those with numbers
= 641 or 2689 (mod 2'?).

Since the rightmost open locker number (22 +641) is congruent to 641 (mod 2'?), then all
lockers with numbers = 2689 (mod 2'?) are closed, leaving open only those lockers with
numbers = 641 (mod 2'?).

So after this 12th pass, the lockers which are open are 641, 641 + 2'2 641 + 2(2'?),
641 + 3(2'2), ..., 641 + 229712(212) = 641 + 22

The number of open lockers is 222712 + 1.
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If we can now show that whenever we start with a number of lockers of the form 22¢4-1, the
last locker remaining open is the leftmost locker, then we will be done, since of the lockers
left open above (22071241 of them, ie. 2 to an even power plus 1), then the last locker re-
maining open will be the leftmost one, that is locker 641, so f(22¢+2005) = 641 = f(2005).

So consider a row of 2%¢ + 1 lockers.

Notice that on any pass, if the number of lockers is odd, then the number of lockers which
will be closed is one-half of one less than the total number of lockers, and the first and
last lockers will be left open.

So on the first pass, there are 22~! lockers closed, leaving 22¢4-1—22¢=1 = 22¢=1 1 1 lockers
open, ie. an odd number of lockers open.

On the next pass, there are 2272 lockers closed (since there are an odd number of lockers
open to begin), leaving 222 + 1 lockers open.

This continues, until there are 2! + 1 = 3 lockers open just before an even-numbered (ie.
right to left) pass. Thus, the middle of these three lockers will be closed, leaving only the
original leftmost and rightmost lockers open.

On the last pass (an odd-numbered pass from left to right), the rightmost locker will be
closed, leaving only the leftmost locker open.

Therefore, starting with a row of 22¢ + 1 open lockers, the leftmost locker will be the last
remaining open.

Translating this to the above, we see that the leftmost locker of the 224712 4 1 still open
is the last left open, ie. f(22% + 2005) = 641 = f(2005) if a > 6.

Therefore, there are infinitely many positive integers n for which f(n) = f(2005).

ng/ g
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Solution 2
First, we calculate f(n) for n from 1 to 32, to get a feeling for what happens. We obtain
1,1,3,3,1,1,3,3,9,9,11,11,9,9, 11,11, 1, 1, 3,3, 1, 1, 3,3, 9,9, 11, 11, 9, 9, 11, 11.
This will help us to establish some patterns.

Next, we establish two recursive formulas for f(n).

First, from our pattern, it looks like f(2m) = f(2m — 1).

Why is this true in general?

Consider a row of 2m lockers.

On the first pass through , Josephine shuts all of the even numbered lockers, leaving open
lockers 1, 3, ..., 2m — 1.

These are exactly the same open lockers as if she had started with 2m — 1 lockers in total.
Thus, as she starts her second pass from right to left, the process will be the same now
whether she started with 2m lockers or 2m — 1 lockers.

Therefore, f(2m) = f(2m — 1).

This tells us that we need only focus on the values of f(n) where n is odd.

Secondly, we show that f(2m — 1) =2m + 1 —2f(m).

(It is helpful to connect n = 2m — 1 to a smaller case.)

Why is this formula true?

Starting with 2m — 1 lockers, the lockers left open after the first pass are 1, 3, ..., 2m —1,
ie. m lockers in total.

Suppose f(m) = p. As Josephine begins her second pass, which is from right to left, we
can think of this as being like the first pass through a row of m lockers.

Thus, the last open locker will be the pth locker, counting from the right hand end, from
the list 1, 3, ..., 2m — 1.

The first locker from the right is 2m—1 = 2m+1—2(1), the second is 2m—3 = 2m+1-2(2),
and so on, so the pth locker is 2m + 1 — 2p.

Therefore, the final open locker is 2m+1—2p, ie. f(2m—1) = 2m+1-2p = 2m+1-2f(m).

Using these two formulae repeatedly,

fAk+1) = f(2(2k+1)-1)
= 22k+1)+1-2f(2k+1)
= 4k+3-2f(2(k+1)—1)
= 4k +3-22(k+1)+1-2f(k+1))
= 4k +3 22k +3—2f(k+1))
4f(k+1) -3
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and

fdk+3) = f(2(2k+2)—1)
= 22k +2)+1-2f(2k+2)
= 4k +5-2f(2k+1)
= 4k+5-2f2(k+1)—1)
= 4k+5-22(k+1)+1-2f(k+1))
= 4k +5-22k+3—-2f(k+1))
4f(k+1)—1

From our initial list of values of f(n), it appears as if f(n) cannot leave a remainder of 5
or 7 when divided by 8. So we use these recursive relations once more to try to establish
this:

f@Bl+1) = 4f(2l+1)—-3 (since 81 +1=4(2]) +1)
= 420 +3-2f(1+1))—3
= 8l4+9-8f(l+1)
= 81— f(l+1)+9

fBI+3) = 4f(2l+1)-1 (since 81 + 3 = 4(2l) + 3)
= 42 +3-2f1+1) -1
= 8+ 11-8f(+1)
= 81— fl+1)+11

Similarly, f(8 +5) =8/ +9 —8f(l+1) and f(81+7) =81+ 11 —8f(l+1).

Therefore, since any odd positive integer n can be written as 8/ 4+ 1, 8+ 3, 8+ 5 or 8/ 47,
then for any odd positive integer n, f(n) is either 9 more or 11 more than a multiple of 8.
Therefore, for any odd positive integer n, f(n) cannot be 2005, since 2005 is not 9 more
or 11 more than a multiple of 8.

Thus, for every positive integer n, f(n) # 2005, since we only need to consider odd values
of n.

Next, we show that there are infinitely many positive integers n such that f(n) = f(2005).
We do this by looking at the pattern we initially created and conjecturing that

£(2005) = f(2005 4 22%)

if 22¢ > 2005. (We might guess this by looking at the connection between f(1) and f(3)
with f(5) and f(7) and then f(1) through f(15) with f(17) through f(31). In fact, it
appears to be true that f(m + 2%) = f(m) if 22* > m.)
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Using our formulae from above,

f(2005 +2%¢) = 4f(502 +2%7%) - 3 (2005 4 220 = 4(501 + 22°-2) 4 1)
= 4f(501 +2%7%) -3
= 4(4f(126 + 2204 —3) —3 (501 + 22072 = 4(125 + 22071) + 1)

= 16f(126 + 2*¢*) — 15

16 f(125 + 2%74) — 15

16(4f(32 +2%76) —3) — 15 (125 + 22071 = 4(31 4 22276) 4 1)
64f(32 4 22¢76) — 63

64f(31 4 22¢76) — 63

64(4f(8 +2%78) —1) — 63 (31 + 22076 = 4(7 4 22078) 4 3)
256 f(8 + 22278) — 127

256 f (7 + 2%2278) — 127

256(4f(2+2%20710) — 1) — 127 (742278 =4(1 4+ 22¢719) 4 3)
1024 f(2 + 222710) — 383

= 1024f(1 + 2%~1%) — 383

(Notice that we could have removed the powers of 2 from inside the functions and used
this same approach to show that f(2005) = 1024 f(1) — 383 = 641.)

But, f(2% + 1) = 1 for every positive integer b.

Why is this true? We can prove this quickly by induction.

For b =1, we know f(5) = 1.

Assume that the result is true for b = B — 1, for some positive integer B > 2.

Then f(228 +1) = f(4(22872) +1) =4f(2*/72 + 1) — 3 = 4(1) — 3 = 1 by our induction
hypothesis.

Therefore, if a > 6, then f(1 +220710) = f(1 +22=%)) =1 50
£(2005 + 22*) = 1024(1) — 383 = 641 = £(2005)

so there are infinitely many integers n for which f(n) = f(2005).
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Solution 3 )
We conjecture a formula for f(n) and prove this formula by induction, using the formulae ®
that we proved in Solution 2.

We start by writing the positive integer n in its binary representation, ie. we write

n=0by+b-2+by-2% 4+ by g 2% 4 by, 2%

where each of by, by, -, by, is 0 or 1 with either by, = 1, or by, = 0 and by,—1 = 1.
Thus, n binary, n is equal to either (b2pb2p—1 cee blb())g or (bgp_l s blbo)g.
We then conjecture that if n is odd (which tells us that by = 1 for sure), then

f(n):b0+b1-2+b3.23+...+b2p_1'22p—1

In other words, we omit the even-numbered powers of 2 from n. Looking at a few exam-
pless 7T=4+2+1,s0 f(7)=24+1=3,13=8+4+1,s0 f(13) =8+ 1 =9, and
27=16+8+2+1,s0 f(27) =8+2+1=11.

We already know that if n is even, then f(n) = f(n — 1) (we proved this in Solution 2).

Let’s assume that we’ve proved this formula. (We’ll prove it at the end.)

We can now solve parts (b) and (c) very quickly using our formula.
Are then any values of n such that f(n) = 20057
Writing 2005 as a sum of powers of 2 (ie. in binary), we get

2005 = 1024 + 512 + 256 + 128 +64 + 16 +4 + 1

Since the representation of 2005 does not use only odd-numbered powers of 2, then there
is no n for which f(n) = 2005.

Lastly, we need to prove that there are infinitely many positive integers n for which
f(n) = f(2005).

To do this, we note that if n = 2005 + 22¢ for some a > 6, then the last 11 binary digits
of n agree with those of 2005 and the only 1s in the representation of n = 2005 + 2% in
positions corresponding to odd-numbered powers of 2 come from the 2005 portion (since
the extra “1” from 22* corresponds to an even-numbered power of 2).

Therefore, since we calculate f(2005 + 22?) by looking at only the odd-numbered powers
of 2, then f(2005 + 2%*) = £(2005) for all integers a > 6.

Therefore, there are infinitely many positive integers n for which f(n) = f(2005).

We now must prove that this formula is true. We use strong induction.

Looking at the list in Solution 2, we can quickly see that the result holds for all odd values
of n with n < 31. (We only need to establish this for a couple of small values of n to serve
as base cases.)

Assume that the result holds for all odd positive integers n up to n = N — 2 for some odd
positive integer N.

Consider n = N.

Case I: N =4¢+1

Here we can write

N=1+by 2%+ - +bgy 1 27" 4 by, 2%
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and so

(]:b2+bg'2+"'+52p_1'22p_3—|—b2p'22p_2

Note that ¢ < N — 2 since 4¢+1 =N, s0 ¢ = ;N — 1.

From our formulae in Solution 2, f(N) = f(4¢+1) =4f(¢+1) — 3.

If ¢ is even, then by = 0 and so g+1is odd and g+1 = 14b3-2+- - - +bg,_1-2% 734 by, - 22772,
If gisodd, then by = 1,50 ¢ =1+b3-2+4 -+ bgyp_1 - 223 4 bap - 227=2 and ¢ + 1 is even,
so f(g+1) = f(q).

In either case,

flg+1) = f(14+b3-24 - +byy 122 4y, 2%72) = 14 b3- 24+ b5-2° + -+ by, ;- 2273

by our Induction Hypothesis.
Therefore,

FIN) =4(1+b3-24b5-2° 4+ by 1-2%73) =3 =1+b3-2°+b5-2°+ -+ by, 127"
as we would like, since b; = 0.

Case 2: N =4q+ 3
Here we can write

N:1+2+52.22_|_...+52p_1.22p—1+52p.22p
and so
q:b2+b3‘2+"'+b2p71'22p73—|—b2p'22p72

Note that ¢ < N — 2 since 4¢+ 3 = N.

From our formulae in Solution 2, f(N) = f(4¢+3) =4f(¢+1) — 1.

If ¢ is even, then by = 0 and so g+1 is odd and g+1 = 1+b3-2+- - -4 bop_1-22P 734 by, - 2272,
If gisodd, then by =1,s0 g =1+b3-2+4---+bgyp1 - 22p=3 4 bap - 227=2 and ¢ + 1 is even,
so flg+1) = f(q).

In either case,

flg+1) = f(14+b3-24 - +byy 122+ by, 2%72) = 14+ b3- 24 b5 - 2% + -+ by, ;- 2273

by our Induction Hypothesis.
Therefore,

FIN) =4(1+b3-2+4b5- 28+ bgp 1 -2%73) =1 = 1+2+4b3- 22+ b5-2° 4+ -+ by, 1 - 277"
as we would like.

Therefore, by strong induction, our formula holds. This complete our proof.
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Solution 4

First, we note that if n = 2k is even, then f(n) = f(2k) = f(2k — 1) = f(n — 1).
Solution 2 for this justification.

Therefore, we only need to look for odd values of n in parts (b) and (c).

Write the number n in binary as n = (bgybap—1 - - - bab11)s, where each digit is either 0
or 1. Here, we allow the possibility of by, = 0 if by,_; = 1. Since n is odd, then the last
digit must be 1, as shown in the representation of n.

We conjecture that if n = (bopbap—1 - - - babi1l)s, then f(n) = (bgp—10b9,—30 - - - b30b11)s, ie.
we take the binary representation of n and make every digit corresponding to an even
power of 2 into a 0.

Assume that we have proven this formula. (We will prove it below.) We can now quickly
solve (b) and (c).

Is there an integer n such that f(n) = 20057

Since 2005 = 1024 + 512 + 256 + 128 + 64 + 16 + 4 + 1, then 2005 = (11111010101)s,.
Thus, the binary representation of 2005 does not have only 0’s in the digits corresponding
to even powers of 2, so 2005 cannot be f(n) for any n.

Why are there infinitely many positive integers n for which f(n) = 20057

Consider n = 2005 + 2%¢ for some positive integer n, where 22¢ > 2005, ie. n > 6.

Then the binary representation of n is n = (10---011111010101)5, where the leading 1 is
in a digit corresponding to an even power of 2, and so is zeroed when f is applied.
Therefore, f(n) = (00---001010000001)s = (1010000001)s = f(2005).

Thus, there are infinitely many positive integers n for which f(n) = f(2005).

Lastly, we must prove that our formula is true.
Write the numbers from 1 to n in binary in a list from top to bottom:

0 0 0 01
0O 0 0 10
0 0 0 11
0 0 1 00
0 0 1 01
0 0 1 120
0 0 1 11
0O 1 0 00
by by by by 1

On odd-numbered passes through the lockers, Josephine moves from left to right, cor-
responding to downwards in this list. On even-numbered passes through the lockers,
Josephine moves from right to left, corresponding to upwards in this list.

On the first pass, we remove every other number from this list, moving downwards. Thus,
we remove every even number, or all of those = 0 (mod 2), or all of those with Oth binary
digit of 0.

Therefore, after the first pass, only those with a Oth binary digit of 1 remain, and the 1st
binary digit (ie. corresponding to 2!) alternates between 0 and 1, since the numbers in the
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list alternate between 1 (mod 4) and 3 (mod 4).

On the second pass through the list, which is upwards, we remove every other remaining
number. Since the numbers remaining the list alternate between ending in 01 and 11, and
we do not remove the last number, then we leave all those numbers ending in b;1.

(Since we are removing every fourth number from the original list, the final two binary
digits of the remaining numbers should all be the same.)

What remains in our list after two passes? The numbers which remain are all congruent
to the same thing (an odd number) modulo 4.

Consider the third pass.

Since one out of every four of the original numbers remains and all of the remaining num-
bers are odd, then the first number still in the list is less than 4.

Since every number remaining in the list is congruent to the same thing modulo 4, then
the last three digits alternate 0b;1 and 1b;1 (ie. the last two binary digits are the same).
Since the first number is less than 4, then it ends in 0b;1.

Since we now remove every other number remaining, then we remove all those numbers
with last three binary digits 16,1, leaving only those with last three digits 0b;1. Thus, all
remaining numbers are congruent to the same number modulo 8.

What is the last number remaining in the list?

If the original last number in the list was ...b30b;1 (ie. by = 0), then this number still
remains.

If the last number before the third pass was ...bs1b;1 (ie. by = 1), then the second last
remaining number would be (...b31b11); —4 = (...b30b11),, and it is this second last number
which remains. In either case, the last remaining number is ...0300; 1.

Consider now a general even-numbered pass (say, pass number 2m moving through the
list from bottom to top).

The last number in the list (ie. the first encountered) will be ...bg;, 1009, 30 - - - b30b; 1
and the numbers in the list will alternate between ending ...10bs,, 30 - - - b30b;1 and ending
...00bg;,—30 - - - b30b1 1 (since every 22m=1th number from the original list remains).

The last number in the list will not be removed, so we will remove all numbers not agreeing
with the last number in the (2m — 1)th digit, ie. we are left with all numbers ending in
o.bom—10b2,,—30 - - - b30b 1. This leaves us with every 22th number from our original list.
Since all remaining numbers are odd, then the smallest number remaining in the list is
smaller than 22, so ends in ...0b9,,_10bg,,_30 - - - b30b; 1.

On the next (odd-numbered pass), the list begins with all numbers ending in either
..0b91,-10b9y, 30 - - - b30b11 or ...1b9,,_10b9y,—30 - - - b30b1 1.

Since the first number encountered ends in ...0by,,_10b,,_30 - - - b30b1 1, then we remove all
numbers ending in ...1by,,_10b2,, 30 - - - b30b; 1, leaving only those ending in

.02, 10b2,,,_30 - - - b30b1 1, ie. every 22™T1th number from the original list.

Just before this pass, the largest number remaining ended in

...b2m+1b2mb2m_10b2m_30 s bgObll

After this pass, the largest number remaining will end in ...bs,,, 1009, 1062, 30 - - - b30b1 1,
by the same argument we used in the third pass.

Thus, the process continues as expected, and the final number remaining in the list will

be bzp_lobgp_go L b30b11, SO f(’fl) = (bgp_lobgp_go tee 630611)2



